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TEMAS

POLYNOMIAL INTERPOLATION
IN SEVERAL VARIABLES

THOMAS SAUER
MATHEMATICAL INSTITUTE
UNIVERSITY OF ERLANGEN-NUREMBERG
BISMARCKSTR. 13
D-91054 ERLANGEN, GERMANY

e-mail: saver@mi.uni-erlangen.de
URL: http://vww.mi. uni~erlangen.de/~sauer

Abstract

This paper is & very subjective survey over computational and theoret-
ical aspects of multivariate polynomial interpolation and tries to present
and explain some more recent developments and results in this respect.
The main emphasis is put on the Newton representation of the interpola-
tion polynomial, the remainder formula derived from that and on minimal
degree interpolation which is a purely multivariate phenomenon and can
be connected to CGrobner bases with respect to arbitrary term orders,

1 Introduction

Polynomsial interpolation is a classical topic of Numerical Analysis which is
useful in various fields of applied mathematics. This stems from the fact that
polynomials are among the mathematical objects which can be handled most
easily in practice: they can be represented by finite information (storing the
coefficients with respect to a monomial representation, for example} and they
can be easily integrated and diffeventiated symbolically. Therefore, there is
a wide field of applications for polynomial interpoiation in several variables
which ranges from surface reconstruction to cubature, finite elements and even
optimization. For the latter one see, for example [9].

The most classical problem of polynomial interpolation is, of course, the
univariate Lagrange interpolation problem which may be stated as follows: for
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a set of knots, zq,...,z, € R, and given data fo,..., fn one wants Lo find a
polynomial L,{f;-) of degree n such that

Lo (frog) = fi, k=0,...,n

It is usually a matter of first grade Numerical Analysis to show that this problem
has & unigue solution for all data fg, ..., f, if anc only if the knoss zq, . .., z, are
pairwise disjoint. However, it is also possible to deal with repetitions of knots
by interpolating successive derivatives at these points. This is known as the
Hermite interpolation problem. To be more specific: suppose that oy, = . =
Zh4m and all the other knots xq, ..., Zg—1 and Zpsomat, . . ., 2, ave different from
T, then the associated interpolation problem is

LD (fiwn) = feus,  §=0,....m.

(Un)fortunately things change drastically when one considers the same prob-
lem in d > 2 variables: first, the number of points has to match the dimension

ntdf G,
y ) and even

of the space of all polynomials of a certain degree n which is (
then the interpolation problem does not have to have a selution. Consider, for
exampie, the case that all points are located on a straight line or the case of
more than five points on the unit circle in B®. And things are becoming even
more complicated when one considers extensions of Hermite interpolation: be-
sides the fact that it is not clear what the “right” generalization of Hermite
interpolation for several variables is, there are interpolation problems which are
only unsolvable due fo the selection of interpolation points only and there arc
interpolation problems which are generically unsolvable. The simplest case of
the latter is interpolation of point evaluation and first partial derivatives at two
poings in B? by bivariate quadratic polynomials. Although these are exactly six
interpolation conditions which matches the dimension of the underlying poly-
nomial space, this interpolation problem is unsolvable for any choice of the two
points. For recent results on multivariate Hermite interpolation the reader is
referred to [18].

Consequently, investigating polynomial interpolation in two and more vari-
ables leads to new questions and problems which are not encountered in the
univariate situation:

1. How to construct sets of points which admit unique interpolation by poly-
nomials of total degree at most n in d variables? Or, more general, how
to construct points and appropriate polynomial subspaces which admit a
unique interpolation polynomial? This question has been considered, e.g.
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in [13, 8], but the probably most advanced work in this respect are the in-
terpolation systems introduced by Gasca and Maeztu [12], which ncludes
the aforementioned constructions.

B

If one is tied to the set of knots, for example when they come from mea-
surements of physical quantities, then how to find a proper interpolation
space of polynomials with some reasonable properties? This question has
been considered by de Boor and Ron {3] who introduced the subspace of
least interpolation as one important example of of minimal degree inter-
polation, see [4, 17]. This approach will be described in detail later.

3. Is there a (stable and cfficient) method to decide algorithmically if the
interpolation problem is uniquely solvable or not and to compute the in-
terpolation polynemials in praciice?

In order to comment on some of these problems, we have to fix some notation
for multivariate polynomials. For that purpose, we let d denote the number of
variables and write any x € R as 2 = (£,...,&4). To represent, polynomials,
we use standard multiindex notation which means that for o € N§ we write

d
IaEmZa;H xo:::&?{__.ggd
i=1

for the length of the multiindex and the associated monomial of (total) degree
loe], respectively, as well as

Meyd 5 et e Refel <0

jaj<n

for the vector space of all polynomials of degree at most n. In addision, 1% =
K¢, ... &) will denote the ring of pelynomials over the underlying field K
which will not be specialized. We will also consider the data to be of the form
£ = f{z;) where usually f only has to be defined on the set of interpolation
points.

2 The Newton approach

The Newton approach is based on the idea to solve the interpolation problem by
beginning with a very simple, or even the simplest, subproblem and then suc-
cessively add more and more points to the interpolation problem and increasing

£
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the degree of the polynomial at the same time. Recalling the univariate case
Zp.. ... 2n € R once more, this corresponds to starting with

Lo (fiz) = f(z0) (1)
and then extending it to

Flag) = Ly—y (F3 34)
xy — 20) -+~ (Tg =~ Th-1)

Li (fi2) = Lg-y (fi2) + { (m—tg) (¥ — 21}, (2)

for k= 1,...,n. In other words, one is just interpolating the properly normal-
ized error of interpolotion at the next step. This process may also be under-
stood as extending the degree of the interpolation polynomial and “learning”
an additional point at the same time. Using the notion of divided differences

flzo, ... s} the Newton form of the interpolation polynomial is
T
Lu(fiz) = Zf[l’(}, e T’J} (rL % s (IL - :Uj—l) 3 {3)
o

Let us now consider a Lagrange interpolation problem based on a set of knots
X = {Rger i INT T EY and assume that the interpolation problem with respect
to these knots is uniquely solvable, or poised, for short, in 114, Cleatly, this
implies N = (”jd'). Now, if we try to extend the idea of Newton interpolation
to the multivariate case, we have to options: we may either add one point at any
step or increase the degree of the interpolation polynomial from, say, k—1tok
immediately which corresponds to adding not one but (1‘5‘_{?1) points at a time,
This latter strategy, called blockwise Newton interpolation has been miroduced
and investigated in [19]. It makes use of the observation that the points in A
can be re-indexed as {xq : o] < n}, in such a way that all the interpolation

problems based on the nested subsets
Xy, = {2 1 Jof < K}

are poised in Hﬁ, respectively, & = 0,1,...,n. From this it immediately follows
that there exist Newton fundamental polynomials ps € Hgtfii’ 18] < n, such that

Pp (%a) = 0o la| € 6] < n.
With these polynomials at hand one can introduce the finite differences Ay [, 2 £
. = ~1,....7n, z € RY, inductively as
dofzlf = fl)

Akt [/.L)ks Tj f A ["Yk— 1 'L} F+ Z A [Xicw*h $(\‘} i pc‘c(ﬂi)-
jaj=k

It
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These differences enable us to extend (3) to a multivariate Newton formula for
the interpolation polynomial. Precisely, we have the following result.

Theorermn 1 Let the Lagrange interpolation problem with respect to X be poised.
Then

atfiel = 3 N [Bapeiste] £ vpali) (4)
gk
and
f(z) = Lo (fi2) = Apgr [An, 2] £ (5)

It is worthwhile to mention here that the formula (4) can be turned into an
algorithmic method for the effective computation of the interpelation polyno-
mial. This process, described in [16], first generates the Newton fundamental
polynomials by a Gram-Schunidt orthogonalization process and then computes
the finite differences by a triangular scheme similar to the one used for the
computation of univariate divided differences. Since the algorithmm only uses
evaluation of polynemials and vector space operations on I1¢, we also rewark
that the coefficients of the interpolation polynomial must belong to the same
field as the components of the points. In particular, if the points are given in Q¢,
then it is even possible to decide ezactly (by using exact rational arithmetics) if
the interpolation problem is poised or not. There is also a C++ implementation
of these algorithms which can be freely downloaded from my homepage.

