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EDITORIAL |

Estimados socios,

Os hacemos llegar un nuevo nimero del boletin de nuestra Sociedad en el
que en la seccién de articulos cientificos recogemos dos interesantes trabajos de
Lino Alvarez—Vézquez y colaboradores y de Carlos Parés y Marfa Luz Munoz.
También incluimos algunos trabajos presentadas en el segundo “Workshop
Iberoamericano de Matemédticas Aplicadas” que tuvo lugar en la ciudad de
Chillén (Chile) en Diciembre de 2008.

Por otro lado, publicamos el trabajo de la ganadora del Premio SéMA al
Joven Investigador 2008, nuestra companera Maria Gonzilez Taboada, que
recibié éste en el transcurso de la pasada Escuela Hispano-Francesa celebrada
en Valladolid.

Os recordamos finalmente que se encuentra proximo a celebrar el XXI
CEDYA / XI CMA que tenemos el honor de organizar desde la Universidad
de Castilla - La Mancha. Deseando que nos encontremos en dicho evento,

Recibid un cordial saludo,

Grupo Editor
boletin.sema@uclm.es
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Abstract

The main objective of this work is to present an application of
mathematical modelling and optimal control theory to an ecological
engineering problem related to preserve and enhance natural stocks of
salmon and other fish which migrate between saltwater and freshwater.
Particularly, we study (a) the design and (b) the management of
a hydraulic structure (fishway) that enables fish to overcome stream
obstructions as dams or weirs. Both problems are formulated within
the framework of the optimal control of partial differential equations.
They are approximated by discrete unconstrained optimization problems,
and then, solved by using a gradient-free method (the Nelder-Mead
algorithm). Finally, numerical results are showed in a standard real-world
situation.

1 Introduction

Many types of fish undertake migrations on a regular basis, on time scales
ranging from daily to annual, and with distances ranging from a few meters
to thousands of kilometers. In this work we take attention on diadromous fish
which migrate between salt and fresh water. The best known diadromous fish
are salmon (salmo salar), trout (salmo trutta), eel (anguilla anguilla), sturgeon
(acipenser sturio), lamprey (lampetra fluviatilis, petromyzon marinus), barbel
(barbus bocagei), carp (cyprimus carpio), perch (perca fluviatilis)... There exist
three types of diadromous fish, depending on their specific migration patterns:
anadromous, catadromous and amphidromous: Anadromous fish spend most
of their adult lives in saltwater, and migrate to freshwater rivers and lakes to
reproduce. Anadromous fish species include lamprey, sturgeon, salmon, and
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8 L.J. Alvarez-Vazquez et al.

trout. More than half of all diadromous fish in the world are anadromous.
Catadromous fish spend most of their adult lives in freshwater, and migrate
to saltwater to spawn. Juvenile fish migrate back upstream where they stay
until maturing into adults, at which time the cycle starts again. One of the
main catadromous species is the eel. About one quarter of all diadromous fish
are catadromous. Finally, amphidromous species move between estuaries and
coastal rivers and streams, usually associated with the search for food or refuge
rather than the need to reproduce. Amphidromous fish can spawn in either
freshwater or in a marine environment. Less than one fifth of all diadromous
fish are amphidromous: An example is the bull shark (carcharhinus leucas).

As it is well-known, salmon, for instance, is capable of going hundreds of
kilometers upriver. When people construct an artificial barrier in a river (for
example, a dam or a weir) European legal regulations force them to install also
a fishway in order to allow fish to overcome it.

Fishways are hydraulic structures placed on or around man-made barriers
to assist the natural migration of diadromous fish. An exhaustive overview on
the design and management of river fishways (also known as fish-ladders or
fish-passes) can be found in the interesting book of Clay [10]. In the literature
three different types of fishways are studied: the pool and weir type [27], the
Denil type [24], and the vertical slot type [26]. In addition to these three types,
that enable the fish to swim upstream under their own effort, there is a more
recent fourth class: the fish-locks (or fish-elevators), which lift the fish over the
obstruction [32].

Pool and weir fishways were the earliest type constructed - the first recorded
attempts to construct this type of fishway were made in Europe in the 17th
century - and are still built with the addition of orifices in their walls. A pool
and weir fishway consists of a number of pools formed by a series of weirs.
The fish passes over a weir by swimming at burst speed or by jumping over
it. The fish then rests in the pool, then passes over the next weir, and so on,
till it completes the ascent. The success of this type of fishway depends on the
maintenance of water levels, which can be facilitated by the provision of a set
of orifices in the weir walls close to the floor.

The Denil fishway is essentially a straight rectangular flume provided with
closely spaced baffles or vanes on the bottom and sides. The first of the classical
works of G. Denil on the scientific design of fish-passes was already published
in 1909 in Annales des Travaux Publiques de Belgique. Of the many types of
Denil fishway studied in the scientific literature, the more commonly used are
the standard Denil fishway and the more complex “Alaska Steep-pass” [25].

However, we deal here with the third type of fishway, which is the more
generally adopted for upstream passage of fish in streams obstructions: the
vertical slot fishway. It consists of a rectangular channel with a sloping floor
that is divided into a number of pools (see Fig. 1). Water runs downstream in
this channel, through a series of vertical slots from one pool to the next one
below. The water flow forms a jet at the slot, and the energy is dissipated by
mixing in the pool. Fish ascends, using its burst speed, to get past the slot,
then it rests in the pool till the next slot is tried [7].
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Figure 1: Schematic drawing of a vertical slot fishway

During last decades much attention has been paid, both from the theoretical
and the experimental viewpoint, to the hydraulic characteristics, the flow
regimes, and the turbulence structures in all types of river fishways. We have
to cite here the pioneering works of the team of N. Rajaratnam [28, 29, 34,
11, 12, 18], and, more recently, the interesting works of the team of J. Puertas
[23, 31, 9]. Nevertheless, the important role of a correct design in the fishway has
been much less studied. We must mention the work of Kim [16] (for the case of
pool and weir fishways), the works of Odeh [22] and of Mallen-Cooper and Stuart
[19] (for the design of Denil fishways), and - in a more general approach within
the field of ecological /environmental engineering - in the papers of Karisch and
Power [13], Meselhe et al. [20], Boiten [8], Weber and Joy [33], Yasuda et al.
[35] and Richmond et al. [30], among others. However, the optimal design of a
vertical slot fishway has not been analyzed, as far as we know, into the scientific
literature.

As said above, the objective of a fishway is enabling fish to overcome
obstructions. In order to get it, water velocity in the fishway must be controlled.
Specifically, that means that in the zone of the channel near the slots, the
velocity must be close to a desired velocity suitable for fish leaping and
swimming capabilities. In the remains of the fishway, the velocity must be close
to zero for making possible the rest of the fish. Moreover, in all the channel,
flow turbulence must be minimized.

If a new fishway is going to be built, water velocity can be controlled through
the location and length of the baffles separating the pools. On the opposite, if
the fishway is already built, it only can be controlled by determining the flux
of inflow water. In this work we are going to use mathematical modelling and
optimal control theory to study these two situations: first related to the optimal
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Figure 2: Ground plant (domain w) and elevation of the fishway under study

design of a new fishway, and second related to the optimal management of a
fishway already built.

In order to do it, we begin presenting a mathematical model (shallow
water equations) to simulate the water velocity in a fishway and giving a
mathematical expression to evaluate the quality of that velocity field in terms
of the fish capabilities. Next, we study the first problem related to the optimal
design of a new fishway to be built: we describe the problem, formulate it
as a shape optimization problem, and show that it can be approximated by
a discrete unconstrained optimization problem. In next section we study the
second problem, related to the management of a fishway already built: we
formulate it as an optimal boundary control problem and, as in the previous
case, approximate it by a discretized problem. A gradient-free method (the
Nelder-Mead algorithm) to solve this type of optimization problems is proposed
in last sections, and numerical results for a standard fishway are presented.

2 Numerical simulation of water velocity in a fishway

Let w C R? be the ground plant of a fishway consisting of a rectangular channel
dividing into a reduced number pools with baffles and sloping floor, and two
transition pools, one at the beginning and another at the end of the channel,
with no baffles and flat floor. A scheme of the fishway used in this paper can
be seen in Fig. 2: water enters by the left side and runs downstream to the
right side, and fish ascend in the opposite direction [5]. The number of pools
(ten) and the dimensions of the full channel correspond to an experimental scale
fishway reported by Puertas et al. [23].