Another advantage of the Newton formula (4) s that it can be used for
the derivation of a remainder formula for sufficiently smooth functions which
depends mainly of (n+1)st directional derivatives of the function. This formula,
introduced in [19] requires some more notation. Let

R 12 Bl oy @ NE, bl s, om B o g

and define, for any such “path” p € A, the quantities

A . :
‘:"!L - {:Lr.to.‘"'va‘.un} :
7l

pESTH

7 firos L
D.u - Di’*‘im “Eny D""ﬂ-z " Epg ?

the latter one being a homogeneous differential operator of order n built by the
divectional derivatives with respective to two successive points. Then we can
state the following resuls.
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Theorem 2 Let O ¢ R? be o convex set, let f € C*7HQ) und assume that
X < Q. Then, for any x €1

@) = L (fiz) = Z P (T / Dy, DLt (6}

HEM, {X;, )

Here we recall the simplex spline integrol

f fm[ Fuoyo + - Unlin) du,
g

801 ¥ ]
wheze

i e}
AT e {u= (U, U ) T Uy O,jz(J,...,n,Zuj E
=0

¢f. [15, 14]. A geometric interpretation of the texms in (6) is given in [19],
for a different proof of (6) see [2]. Also, the main parts of this formula can
be connected to another notion of a multivariate divided difference as pointed
out in {1]. It is also possible to extend many of these ideas to a certain, quite
general type of multivariate Hermite interpolation schemes, which was done in
[18]. In addition to the introduction of a Newton approach and the derivation
of a remainder formula of a similar structure as (6), [18] also discusses some
of the general problems of multivariate Hermite interpolation like the (almost)
poisedness of interpolation preblems.

To clarify the difference from the “point-by-point” Newton approach, let
us have a look at the Vandermonde matrix obtained from using the Newton
fundamental polynomials p,, Ja| < n, as a basis of I¢. Indeed, we get that

[P (fﬂﬁ)jlag,]g;gn = - ; o
]7?.
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M N . i} e
1 G
* %
0 1:
%
1 0
0 l1

where T, is the ("'ji"d) x (kj}d) unit matrix. In other words, the Vandermonde
matrix is not only an upper triangular matrix but a block upper triengular matrix
where the size of the blocks on the main disgonal increases. In contrast to that
approach we can also consider “point-by-point” Newton schemes, as one more
special case of the recursive expansions described in generality by Gasca and
Lépez-Carmeona in {11]. Let us briefly sketch the idea in a wider generality and
derive the finite difference associated to it.

Let V' be any linear space, let Vy € V be a linear subspace of dimension
N4 1 andlet © = {fy,....0x}F C V' be a finite set of (linearly independent)
linear functionals such that the matrix

Viv = [0; (i)} jwo, v

is nonsingular, where fo,..., fi Is a basis of Viy. Then there exists triongulor
basis with respect to © for V| Le., elements gg,..., g5 € V such that

=) i<k,
83(5’.'\:){ 0 j=k,

at least after venumbering the functionals properly. Again, this basis may be ob-
tained by a Gram-Schmidt like orthogonalization process, but, more important,
there is a variety of interpolation problems where a triangular basis is known
explicitly and easy to manipulate, as for example in the interpolation systems
of Gasca and Maeztu [12]. In this case the finite difference [fq,...,0.6] f,
ko= —1,..., N, which is defined for any f € V and any linear functional § € 7/
as
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B (gi) o, - - ., 1,01 F + 8 (g) 0o, .., 0k f
Ok (gx)

vepresents the coefficients with respect to the basis go, - - -, gn- 10 other words,

the Newton formula for the interpolation operitor Le : V— Vyis

oy, 0,01 f = (8)

N

f 4
By Z 9 (93) ®)

and, for any 8 € V' we have the error formula
8(f - Lef) = [6o,---. 6,01 f. (10)

Let us briefly prove these formulas by induction on N: the case N = 0 can be
verified easily. To advance with the induction hypothesis, let N > 1 and assume
¢hat (9) and (10) ave valid for N — 1. Since 8;(gn) =0, =0,..., N -1, we
have for any k < N — 1 that

9 i[@{).., 9] gs _ iWo-.. }f‘gk(gg)
= A = H X 6 (g5)
N1 bl
= JZO 9{),..., -—;W"@j-)- = 8y, (L@\{&’N}f)
= Oc(f)

and, by using the induction hypothesis for (9} and (107,

N .
O ( {90,59"1}”639(;3)) = {907' e N f+ Z [80,.., , b N((;:“"))

J=0

= Oy (f~ L@\{ew}f) +6n (Levionyf)
= Oy(f)

which proves (9) for N. To extend (10) we consider for any 8 € V'

il

g(f ~Lof) 8{f ~ Lovon1f) — 8 (Lef ~ Lovion )

[801' . ':QN“hg}f - EQGD' v 581\’39] Qf\f{f;vf\f?)
On (gn) 1o, Bn—1, 01 f = 8 (gn) (6o, ... On]

Oy (gw)

i

[809 o 391\'16} j

10
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This completes the inductional step. Finally, let me remark that the coefficients
{or “divided differences”)

(Go,...,0:) f
81--':@'1:W1 L':O**jv7
fida d Ok (g
also satisfy a recurrence relation, namely,
, 8o(f) ;
B s 11
{0l Bo (6] (11)
O (gi) f 100, O—2, O} — 8k {gr—1) [0, - -, O]

¥ 06 o U5

12
B (o0) 4
" which follows easily from the recurrence for the finite difference.

This approach allows for the fast computation of the interpolation polyno-
mials in many cases where the Newton fundamental polynemials are known
explicitly and adimit fast recursive evaluation schemes, ¢f. [7]. Therefore, the
interpolation systems due to Gasca and Maeztu, combined with the recursive
computation of the coefficients through a finite difference, give a very fast and
efficient way to practically compute interpolation polynomials in & great variety
of possible situations.

3 Minimal degree interpolation

Let us now focus on the question of what to do if there is a given set of knots
which does not allow interpolation from some space 1"If,i, maybe because the
number of points is not appropriate, or maybe because the points lie on an
algebraic hypersurface of sufficiently low degree. However, independently of the
position of the points the following result, which is easily proved, hints where
to look for proper interpolation spaces.

Proposition 3 Let X = {xg,..., 25} T R consist of pairwise distinct points.
Then for all 0 < k < N the non-square Vandermonde matriz

LA G P

sutisfies
k41 <rank V(X 08 S N+ 1,

and rank V (X,11¢) = N + 1 for any choice of X C R of cardinality N +1 if
and only if k2 N + 1.

i1
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This proposition tells us that there always exist subspaces of 114, where the
interpolation problem with respect to &' is poised and that Hﬁ, is the smallest
polynomial space to search in if there is nothing known about X. Of course,
there always exists a lot of subspaces which admit unique interpolation, so that
one has to impose further restrictions to the interpoiation space. The fivst to
do so were de Boor and Ron who introduced the least interpolant in (3] as a
particular choice of subspace with a lot of useful properties (see, in particular,
{4]). Using some of these generic properties one can single out an interesting
class of interpolation spaces which will be introduced as follows.

Definition 4 Let X ¢ RY A polynomiol space P C 14, is called o minimal
degree interpolation space with respect to Xoif

1. P 4s interpolating, i.e., for any function f: A& - B there cxists an unigue
polynomial L (P; f) € P such that L{P; f) (X) = f(X).

2. P isof minimal degree, te., if P C TI¢ and n is minimal with this property.
then there ewists no subspace of TI¢ _ which is inferpolating.

& P is degree reducing, i.e., if ¢ € 14 is any polynomial, then the degree of
L(P; f) is not larger than the degree of 4.

Again it is possible to construct {an only slightly more complicated) Newton
approach by degree and point-by-point. Since the latter cne allows for greater
generalization, let us first briefly review the Newton approach by degree which
was introduced and studied in (17). The main idea is to split the nested family
of multiindices Iy := {a:la| €k}, k € Ng, into two disjoint nested families
Ix, I} < I, We then say that a set of polynomials {pe : jo] < n} is o Newton
basis for X if there exists two nested families of subsets I,,, I, € I, and an
indexation & = {zq : & € Ip,} such that

1' pﬁ(l’(‘t) = é(xﬁa Cl.,a S In: lCl.’l ﬁ E}GI:
2. po(X) =9, a €L,
3. {ps: o€ lL,}is a basis of TIS,

In more algebraic terms this means that pe, o € I, is a Newton basis for
some quotient space I1¢/T(X), where Z(X) = {p € II* : p(¥) = 0} denotes the
palynomial ideal induced by X' Indeed, the connections between minimal degrec
interpolation spaces and Newton bases are very close as the following result
indicates.

12
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Theorem 5 A polynomial spoce P C TI® is a minimal degree interpolation with
respect to X' if and only if it is spanned by a Newton basis for X.

Again, it is possible to define a finite difference for the minimal degree inter-
polation space and derive a Newton form like (4) and even a remainder formula,
similar to (5). Since most of the ideas are similar but the results are of more
infricate nature and more difficult o state, and since all can be found in {17
anyway, | do not want $o dwell on this any further.

Instead, let us consider a more specific construction of minimal degree inter-
polation spaces which will reveal a close relationship between certain minimal
degree interpolation spaces and the Grobner basis for the ideal Z(X) induced by
A For that purpose we turn to a “point-by-point” approach again and will use
a more refined notion of “degree” of multivariate polynomials. Let < denote any
total ordering on N which has the property that it is compatible with addition,
Le., o < @ implies that o+~ < B+ for any o, 8,7 € N¢, and that 0 is minimal
with respect to <. Such an ordering is frequently called a well-ordering. Ex-
amples are (inverse) lexicographical orderings as well as graded lexicographical
orderings, where for the “degree” one might apply an arbitrary norm on RY
to the multiindices. In this respect, the total degree corresponds to the norm
[ 1. Any well-ordering induces a term order on the monomials z% by saying
that % < z” if and only if & < 8. This in turn implies, in a natural way, the
leading term A, of any polynomial p € I1¢ as the maximal term with respect to
this term order whicly has a nonzero coefficient. Finally, we say for any pair of
polynomials p, g € [1¢ that p < ¢ if and only if A, <A,

The minimal degree interpolation space which we want to consider now is
the one which uses a minimal number of monomials (i.e., N 4+ 1) which are, in
addition, minimal with respect to the term order <. This space, denoted by
P (X) 1s uniguely defined by A through the following properties:

1. Po(X) is an interpolation space for X.
2. Po(X) is <-mindmal, Le., if
Q= Hl_?x{Ap pe P%(X)} )

then the interpolation problem with respect to X is not solvable in any
subspace of {p e I19: A, < 2®}.
3. P(X) Is <-reducing, i.e., for any ¢ € II the interpolating polynomial
L (P {X);q) satisfies
L{PX)yq) <q.

13
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However, we also have the following characterization of P (X)), which has been
observed in {17] for the graded lexicographical order, and was suggested by a
similar property for the least interpolation from [3].

Theorem 6 Let X ¢ RY be finite and let < be any term order. Then

Po(X)= | kerAy(D). (13)
q(X)=0

Heve, A (D) = %L is the partial differential operator induced by the expo-
nent in the leading term A, = ¢ v® of ¢. Let us remark that from equation (13)
and the fact that {g:¢(A) = 0} is a polynomial ideal it immediately follows
that PL(X) is closed under differentiation (or D-invariant) and that therefore
the set

{a e N§ 2% e Po(A)}

is a lower set. Recall that [ ¢ Nﬁ is called a lower set if for any cholce a, 3,y €
Ng with ¢ € I the existence of a representation o = £+ implies that 3. € I.
Moreover, it can be easily verified that the choice of P () is independent of
scaling and translating X, i.e., for any real number ¢ # 0 and any y € R? we
have

P (e +y) = P (X).

Despite of these common properties, the choice of P (X) depends strongly on
the term order “<”. For an example we consider just interpolation at 4 points in
R? where we have the following “generic” situations for some exemplary choices
Of ::_<:‘,.,

1. if < is the inverse lexicographical order, then the space P (/) is spanmed

by 1,2, 22,25

2. if < is the lexicographical ovder, then the space Py (/) is spanned by
Ly.y? v’

3. if < is the graded lexicographical order, then the space P (X} is spanned
by 1,z.y,22%.

4. if = is a modified graded lex order in the sense that as “degree” of 2@ one

takes |oloo, then the space P (&) is spanned by 1.z, y. vy

Let us finally connect minimal degree interpolation spaces to Grbner bases,
an important tool in Computational Algebra. Grobner bases have been intro-
duced by Buchberger [5, 6] for an algorithmic treatment of the quotient space

14



Bol. Soc. Esp. Mat. Apl. n°11 (1997) 3-18

T4/, where I ¢ I1% is a polynomial ideal. To review the definition of a Grébner
basis, let us make use of the following standard notation for the ideal generated
by a finite set p1, ..., p, of polynomials:

k23
BroeeoPn) =Y giPs  qurenn g € 0
J=1

Definition 7 Let T < II% be a polynomial ideal.

1. A finite set B = {p1,...,pn} C II¢ is called o basis of T if L = (B} =
(pivapn>

2. A findte set G = {py,...,pn} i3 called a Grébner basis of T if

(A'ﬂ}!"wAﬂn) " <Ap ‘pE I) .

3. A Grébner basis G = {p,...,p,} is called a minimal Grébner basis of 2
if no proper subset of G is basis for T any more.

As indicated by the name, any Grébner basis of an ideal 7 is indeed a basis
of 7. Moreover, it is worthwhile to note that neither the Grébner basis nor
the minimal basis is unique for an ideal 7 in general; a unigue choice would be
the so-called reduced Grébner basis which can be constructed by Buchberger's
algorithm. For a detailed exposition see {10], but let me just remark that the
heart of this algorithm is a process called reduction which can be regarded as
a natural extension of the division with remainder to multivariate polynomials.
Without insisting in details, reduction of a polynomial p with respect to a finite
set {p1; .. ., pn} means to find a polynomial ¢ € [T such that p—¢ € s s
and such that no term in g is belongs to {A,,, ... v Ay, ). Tt can be shown that ¢
is unique if {p,...,p,} is a Grébner basis for Z, in which case it makes sense
to talk about fhe polynomial g = p —¢ as the reduction of p with respect £o a
Grébner basis G.

Definition 8 A Grébner busis G for an ideal T is colled reduced if for any
P E G one has
p=p-rg

and i, for any p € G the leading term A, is has coefficient 1.
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The (unique) reduced Grobner basis for the ideal (), dencted by G(X)
now connects closely to the minimal degree interpolation space P (X). Indeed,
from equation (13) and the properties of a Grébner basis it follows that

Pi(X)= (] AD), (14)

GEG{A)

i.e., the interpolation space can be defined divectly from the Grébuer basis.
Since, due to (14), interpolation and reduction are identities on Py () and
both map

p+ Y e PEPLX). g el gegA)
g€G{A)

to p, we can conclude the following result.