Water flow in the domain w along the time interval (0,7") is governed by the
shallow water equations:

—4+V.Q0=0 inwx (0,7)
ot
X5 ) 1)

where

e H(w,y,t) is the height of water at point (z,y) € w at time ¢ € (0,7T),
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t(x,y,t) = (u,v) is the averaged horizontal velocity of water,
Cj(am y,t) = UH is the areal flow per unit depth,

g is the gravity acceleration,

n(z,y) represents the bottom geometry of the fishway,

f collects all the effects of bottom friction, atmospheric pressure and so
on.

These equations must be completed with a set of initial and boundary
conditions. In order to do that, we need to define three different parts in the
boundary of w: the lateral boundary of the channel, denoted by ~g, the inflow
boundary, denoted by =1, and the outflow boundary, denoted by 7. We also
consider 7 the unit outer normal vector to boundary. Thus, we assume the
normal flux and the vorticity to be null on the lateral walls of the fishway, we
impose an inflow flux in the normal direction, and we fix the height of water on
the outflow boundary, that is,

Qit=0, curl(2)=0 on~x(0,7T) 2)
Q=qil on y1 x (0,7)
H = H, on y2 x (0,7)

By using this notation we can give a mathematical expression to evaluate
the quality of water velocity in the fishway. We have two objectives:

1.

In the zone of the channel near the slots (say the lower third) the velocity
must be as close as possible to a typical horizontal velocity ¢ suitable
for fish leaping and swimming capabilities, and in the remaining of the
fishway, the velocity must be close to zero for making possible the rest
of the fish. In short, the velocity must be close to the following target
velocity:

- C, 0 y if To < 1 w

U@, 22) :{ E0,0)), otherwisg (3)

where W is the width of the channel (in our case, as shown in Fig. 2,
W =0.97m).

. Flow turbulence must be minimized in all the channel in order to avoid

fish disorientation.

According to this, if we fix a weight parameter £ > 0 for the role of the
vorticity and define the objective function

//||——v||2 5/ /|curl Q) (1)
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the water velocity @ = Cj /H will be better for our purposes as the value of the
cost function J becomes smaller.

In order to evaluate J, firstly we have to solve the shallow water equations
(1) with initial and boundary conditions (2). In this work we use an implicit
discretization in time, upwinding the convective term by the method of
characteristics, and Raviart-Thomas finite elements for the space discretization
(the whole details of the numerical scheme can be seen in Bermudez et al. [6].
So, for the time interval (0,T") we choose a natural number N, consider the time
step At = T/N > 0 and define the discrete times t;, = kAt for k =0,..., N. We
also consider a Lagrange-Galerkin finite element triangulation 73, of the domain
w. Thus, the numerical scheme provides us, for each discrete time tj, with
an approximated flux @% and an approximated height HF, which are piecewise-
linear polynomials and discontinuous piecewise-constant functions, respectively.
Wlth these approximated fields we can compute the approximated velocity
uh = Q,L/Hh7 and approach the value of J by

= A SR e 6)

k=1 FEeT,

3 Problem 1: Design of a fishway to be built

In this section we are going to study the optimal design of a new fishway. As
we have said, if we are going to build a new fishway, we can control the water
velocity through the location and length of the baffles in the pools. We take
the channel described in previous section, assume that the structure of the ten
pools with sloping floor has to be the same (the shape of the complete fishway
is given by the shape of the first pool) and then, we take the two midpoints
corresponding to the end of the baffles in the first pool (points a = (s1, s2) and
b = (s3,84) in Fig. 3) as design variables.

We are looking for points a and b which provide the best velocity for fish
(i.e. minimizing the function J given by (4)), but, previously, we must impose
several design constraints on these points: first, we assume that points a and b
are inside the dashed rectangle of Fig. 3, that is, the following eight relations

must be satisfied:
1.213 (©)
0.97

The second type of constraints are related to the fact that the vertical
slot must be large enough so that fish can pass comfortably through it. This
translates into the two additional linear constraints:

A1283—8120.1
Ag = 59 — 54 > 0.05

11213 < 51,83
0< 59,84

= s

<
<

(7)

(If the half width of the baffle is » = 0.0305m, (standard datum as appeared
in Puertas et al. [23]) we are actually imposing that the slot width must be, at
least, of /(0.1 — 2r)2 + 0.052 = 0.063 m.)
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Figure 3: Scheme of the first pool

Then, the first optimization problem can be formulated as follows:

Problem (P1): Find the optimal shape of domain w, that is, find s = (a,b) =

(s1,52,53,54) € R* verifying constraints (6) and (7), in such a way that @ and
H, given by the solution of the state system (1)-(2) on the fishway w = w(s),
minimize the objective function J = J(s) given by (4).