Theorem 9 Let X C R? be finite and let G(X) be the reduced Grobner busis
for Z(X). Then, for any p € I we have

L(P«{X)ip} =p ~ga) - (15)

To “invert” (14) we observe that, knowing the interpolation space then we
can write the jdeal Z(X) as

I(X) = {p— L (P<(X);p) : pe I} (16)

However, the Grébner basis can alse be characterized in the same way: let
I ¢ N§ denote the corners of the upper set

I'=N§\ {aeNJ:a® ¢ P ()]},

ie.,
I=1\{ [J I'+a
Ozt EN
then
G(X) = {2® = L(P(X); ()") ra € I}. (17)

In other words, the equations (14) and (17) show that there is a strong duality
between the minimal degree interpolation space associated to a term order and
the reduced Griobner basis of the ideal (A7) with respect to this term order.
In particular, one can obtain the reduced Grobner basis as a by-product of
the Gram—Schmidt construction of the Newton basis for the minimal degree
interpolation space.

16
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does as much and no less than the others. A simple example will llustrate the
matter. To solve the Laplace equation with homogeneous Dirichlet dala,
~Ap=f mQ, ulsgn=0
one must write the following program
solve{u) begin
onhdy {1,2) u = 0;

pde(u) - laplace{u) = £;
end;

Of course many things are missing, such as a description of Qand f. If fis
an analytic function like sin{xy} = sin(zg) one simply writes

o= sin{x) * sin(y}

" To deseribe a domain one gives a plecewise description of its boundary in the
direction that leaves € on its left. For instance a disk with a whole inside would
be

border{l,0,2%pi, 80}

{
x:= Cos{t);
yi= sin{t);
¥
bordert{2,0,2%pi,20)
{
x:= D.3+0.5%cos{~L);
yi= 0.5*sin{-£);
T

buildmesh (820);

The first number after “border” is the identification number of the boundary
and the last one is the number of discretization points on it. The 2 middle
values are the min and max of parameter "t*. The keyword “buildmesh” calls
an automatic mesh generator.

The functionalities of Glem are

o To operate on scalar functions of 2 variables x,y defined on a domain £

s Domains are represented by triangulations and functions by plecewise li-
near continuous functions on the triangulations.
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e The major operations on functions are: algebraic, derivatives, convection,
inverse of ellipsic operators (scalar and vectorial).

For exampie the program
plot{dz(sin(z + 1)));

will display the level curves of the linear interpolate of cos(x +y) on the domain
which was defined earlier by a triangulation.

2.1  Triangulations

Automatic mesh generation using triangular element is performed by the De-
lannay-Voronol algorithm for a domain whose boundary is input piecewise a-
nalytically.

For example let us return to the previcus program which triangulates the
unit circle with a whole inside of radius 0.1 and a maximum of 820 vertices.
The outer boundary has a reference number equal to 1; it is discretised with 80
points The inner boundary has & reference number equal to 2; it is discretised
with 100 points. Notice that the boundaries are described by their analytical
parameterization in the direction which leaves the interior of the domain on its
teft. The fineness of the mesh is controlled by the size of the nearest boundary
edges. It can also be controlled by artificial boundaries with 1D zero. Here an
extra boundary very near the inner circle has been added so as to simulate a
boundary layer.

border(1,0,2%pi, 80)
{
b
Y

cos{t);
sinf{t) ;

o

b
berder(2,0,2%pi, 100)
{

x:= 0.3+0.5*%cos(-t};
viz O.5*sin{-t);

Yo

bordexr (0,0, 2%pi, 100)

{
®x:r=m 0.3+0.55%cos (-t);
yviz 0.55%sin(~t);

T

buildmesh (1000);

Domains with corners can be treated by 3 methods:
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Figure 2: Triangulation of a disk with a whole

o In case of a polygon by reading from a file a list of vertices.
e Using the if...then...else to describe the border piecewise.
¢ See the border as many borders with same numbers.

Here is the famous backward step of CFD:

horder(1,0,1,6} begin x:=0; yisleT end;
border{2,0,1,15%) begln x:=2%t; yi=0 end;
border{(2,0,1,10) begin x:=2; yi=-t end;
border{Z,0,1,20) begin x:=2+3*t; y:=-1 end;
border(2,0,1,35) begin x:=5+15%r; yr=-1 end;
border (3,0,1,10} begin x:=20; vi=-1+42%t end;
border(4,0,1,35) begin x:=5+15*(1-t}; y:=1 end;
border(4,0,1,40) begin x:=5*({1~t);y:=1 and;

buildmesh (1500} ;

Figure 3: Course mesh for the backward step
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More complex domains can be generated such as shown later. For domains
representing multi-materials such as copper, iron and alr in electromagnetic,
the concept of “region” exists and coincided with simply connected components
defined by outer and inner boundaries.

2.2 Simple operations

Functions are generated by assignments such as in
f=z*y

This is different from the statement pi = 4 atan(l) becanse f is a function
while pi is a scalar. When Gfem see a ‘=" it checks whether the function exists
already. If it does not it allocates an array of values at the vertices. With ‘=",
no array is allecated.

Functions can be operated upon with **,/,+,-*, the usual functions sin, cos ...
and new operators such as ‘plot’, ‘dx,dy’ (for partial derivatives)

2.3 Boundary conditions for PDEs

Analytical formulae can be used in Gfem to define boundary conditions. Con-
sider the case of a potential flow over a cylinder solved with a stream function
v (see the first figure). Refering to the first triangulation, we will write:

onbdy (1) v
onbdy (2} v

uz2 * oy - ul * x
G;

{133

Neumann and Robin / Fourier boundary conditions are treated similarly
. i e S i s N . . . ' v
with the reserved word id(), meaning identity operator. For example £+ 5t =0
would become

onkdy (1) id{v) / sgrti{x*x + yv*v} + dnu({v) = {

2.4 The Solver

At present Gfem has a general solver for a scalar and vector elliptic PDE, of the
form

bv«i—m—? +a2—gﬁm—\7‘.(qu)=f
ool il
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It uses a Gauss factorisation and it is called by writing

solve(v) begin
pde{v) id(v)*b + dx(v)*al + dy(v)*a2 - laplace(v)*nu = f;

end;
In the case of a 2-vector coupled Helmoltz equation we have for instance

solve{u,v) begin
onbdy (1) id{u} + dnu(v) = 0;
enbdy (L) v = 0;
pde(u) v - laplace(u)
pde({v) u - laplace(v)
end;

Hou
th

As matrices are stored, it is possible to solve several PDEs at once and
remember when necessary thas the matrices have been factorized.
The power of Gfem is for time dependent problems because it is possible to

loop on some part of the program with the instruction
iter{...}

Here are 10 time steps for the heat equation:

db = 0.1; v o= 1; k = 1;
iter{10} begin
solve (v, k) begin
onbdy (1) v = 0;
de(v) id{v}/dt -laplace(v)*nu = v/dt;:
end; i
Kim-1;
end;

By the way, for convection problems there is a special operator “convect”
which implements the modified method of characteristics. Here is the Navier-
Stokes equations solved by a projection algorithm:

Li=l; Fi=2; k:=3;

iter(80)

{ /* " {’ is the same as begin */

f=convect (un,u,v,dt); g=convecti{vn,u,v,dt);

solve(u,i){ /*Horizontal velocity*/

onbdy{l) u = y*(1l-y);

onbdy (2,4) u = 0;

onbdy (3)dnu (u) =0;

pde(u) id(u)/de-laplace({u)*nu = f/dt ~dx(p):
)i

solvel{v,j){ /* Vertical velocity */
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W-3.5049e-02

Figure 4: Flow over a backward step

onbdy (1,2,3,4) v = 0;
pde (v) id{v}/dr-laplace({v)*nu = g/dt -dyip);
Y

solve(p.k)y { /* Pressure */
onbdy (1,2,4) dnu{p) = 0;
onbdy (3} p=0;
pde{p) -laplace(pl= -{(dx{£f) + dy(g})/dc;
Y
un = u;  vR o= v; ii=-1; ji=-2; ki=-3;

Yo

2.5 Variational Formulation

As it turns out a pointwise description of a PDE system is not very good. For
instance in elasticity, unless the variational form is given, one is likely to make
mistakes on the boundary conditions. 8o we added variational formulations to
Gfern. Below are the Lamé equations of linear elasticity:

E= 21.%: sigma := 0.29;

me =B/ {2* (legigma)};

lam = E*sigma/{({l+sigma)*{1-2*%sigma));
nu = lam+sigma;

varsolve(u,v;w,s8) begin

onbdy (1} u=0;
onbdy( )ow=0;
ell = dx{u};
e2? = dy( ¥
el? = 0.5*% (dx(v)y+dy(u));
@2l = el2;

dive = ell + 822;
sllw=2*{lam*dive+2*mu*rell) *dx{w);
s22s=2%{lam*dive+2*mu+e22) *qy (s) ;
8125 = 2*mu*el2* (Ay{w)+dx(s});



Bol. Soc. Esp. Mat. Apl. n°11 (1997) 19-31

Figure 5: Bending of a beam by its own weigth

s2lw = slZs;

a = sillw+s22s+8l2s+821w +0.1%g;

end : inttfal; /* means volume intergral of a */
¥ =%+ 0.1 * u; /* will display deformed mesh */
v o=y + 0.1 % v;

The power of languages like Gfem can be impressive. For instance the author
was given an electromagnetic problem coupled with turbulent flow and was able
to give an approximate answer in less than an afternoon. It was the study of
natural convection in a electrolytic metal which involved Maxwell-Helmheliz
equations {with complex coefficients) driving the metal by a left hand side in
Navier-Stokes equations. The problem had a free boundary and Treefem could
not handle that part (now it can). Also both equations should be solved in the
same block and that it could not do because the vector systems are limited to 2 in
dimensions; but the next version will not have such limits (see Hecht-Pironneau
(19963).

3 Graphics

The following features apply to Gfem but not to FreeFem:
Three resizeable windows display:

» the program
s the triangulation
» the level curves or color map or 1D cross section

Graphic windows are zoomable without limit; a one dimensional cross section
along a user specified segment can be plot to display accurasely a function.
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Figure 6: Stream lines of the convection current in the metal and in the scories

Figure 7: Electromagaetic forces that drive the convection in the metal
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3.1 Expor{

Bach window’s content can be stored in text format. All graphics can be copled
in the clipboard and pasted into another application as an EPFS pict file.

3.2 VFine graphics

All graphics can also be stored in Postscript files with headers to include them
in plain TEX-files in a resizeable form.

For those whe do not feel like paying for a software there is a simple way to
enhance FreeFem graphics by writing an interface to gnuplot and add a small
module to FreeFem to write gnuplot files. This exercise takes about 2 hours
and is given to students every year; FreeFem must be recompiled but the source
files are given.

4 Future versions

Now FreeFem is well debugged but it has grown a bit out of proportion and
the main file in particular (syntaxic.cpp) i3 a bit like an Italian spaghetti plate:
CHF experts mask their face and laugh.

On the other hand there is a big demand for a 3D FreeFem. D. Bernardi
wrote a new interpreter, in clean CTF, based on Hecht's formal functions. 1
wrote a new solver based on templates in CFF so as to be able to do an unli-
mited number of coupled vector systems, complex or real (see Hecht-Pironnean
(1996)). We will need both a direct and an iterative solver like GMRES.

But the real challenge is for the description of 310 geometries.

We think that VRML has a good futwre. It is iikely that there will be dozen
of cheap VRML visualizers and input packages on all 3 major systems (Mac,
PC and UNIX). There is also a 3D automatic mesh generator at INRIA and
soon will be a mesh adaption package for it, based on variable metrics as in
2D, This software requires a triangulation of the boundary as inpuf, therefore
the missing link is a boundary mesh generator when the geometry is given in
VRML format.

But VRML is macde for image synthesis mostly; objects ave described by USG
(constructive solid geometry) as unions, intersections and extrusions of simple
objects such as planes, bricks, spheres, cones and torus and these objects are
displayed but never are the intersection curves computed. Hence this description
is not enough. Our plans are to construct the triangulation of scenes from the
triangulagion of the surfaces of the simple objects. It is theoretically possible
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by intersecting each pair of triangles, but of course this would be too long so
one has to be more clever,

Possibilities are infinite and to forsee the right options for an intelligent
software is not easy. For instance several people have asked us for splines,
higher degrees of elements, other solvers, handling of two mesh at once, links
with Mathlab or Mathematica... (By the way the response to FreeFem is very
good! it appears that on the average one web surfer transfers it every day and we
receive about one question every week.) The next 2D version will have splines
for the boundaries, perhaps other solvers, more variational formulations but not
P? elements hecause that would force us to type the language. Another line
of development is to provide the users with a library rather than a complete
product. Such users are few because you need to be fairly Huent in C** and
willing to investigate other people’s C-classes. But, refering again to Hecht-
Pironneau (1996), it is a very powerful direction especially if it is combined
with a package like FreeFem for input/output.

References

(1] FREEFEM: User manual; see on the web, http://www.ann jussicu.fr, under
“software”.

[2] F. Hecht & E. Saltel: EMC2, manuel de Putilisateur. Tech. reports INRIA.
1990.

[3] F. Hecht & O. Pivonneaw: Experience with Ct+ for Scientific Computing
Universit Paris report (see also the laboratoire’s punlication section on the

web).

(4] M. Castro: Automatic mesh refinment by variable metrics. Ph.D. Thesis
1996.

15] DIFFPACK: User manual Math Dept. University of Oslo. 1992.

(6] C. Johnson: Partial Diffevential Equations. Cambridge University Press
1996.

[7] FEMLAB: User Manual. Math Dept. Chalmers University. 1995,

31



Bol. Soc. Esp. Mat. Apl. n°8 (1997) 32-32

LIBROS

Current Trends in Applied Mathematics
Miguel A. Herrero y Enrigue Zuazua (Eds.)
Editorial Complutense, 1996

260 pdginas, ISBN 84-89365-94-6

Las seis contribuciones que recoge este libro tienen su origen en las Confe-
rencias que sus autores dieron en Aguadulce (Almerfa) en 1893, dentro de los
Cursos de Verano de El Escorial. En cada una de ellas los autores, reconocidos
especialistas en su campo, reflejan el estado actual de alguna de las dreas de
investigacién de mas reciente y rdpido desarrollo en relacién con problemas
bésicos de Matemdticas, Fisica e Ingenierfa. Fl rango de éstos va desde pro-
blemas de transporte de carga en semiconductores y la teorfa matemdtica de
cristales liquidos en Fisica del Estado Sélido, hasta la dindmica de dos liquicos
miscibles incompresibles en Mecénica de Fluidos y la teorfa matemdtica del
colapso gravitacional, pasando por los aspectos mateméaticos de los problemas
de frontera libre y la Teorfa de Control en Sistemas Distribuidos. Si aisladamente
cada contribucién es valiosa por su presentacién uniforme de resultados que de
otra, forma sdélo serfan accesibles a través de una literatura muy dispersa, el
conjunto de la obra ilustra una gran diversidad de técnicas wmatemdticas asi
como refleja la naturaleza interclisciplinar de la investigacidn en un campo como
el de la Matemética Aplicada.

CONTENIDOS: 1. Some Problems of Charge Transport in Semiconductors {por
Luis i. Boailla, 71 pp.}, 2. An Tntroduction to Free Boundary Problems {por
José Carritlo, 47 pp.), 3. The Mathematical Theory of Gravitational Collapse
(por Demetrios Christodoulou, 30 pp.), 4. Non-soleroidal Velocity Effects and
Korteweg Stresses in Simple Mixtures of Incompressible Liquids (por Daniel D.
Joseph, 30 pp.), 5. Control for Distribuaited Systems: The Microlocal Approach
(por Gilles Lebeau, 38 pp.}), 6. Mathematical Theory of Liquid Crystals {por
Fang Hua Lin, 41 pp.).