A mathematical analysis of problem (P;) can be found in Alvarez-Vazquez
et al. [1, 2]. For its numerical resolution we propose a penalty method.
Particularly, for a large enough parameter ay > 0, we approximate (P;) b
the discrete unconstrained optimization problem

min ®4(s) (8)

where, for s = (s1, s2,53,54) € R*, the value of ®;(s) can be computed from
the following algorithm:

Step 1. Consider the corresponding domain w(s) and its new triangulation
Th($).

Step 2. Solve the state system (1)-(2) on w(s) as it has proposed in previous
section and compute JA2! = J2!(s) given by (5).

Step 3. Define ®,(s) in such a way that ®;(s) < 0 < s verifies (6) and (7),
that is, compute

Py(s) = max{1213 — g 1213 g5 o) — 31213, 55 — 21.213, —so,
0.97 S4 — 097 01_ o (9)
TS84 — T 83+81,005 82+84}

—854,52 —
Step 4. Compute the value of the dlscrete penalty function
®y(s) = JE(s) + ap max{®(s),0} (10)

To solve the problem (8) we use a gradient-free method, the Nelder-Mead
algorithm, which is summarized in section 5.
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4 Problem 2: Management of a fishway already built

The second problem consists of the optimal management of a fishway already
built. Now we suppose that the fishway is already built (the domain w € R? is
known and fixed) and we look for the flux across the inflow boundary providing
a suitable water velocity in the fishway (that is, giving a value of the expression
(4) as lower as possible).

In this case, in the state system (1)-(2) the domain w is a datum, and the
control variable is the function ¢(t), the flux across the inflow boundary ~;
for the time interval (0,7"). For this problem, we also have constraints on the
control variable: since we need to inject water through the inflow boundary,
q must be negative and due to technological reasons ¢ must be bounded by a
fixed value. Thus, we are led to consider only the admissible fluxes in the set:

Uws = {1€L*0,T): —B<1<0} (11)

with B > 0 a technological bound for water inflow.
So, the optimal management of the fishway is formulated as:

Problem (P2): Find the flux g € U,q on the fishway inflow in such a way that,
verifying the state system (1) — (2), minimizes the cost function J = J(q) given
by (4).

From a mathematical point of view, (Pz) is very different from (P;) (a
complete mathematical analysis of (P3) can be seen in Alvarez-Vazquez et al.
[3, 4]), however its numerical resolution can be done in a similar way. In effect,
due to technological reasons (flow control mechanisms cannot act upon water
flow in a continuous way, but discontinuously at short time periods) we seek the
control among the piecewise-constant functions. So, for the time interval [0, T]
we choose a number M € N, we consider the time step A7 = T/M > 0,
and we define the discrete times 7,, = mA7 for m = 0,1,..., M. Thus,
a function ¢ € L?(0,7) which is constant at each subinterval determined
by the grid {79, 71,...,7ar} is completely fixed by the set of values ¢°7 =
(@, q',....,¢M 1Y) € RM, where ¢™ = q(,,), m = 0,...,M — 1. For a given
¢>7 € RM | determining a unique inflow flux ¢, the shallow water equations can
be solved as it was proposed in above sections, and we can compute the value
of JAt = JA(gAT) given by (5). Then, for a large enough penalty parameter
a > 0, the problem (Ps) can be approximated by

min &, (¢27) (12)

where, for ¢®7 = (¢°,¢%,...,¢™ 1) € RM, the value of ®5(¢~7) is computed
from the two following steps:
Step 1. Solve the state system (1)-(2) with a boundary condition on v given
by ¢®7 and compute J2t = JA(gAT) given by (5).
Step 2. Compute the value of the discrete penalty function
M—1
Do (q”7) = JRHDT) + ag Z max{¢™,—B —¢™,0} (13)

m=0
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For a small M, we also solve the problem (12) by using the Nelder-Mead
algorithm, detailed in next section.