L. M. ABia
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LA SOCIEDAD

En este mes de septiembre se celebra en Vigo e XV Congreso de Fouaciones
Diferenciales y Aplicaciones / V Congreso de Matemética Aplicada, reunion
cientifica. bianual que constituye el punto de encuentro de nuestra sociedad.
Con esta ocasién se celebrard la reunidon anual prevista en nuestros estatittos y
se procederd a la eleccidn de nuevos miembros. Deseo enviar un cordial saludo a
sodos los socios que acudan al evento y los mejores desecs del comité ejecutivo
de la sociedad & los organizadores para que se consiga un nivel de exposicion y
diseusion clentifica acorde con el nivel que las matemdticas y sus aplicaciones
han alcanzado en nuestro pafs.

Como deciamos en el articulo de presentacidn del anuario de este afio, hay
aln un gran esfuerzo por hacer en el anuncio y apoyo a toda otra suerte de
cursos, workshops, congresos, etc., que los més diversos grupos de la Sociedad
organizan. La Matematica Aplicada es plural por naturaleza y por elio la de-
scentralizacion de actividades debe ir acompafiada de la agilidad y fuidex de
informacion. La discusién sobre cémo articular la pluralidad de intereses de
tantos investigadores trabajando en lineas diversas con la coordinacién minima
que favorezca la interaccién mutua y sirva de espejo a la calidad relativa sc
ve muy obstaculizada por una cierta tendencia al ensimismamiento, cuando no
a la pura endogamia, en el actual panorama clentifico. Es preciso que pong-
amos manos a ke obra para mejorar nuestra “interfase social-cient{fica”. En este
sentido nuestra hoja WEB (http://www.uam.es/sema) ha tenido una estu-
penda acogida ¥ os invitamos a suministrar ideas de como hacerla més efectiva,
asf como el bolesin que teneis en las manos.

Sociedades espafiolas

Nuestra sociedad sigue mantiendo buenas relaciones con otros modelos asocia-
tivos que se dan en las matematicas espaiiolas. En visita al CEMNI en Barcelona
realizacda el pasade mayo he tenido ocasién de debatir con el Prof. Ofiate, pres-
idente de SEMNI, sociedad de métodos numéricos en la ingenierfa, las formas
de establecer mayores lazos de colaboracién entre ambas gociedades, lo que
esperamos vor plasmado en breve en forma de un convenio para favorecer la
afilaciacién a las dos sociedades y la organizacién de actividades comunes. Por
otra parte estamos a la espera de la evolucién de la propuesta de reconstitu-
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cidn de la Real Sociedad Matemdtica Espaiiola, dirigica por el profesor Antonio
Martinez Naveira, de la Univ. de Valencia, Presidente de la Comisién Gestora.
De la comisién forman parée nuestros compaiieros Enrique Ferndndez Cara {que
representa oficialmente a nuestra socledad), Ildefonso Diaz v Jesus Maria Sanz
Serna.

Relaciones internacionales

En el marco iaternacional he de resefiar la celebracidn el 28/30 de julio en
Sydney, Australia, de la reunidn de CICIAM, Committee for the International
Conferences on Industrial and Applied Mathematics, del que somos miembros.
El principal tema de trabajo era la organizacién de ICIAM99, el gran congreso
internacional de Matematica Aplicada e Insustrial a celebrar en Edimburgo en
1999. Este congreso cuenta con un comité organizador independiente presidicdo
por el profesor Julian Hunt y en breve aparecerdn informaciones concretas sobre
las actividades programadas en nusstra hoja WEB. En la reunidn de Sydney
muestra sociedad fue representada por el presidente de CICIAM, Prof. G. Men-
nicken. Por otra parte la sociedad ECCOMAS tiene prevista su proxima reunién
en octubre préoxime en Atenas.

Reflexién hacia el furturo

En fa vida académica nacional existe un cierto desasosiego e incertidumbre por
diversas razones, a saber, la repercusion de los nueves planes de estudios, el
incorrecto funcionamiento del sistema de concursos para la promocién del pro-
fesorado (que es, en no pocos casos, literalmente escandaloso) v otros temas de
la organizacion académica, cuyo cambio se discute o provecta. A lo que hay que
afiadlir la histdrica carencia de un plan nacional que oriente la inversién clentifica

X

en matemética aplicada, o “matemdticas v sus aplicaciones” si se prefiere. He
de reconocer que nuestra joven sociedad atn no ha encontrado la forima de en-
canzar el debate sobre tan importantes temas, pero sin duda ésta es una de
nuestras tareas importantes. Un cordial salude a todos.

Juan Luis VAZQUEZ, PRESIDENTE DE SEMA

PRESENTACION DE SMAI

La Société de Mathématiques Appliquées et Industrielles (SMAT) se cred en
1983, cuando unos matemdticos aplicados franceses sintieron la especificidad de
su dicipiina y la necesidad de desarrollar su influencia. Hoy cuenta con cerca de
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1.400 miembros, la mayoria de ellos practican la enseflanza superior o la investi-
gacién; a ellos cabe agregar colegas trabajando en la industria. Son especialistas
en calculo clentifico, andlisis numeérico, probabilidades aplicadas, estadistica,
control, automdatica, optimizacién, matematicas discretas, etc... Ademds de
miembros individuales, la sociedad cuenta con “miembros institucionales”, asi
como laboratorios universitarios o empresas privadas.

La Sociedad se dedica a contribuir al desarrolle de las matematicas aplicadas
tanto en la investigacién o las aplicaciones industriales, como en la formacién
de ingenieros, en particular a nivel de formacion continua.

La SMAT tiene un Consejo de Administracidn elegido por el conjunto de
sus miembros ; el Consejo se retine dos o tres veces por aflo, para definir las
iimeas generales de la actividad. Un buré se encarga de aplicar esa politica y de
resoiver los problemas corrientes.

En la misma SMAI existen grupos constituidos alvededor de intereses clen-
tificos particulares. Hoy dia hay tres grupos:

e Bl GAMNI, Groupe pour U'Avancement des Méthodes Numérigues de 'In-
génieur, (ue se propone desarrollar los métodos del andlisis nuwmérico en
la industria.

o El grupo MAS, Modélisation Aléatoire et Statistique, promueve los meéto-
dos de estadistica y probabilidades aplicadas.

o El grupo MODE, Mathématiques de I'Optimisation et de la Décision, con-
sidera temas como el andlisis no lineal, la optimizacién, la investigacién
operacional, con applicaciones en la cconomia, las finanzas y las cieucias
sociales.

1L.as acciones de la SMAI

La SMAI desarrolla una actividad de edicién y de organizacién de congresos.
Publica cuatro veces al afio un boletin llamado Matepli, en €l cual, junto a
articulos clentificos —~generalmente de sintesis—, se encuentran informaciones so-
bre los congresos, las tesis, los libros recién publicados y la vida de la comunidad
en la Universidad v en el CNRS. La colleccién de la SMAL Mathématiques &
Applications publica monografias, particularmente a nivel de tercer ciclo o de
{ltimo afio de escuela de ingenieros: 24 titulos estdn ya disponibles.

Y por Gitimo, la SMAI edita varias revistas: por una parte la revista sobre
papel M2AN (Méthodes Mathématiques de I'Analyse Numérique), y por otra
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tres revistas electrénicas, que tienen la misma exigencia cientifica. y el mismo
tipo de seleccion que para las revistas sobre papel (comité de redaccién, sistema
estricto de referce), los articulos estan disponibles - para ser leidos e impresos
por el mismo lector - a través de la red Internet {(http:/ fwww . emath.fr). Se
trata de Bsaim : Contréle Optimal et Caleul de Variations, Esaim : Probabilités
et Statistique y Esaim : Actes de Congrés.

La SMAI es miembro del CICIAM, que organiza cada 4 afios el ICIAM
(International Congress for Industrial and Applied Mathematics).

La SMAI organiza cada afio el Congrés d’Analyse Numérigue, que retine
més ce 300 congresistas, ¥ sus grupes MAS v MODE tienen cada uno sus
“Journées”. En todas esas ocasiones, se realizan conferencias de alto nivel,
y se da la oportunidad a numeros jévenes —con tesis vecién acabadas o para
acabar~ de presentar sus trabajos y hacerse conocer por los colegas de todas
las Universidades francesas. Ei GAMNI es cofundador del congreso Eccomas ¥
organiza varios encuentros clentificos cada afio.