5 Numerical Optimization: The Nelder-Mead Method

The Nelder-Mead simplex method [21] is a direct search method, which merely
compares function values; the values of the objective function being taken from
a set of sample points (simplex) are used to continue the sampling.

In order to minimize a given function ® : R™ — R, the algorithm can be
easily summarized in the following way: Recall that the convex hull of n + 1
points in R™ not contained in the same hyperplane is called a n-simplex. The
method constructs a sequence of simplices as approximations to a minimum
point. The n + 1 vertices y1, Y2, ..., Yn+1 of each simplex are sorted according
to the objective function values: ®(y1) < ®(y2) < -+ < ®(yn+1), and the worst
vertex y,+1 is replaced with a new point y(v) = (1 + v)y — v yn+1, where y is
the centroid of the convex hull of {y1,...,yn}, that is, y = (y1 + -+ + yn)/n.
The value of v is selected from a sequence —1 < vs < 0 < vy < vg < v, (typical
values are v5 = —0.5, v, = 0.5, vg = 1, 14 = 2) by rules given in the following
algorithm:

While ®(yn+1) — ®(y1) is not sufficiently small, compute y(vg) and &g =
®(y(vg)). Then:

(a) If 3 < ®(y1), compute D, = P(y(vy)). If &, < Pg, replace yn41 with
y(va); otherwise replace y,4+1 with y(vg). Go to (f).

(b) If &(y1) < 5 < D(yn), replace Y, 41 with y(vg) and go to (f).

(c) If ®(yn) < P53 < B(Yn+1), compute ., = ®(y(vy)). If &, < &g, replace
Yn+1 with y(v,) and go to (f); otherwise go to (e).

(d) If D(yp+1) < Pp, compute 5 = P(y(vs)). If D5 < D(yn+1), replace ynt1
with y(vs) and go to (f); otherwise go to (e).

(e) Fork=2,...,n+1set yr =y1 + (yr —y1)/2.
(f) Resort the resulting vertices according to ® values.

Although the Nelder-Mead algorithm is not guaranteed to converge in
the general case, it has good convergence properties in low dimensions (see
Lagarias et al. [17] for a detailed analysis of the convergence under convexity
requirements). Moreover, in order to prevent stagnation at a non-optimal point,
we use a modification proposed by Kelley [15]: we define the simplex gradient
D(®) = V=T A(®), where V and A(®) are the matrices given by:

V=(y2—9y1,93 = Y1, Yn+1 — Y1) (14)
A(®) = (P(y2) — @(y1), P(y3) — (1), -+, P(Yn+1) — P(y1))

Thus, when stagnation is detected, we modify the simplex by an oriented restart,
replacing it by the new smaller simplex 91 = y1, 9; = 91 — Bj—1€j-1, 2 < J <
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Figure 4: Problem (Pi;): Initial (up) and optimal (down) fishways and
corresponding horizontal velocity fields at time ¢t = 300 s

Figure 5: Problem (P;): Velocity fields in the central pool at time ¢ = 300 s for
the initial shape (left) and the optimal shape (right)

n + 1, where:

B = 1{ o sign(D(®))g, if (D(®))x #0 )

210 if (D(®))x =0

for the typical length ¢ =  mi ——
or the typical length o 2Srjn<lg+1llyj vl

6 Numerical results

In this section we present the numerical results that we have obtained in a
standard situation. We have considered the fishway under study, whose scheme
is showed in Fig. 2. Both initial and boundary conditions were taken constant,
particularly, Cjo = (0,0)m?s™, Hy = 0.5m, Hy = 0.5m. The time interval
for the simulation was T" = 300s. Moreover, for the sake of simplicity, for
the second member f we have only considered the bottom friction stress for a
Chezy coefficient of 57.36 m"-5s~!. For the objective function we have taken a
target velocity value ¢ = 0.8 ms~! and a parameter £ = 0. Finally, for the time
discretization we have taken N = 3000, that is, a time step of At =0.1s.

Although we have developed many numerical experiences, we present here
only one example for each problem.
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Figure 6: Problem (P;): Initial (up) and optimal (down) height of water in the
whole fishway at time ¢ = 300 s

Problem (P;): Optimal shape design

We have taken a fixed and constant flux across the inflow boundary ¢ =
—%m%_l, a penalty parameter a3 = 500 and, for the different space
discretizations, we have tried several regular triangulations of about 9500
elements. Thus, applying the Nelder-Mead algorithm, we have passed, after 76
function evaluations, from an initial cost ®; = 1046.74 for a random simplex, to
the minimum cost ®; = 239.44, corresponding to the optimal design variables
a = (0.577,0.147), b = (0.818,0.054). Fig. 4 shows the water velocity at the final
time of the simulation (representing the stationary situation) corresponding to
the initial random configuration (up) and to the optimal configuration given by
a and b (down). We can observe that, in both cases, the flow structure is very
similar in all the pools of each fishway, and that, in the optimal case, a clearly
defined streamline appears passing through all of the vertical slots. A zoom of
the central pools is showed in Fig. 5. In the case of the initial shape (left) we
can identify the standard flow patterns presented, for intance, in Rajaratnam
et al. [26]: a direct flow region where the flow circulates in a curved trajectory
at high velocity from one slot to the next downstream, and two recirculation
regions - the larger one located between the long baffles and the smaller one
located between the short baffles - flowing in opposite directions. In the case of
the optimal shape (right) the horizontal velocity is close to the target velocity
¥, and the two large recirculation regions at both sides of the slot are highly
reduced. Finally, in Fig. 6 we can also see the height of water at final time
t = 300s. In the initial case (up) the eddy areas create great differences in
the height inside each pool, but in the optimal case (down) these variations are
much milder. The satisfaction of the boundary condition on vo (Hs = 0.5m)
can be clearly noticed in both cases.

Problem (Pz): Optimal management

In this case we have taken a fixed fishway given by a = (0.525,0.121), b =
(0.660,0610), a regular triangulation of 10492 elements, a penalty parameter
ap = 104, a technological bound B = 0.12m2?s~! and M = 4. We have passed,
after 66 function evaluations, from an initial cost ®5 = 612.37 to the minimum
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Figure 7: Problem (P2): Initial (up) and optimal (down) velocity fields in the
central pools of the fishway at time t = 150 s

cost ®o = 431.27, corresponding to the optimal flux ¢ = —0.114, ¢! =
—0.085, ¢*> = —0.066, ¢> = —0.116. Fig. 7, 8 and 9 show water horizontal
velocities at times t = 150s, t = 225s and t = 300 s, respectively, in the
central pools of the fishway, corresponding to the initial random flux (up), and
to the optimal flux (down). It can be seen that, for the uncontrolled case (up),
the velocity field greatly varies from one time to another, and from one pool
to another. However, in the controlled case (down), the velocity field is very
similar at all times and in all pools (and also very similar to the desired target
velocity ¥), although the small eddy region between the short baffles cannot be
completely avoided (in contrast to the results obtained for the optimal shape
solution in Problem (Py)).

7 Conclusions

Mathematical modelling has been used to simulate height and velocity of
the water in a standard vertical slot fishway. Moreover, optimization and
optimal control techniques have been employed to control the water velocity.
Particularly, two interesting problems have been formulated and solved: a
shape optimization problem which arises in the building of a new fishway and
a boundary optimal control problem related to the management of a fishway
already built. From the numerical experiences we observe that:

1. Controlling the water velocity in fishways is mandatory, if we want that
these hydraulic structures fulfil their task.
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Figure 8: Problem (P2): Initial (up) and optimal (down) velocity fields in the
central pools of the fishway at time t = 225 s

2. Optimal control techniques, joined to numerical simulation, have shown
to be very useful tools for this type of hydraulic engineering problems.

3. Controlling the flux of inflow water in a vertical slot fishway can be useful
for the management of an already built fishway, but a good shape design
is fundamental in order to guarantee a correct hydraulic performance.
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Abstract

The design of high-order well-balanced shock-capturing numerical
methods for nonconservative hyperbolic systems is a very active front of
research, as PDE systems of this nature arises in many flow models. The
approximated solutions are expected to be consistent with the physics
of the real flows to be simulated: in particular (1) they should satisfy
the conservation properties prescribed by the physics of the problem and
(2) their discontinuities should satisfy some jump conditions consistent
with the real phenomena to be simulated. The question addressed here is
whether or not it is possible to construct numerical schemes satisfying
these two requirements. While for conservative systems the answer
to this question is positive, some important difficulties arise in certain
nonconservative cases. These difficulties will be discussed and illustrated
with some numerical results. Finally, some conclusions will be drawn.