La SMAT organiza también cursos, en particular en colaboracién con la For-
mation Continue del CNRS. En 1996, por ejemplo, hubo un curso de 3 semanas
sobre Recherches Avancées en Caleul Scientifique.

La SMAT y el GAMNI financian un premio cientifico, el Prix Blaise Pascal,
otorgado cada afio por la Academia de Ciencias francesa para reCOMpPEensar a un
investigador en el dmbito del cdleulo numérico v de las ciencias para ingetieros.
La SMAT financia también el Premio Lagrange, otorgado cada cuatro afios por
el CICIAM. Este premio recompensa a wn colega de alto nivel por el conjunto
de su carrera.

En Francia la SMAI coordina sus esfuerzos con la Société Mathématique de
France (SMF), la Association pour lo Statistique et ses Ulilisations (ASUY, ia
Association Frangaise pour la Cybernétique E’conomz’gua et Technigue (AFCETY),
ete ...

La investigacidn ~tanto tedrica como aplicada~ tiene hoy una dimensidn in-
ternacional. Por eso, la SMAT es miembro de la Buropean Mathematical Society
(EMS) y de Eecomas, al mismo tiempo que desarrolla intercambios con so-
ciedades, que tienen el mismo objetivo en otros paises : AMS v SIAM en los
EE.UU., SEMA en Espaia, IMA en Gran Bretafia, DMV y GAMM en Alema-
nia, SIMAI en Italia.
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RESUMENES DE TESIS

COMPORTAMIENTO ASINTOTICO DE UNA ECUACION DE CONVENGCIGN-DIFUSION
CON DIFUSION VARIABLE

Doctorando: Gema Fabiola Duro Carralero.

Director/es: Enrique Zuazua Iriondo.

Defensa: 6 de marzo de 1997, Universidad Complutense de Madrid.
Calificacidn: Apto cum laude.

EResumen: Esta Tesis doctoral estd dedicada al estudjo del comportamiento asintético
cuanco t — oo de las soluciones de ecuaciones de convececién-difusién del tipo:

I — div{a{z)Vu) = d- V{ju[*"u) en (0,00} x R
w(0, ) = ue(x)

condeR,g> 1.
Nes centramos esencialmente en coeficientes de la forma a{z} = 1 + b{xz}, donde b{z)
es una funcién integroble, o bien, periddica.
[n ¢l caso de coeficientes integrables hemos tratado los siguientes casos:
- Cuoando ¢ > 1+ 1/N, hemos probado que el comportamiente asintético de las
soluciones de (P) con date nicial uo{z) € LHR) N LAR) con p > Ng/(N +2),
viene dado por la solucidn fundamental de la ecuacidén del calor con masa

M:/ ug(z)da.
JR

- Cuando g = 1 4 1/N, hemos demostrado que el comportamiento asinédtico de
las soluciones de () con dato imicial ue(z)} € L*(R) viene dado por la solucién
autosemejante con masa M de la ecuacién completa con ¢ = 1. Ademas en este
caso hemos calculado el segundo términe del desarrollo asintdtico.

En el caso de coeficientes periddicos también hemos obtenido ¢l primer término del
desarrollo asintético. Para abordar este problema hemos usado téenicas cldsicas en la
Teorfa de Hemogenizacion.

Por ¢ltimo, en el caso particular de una dimensién espacial hemos considerado ademss
otro tipo de coeficientes en los que b(z) es una funcidn decreciente. En este caso ademas
hemos estudiado el comportamiento asintdtico cuando 1 < g < 2.

REDES NEURONALES EN CLASIFICACION

Doctorando: Maria Sagrarvio Sanchez Pastor.

Director/es: Luis A. Sarabia Peinador, Miguel A. Revilla Ramos.
Defensa: 23 de mayo de 1997, Universidad de Valladolid.
Calificacidn: Apto cum laude.
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Resumen: Bl cdleulo neuronal es una alternativa para problemas de clasifeacion mul-
tivariante (conocida la pertenencia de n vectores p-dimensionales a k categorias, con-
struir la regla de decisién para asignar un nuevo vector a una de ellag) si no se de-
sea recurrir a modelos de tipo probabilistico y/o funcional basados en informacién
aprioristica sobre los datos.

En este tipo de problemas, una red ha de ser entrenada para minimizar los errores
de clasificacidn. Esta tarca supone manejar frecuencias {funcién respuesta discreta)
¥ 1o es adecuada la vegla de propagacién de errores hacia atids para vincular las
modificaciones en log pesos de la red a lag modificaciones de las frecuenciag de error
en clasificacién obtenidas al progresar el aprendizaje.

Dada una red multinivel siempre hacia delante (MLI"), se propone un mecanismo de
aprendizaje basado en la evolucidn estocdstica de sus pesos, como alternativa al método
mas usado, basado en el gradiente descendente para propagar los errores hacia atras
{backpropagation).

La red con aprendizaje estocdstico se probard con problemas-tipo compleios de clasifi-
cacién, tanto reales como simulados, incidiendo especialmente en su comportamiento
como test de hipdtesis no paramétrico.

PoLINOMIOS DE CHEBYSHEV; ALGORITMOS Y APLICACION
EN LA DETERMINACION ¥ COMPRESION DE ORBITAS

Doctorando: Roberto Barrio Gil.

Director/es: Antonio Elipe Sanchez.

Defensa: 28 de mayo de 1997, Universidad de Zaragoza.
Calificacién: Apto cum laude.

Hesumen: [n esta memoria se analizan distintas aplicaciones de los polinomios de
Chebyshev en el andlisis mumérico y en Ja mecanica celeste. En el primer capitulo se
repasan los algoritmos para la manipulacidn de combinaciones lineales de polinomios
de Chebyshev v se aportan nuevos algoritmos para la determinacién directa de | in-
tegral y derivada m-ésima de dichas combinaciones lineales. Asf mismo, se introduce
tina formula para la evaluacién de la derivada m-ésima de combinaciones lineales de
polinomios de Jacobi sin necesidad de caleular explicitamente el polinomio derivada,
lo cual nos permite aborrar operaciones. Bn el segundo capitulo se analizan las estabil-
idades backward y forward de los algoritmos de evaluacién comentades en el capitulo
antlerior.

Log dos siguientes capitulos estdn dedicados a la resolucién numérica de scuaciones
diferenciales ordinarias utilizando aproximaciones polinémicas de las solucidn, expre-
sadas como combinaciones lineales de polinomios de Chebyshev de primera especie.
Utilizando las relaciones existentes con los métodos de colocacin y los métodos Runge-
Kutta, se obtienen resultados sobre el orden v la A-estabilidad de los métodes de
colocacién basados en los ceros de los polinomios tltraesféricos o de Gegenbauer,

Se aplican los métodos de integracién de EDO al problema del satélite artificial, uti-
lizando para ello formulaciones especificas, como la de Dziobek-Brouwer, que permiten
usar grandes pasos de integracién y métodos de grado alto. Bsta formulacién re-
duce sensiblemente ¢l tiempo de computacion para la determinacién de efemérides de
satélites altos v de baja excentricidad, come es el caso de los satélites geoestacionarios,
uno de los mds comunes. Por dltimo, se analiza el problema de la compresién de datos

45



Bol. Soc. Esp. Mat. Apl. n°8 (1997) 44-48

por medio de combinaciones linezles de polinomios de Chebyshev. Se presentan los
algoritmos de la compresién simple y dable con estimadores del ervor, lo cual permite
la automatizacion de todo el proceso.

ESTABILIDAD ORBITAL DE SATELITES ESTACIONARIOS

Doctorando; Teodoro Lépez Moratalla.

Director/es: André Deprit.

Defensa: 19 de junio de 1997, Universidad de Zaragoza.
Calificacién: Apto cum laude.

Resumen: Se realiva un estudio de la estabilidad de las drbitas estacionarias de un
satélite artificial alrededor de un planeta que gira con velocidad angular constante en
la direccién de su eje principal de inercia de momento mayor. Dichas érbitas son los
equilibrios de! sistema dindmico que define el movimiento del satélite en un sistema de
referencia mévil solidario al planeta. Se desarrolla un tratamiento totalmente analitico
del problema con la ayuda de un procesador algebraico de cardcter general.

En primer lugar se considera el caso de las drbitas ecuatoriales. Se establece bajo qué
condiciones pueden existir los equilibrios v se realiza un estudio de su estabilidad lin-
eal, concluyéndose que solo dos de elios pueden ser linealmenie estables, dependiendo
de los valores que adopten los parametros del problema. En los casos en gue se verifica
la estabilidad lineal, tras la apropiada normalizacidn efectuada mediante transforma-
ciones de Lie, se aplica ¢l teorema de Arnold sobre formas cuadrdticas no definicas.
Los ¢riterios de establidad obtenidos se aplican a la Tierra v a Marte, concluyendo
que, en ambos casos, los equilibrios son estables en el sentido de Liapunov.

A continuacién se trata el problema tridimensional. Aqul no es de aplicacién el teorema
de Arnold, por tratarse de un sistema con tres grados de Hbertad. El estudio de la
estabitidad se realiza transformando el orden cero del hamiltoniano en la suma de un
oscilador eliptico v un cscilador arménico. Esta transformacién es pesible en planetas
de caracteristicas similares a la Tierra. Una tranformacién de Lie efecta una doble
normalizacién del hamiltoniano, reduciendo a wno los gradoes de libertad del sistema.
Del estudio del fluio en el espacio fasice normalizado se concluye la estabilidad de los
ecuilibrios.

Por dlsimo, y motivada por la obiencidn de los equilibrios del problema, se presenta
una téenica de resolucién simbélica de funciones implicitas mediante series de Lie.

APROXIMACION POR SPLINES CUBICOS Y ANALITICIDAD PARA PAQUETES
DE VORTICIDAD CONSTANTE

Doctorando: Eliseo Chacdn Vera.

Director/es: Tomds Chacén Rebollo, Russel E. Caflisch.
Defensa: 3 de julio de 1897, Universidad de Murcia.
Calificacidn: Apto cum lande.

Resumen: Se congidera en esta tesis la solucidn <ébil de las Ecuaciones de Euler en
dos dimensiones conocida por paqueses de vorticidad constante. La vorticidad inicial
es una funcién de soporte compacto, localmente constante y toma un ndmero finito
de valores; la vorticidad eveluciona en tiempo permaneciendo con soporte compacto
y tomando el mismo ndmero finito de valores debido a su conservacién a lo largo de
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las travectotias de las particulas. Para un pacuete de vorticidad constante ocupando
una region simplemente conexa el problema se reduce a determinar la posicién de su
frontera. La Ecuacién de Dindmica de Contorno (CDE) describe la evolucién de esta
frontera.

Debido a la conservacion de la vorticidad, el drea del paquete de vorticidad permanece
constante en tiempo, pero otras magnitudes geométricas cambian con el tiempo. La
longitud y la curvatura de la fronters pueden llegar crecer muy répido debido a la
formacién de pequerios filamentos de vorticidad que son expelidos del paquete de vor-
ticidad hacia el fluido irrotacional que lo rodea. Este proceso da lugar a la creacién de
puntos de gran curvatura en la frontera del paquete v, en general, a una gran dificultad
a la hora de la simulacién numérica de la evolucién de estos fuidos. Persistencia de la
regularidad de la frontera para todo instante de tiempo ha sido un tema de debate que
solo recientemente ha recibido una respuesta positiva. Se ha probando que un contorne
imicial ¢ permanece siempre C° v que un contorno inicial OV para 0 < v < 1.
garantiza un contorno CHY para tode tiempo.

[2os resultados originales son presentados en esta tesis acerca de la avolucion de pa-
quetes de vorticidad constante:

Basandenos en el estudio tedrico sobre la ODE, se introduce en este trabajo un nuevo
método para resolver esta ecuacién por medio de una interpolacion por splines citbicos
globales entre nodos ¥ probamos convergencia del método para todo intervalo de
tiempo. La idea del método es que la aproximacién numérica a la frontera que se usa
debe de tener alguna regularidad global minima para asf poder utilizar el ansligis lle-
vaddo & cabo, Este método es contrastade con simalaciones numéricas sobre la solucién
exacta cenocida por elipse de Kirchholl.

El segundo resultado original introducido en esta tesis es el hecho de que una fron-
tera inicialmente analitica, permanece analitica por un intervalo de tiempo positivo.
Este resultado es el primer paso en un proyecto més general que pasamos a exponer
brevemente; Cualquier curva de Jordan analitica v no singular € en el plano puede
ser representada de manera dnica por una funcién analitica e inyectiva en un entorno
de la curva. Esta funcién es conocida como la funcién de Schwarz de la curva y da
reflexién con respecto a la curva. Si se denota por 3, es la dnica funcién analitica
tai que 5(z} = %, z € C. En csta tesis y en el futuro trabajo ya en progreso se
intenta probar que analiticidad es una propiedad que se conserva en todo intervalo
de tiempo y que el proceso de filamentacién en un paquete de vorticidad constante
estd refacionado con el tipo v comportamiente de las singularidades complejas de su
funcion de Schwarz, Basicamente se intenta probar que log filamentos sor debidos
singularidades complejas de la funcién de Schwarz que se aproximan a ios puntos de
creciente curvatura en ¢l contorno.

METODOS DE CONTORNO PARA UN PROBLEMA DE FLUJO ESTACIONARIO
ALREDEDOR DIE UN TUNEL

Doctorando: Ricardo Celorrio de Pablo.

Director/es: Francisco Lisbona Cortés, Francisco Javier Sayas Gonzdlez.
Defensa: 5 de septiembre de 1997, Universidad de Zaragoza.
Calificacién: Apto cum laude.

Resumen: En esta memoria se plantea un problema de infiltracidn en medio poroso
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alrededor de un tinel, en situacién estacionaria. Tipicamente este problemna se formuia
como un problema de contorno no lineal en derivadas parciales de segundo orden, en un
dominio no acotada. De entre los diversos modelos no lineales para flujos no saturados
nos centramos en ¢l llamado modelo casilineal. La formulacién de dicho problema
en presién y la adopeidn del medelo casilineal derivan en el planteamiento de dos
problemas exteriores para la ecuacién de Helmholtz: uno con condicién de contorno
de Dirichlet v.otro con condicidn de tipo Robin. Al proceder a la formulacién en la
frontera de dichos problemas, mediante el potencial de capa simple, se obtienen dos
ecuacionss integrales: una de primer tipe con ndcleo logaritmico y otra de segundo
tipo.

BEn los capitules 2-5 se estudian métodos numéricos para ecuaciones integrales que
incluyen a las antericres. . Nog hemos centrado en métodos de colocacién y algunas
de sus variantes completamente discretizadas. De ellos se amplia el andlisis del error
conocido, demostrandose en todos los casos la existencia de desarrolios asintéticos del
arror.

Una vez resueltas numéricamente las ecuaciones integrales de frontera, se lnserta la
sohucién en la [Grmula del potencial de capa simple, obteniéndose una reconstruccién
de la solucién del problema exterior para la ecuacién de Helmholtz, para la que se
tienen de nuevo expresiones asintéticas del ervor. Con ello se justifica el empleo de ex-
trapolacién de Richardson para la aceleracidn de la convergencia y la estimacién a pos-
teriori del error. Por dltimo, en los capitulos 6 ¥ 7, se aplican los resultados obtenidos
al problema de infiltracién alrededor del finel y se exponen ensayos numéricos con los
métodos analizados para distintas situaciones.
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