Key words: Nonconservative hyperbolic system, shock wave, family of
paths, equivalent equation, convergemce error measure, formally path-consistent
scheme

AMS subject classifications: 65M06 35L65 T6L05 T6N

1 Introduction

In this paper we discuss some difficulties related to the numerical discretization
of hyperbolic PDE of the form:

w + f(w)y + B(w)w, = S(w)o,, xR, t>0, (1)

where the unknown w(x,t) takes values in an open convex set O of RY; f
is a regular function from O to RY; B, a regular matrix function from O to
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Mnywn(R); S, a function from O to RY; and o(x), a known function from R
to R.

Observe that (1) includes as particular cases systems of conservation laws
(B =0 and S = 0) as well as systems of balance laws (B = 0). A
number of models with this form have been introduced in fluid dynamics
to serve as simplified flow models. As an example, the system of partial
differential equations governing the one-dimensional flow of two superposed
immiscible layers of shallow water fluids through a straight channel with
constant rectangular cross-section (see [13]) is the particular case of (1)
corresponding to the choices N =4, 0 = H,

q1
h 0
Q11 h + hQ ghi
_ _ 1
w = hg ) f(U)) - q2 9 S(U)) - 0 9 (2)
q2 4 | 9,9 gh2
ho + 2h2
0 0O 0 O
_ 0 0 ghy O
grhs 0 0 O
with
_ M
P2

Index 1 makes reference to the upper layer and index 2 to the lower one.
H(x) represents the depth function. Each layer is assumed to have a constant
density, p;, i = 1,2 (p1 < p2). The unknowns ¢; and h; represent respectively the
mass-flow and the thickness of the ith layer. Systems of the form (1) also appear
in models of turbulent shallow waters, two-phase flows, sediment transport,
turbidity currents, avalanches, submarine avalanches, etc. See for instance
(1], [3], [17], [22], [31], [37], [38], [39] for some examples. Some animations
corresponding to simulations of geophysical flows obtained by our group of
research on the basis of this type of models can be found in the web page
http://anamat.cie.uma.es/animaciones

In order to avoid the discussion of the choice of boundary conditions, we
consider here Cauchy problems consisting of (1) with an initial condition:

w(z,0) =wo(x), =x€R. (4)

System (1) can be considered in turn as a particular case of the following
family of PDE systems:
Wi+ AW)YW, =0, zeR, t>0, (5)

(W
in which the unknown W (z,t) takes values in an open convex set 2 of RM  and
W eQ— AW) e Muyxu(R) is a smooth locally bounded map. In effect if
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following [27] the artificial unknown o and the equation
O = 07 (6)

are added to the system, then (1), (6) can be equivalently written in the form
(5) with M = N + 1,

W:[ ]EQ:OXR,

and A(W) the matrix-valued function whose block structure is given by

(7)

A(W) = { Df(w) + B(w) | ~S(w) } |

0 0

where D f(w) is the Jacobian matrix of f. It can be easily verified that (1), (4)
is equivalent to (5) with the initial condition:

()

A common feature of systems of the form (5) is the appearance of
discontinuities in the solution even for smooth initial conditions. These
discontinuities are related to real phenomena in which some of the variables
present a sharp variation in a very thin region: this is the case of shocks of
transonic airplanes, or hydraulic jumps for free surface water flows.

The design of numerical methods with good properties for problems of the
form (1) or the particular cases corresponding to B = 0 or S = 0, is a very
active front of research. From the point of view of the quality of the numerical
solutions, the following properties are usually required to the numerical schemes:

Wz, 0) = Wo(x) = [ wo() ] . zeR (8)

e The discontinuities of the solutions have to be sharply captured and
without unphysical oscillations near them.

e The numerical solutions have to provide accurate approximations of the
solutions in the smoothness regions.

e The smooth nontrivial stationary solutions (or at least a family of them)
have to be exactly or accurately enough approximated in order to avoid
unphysical oscillations near equilibria.

Numerical schemes satisfying these properties are called high-order well-
balanced shock-capturing methods. A number of methods with good properties
for hyperbolic systems with source terms and/or nonconservative products have
been recently developed: see for instance [2], [4], [6], [7], [8], [9], [12], [14], [16],
[21], [23], [33], [34], [40], [41], [42], [43], [46], [4T7], ...

Besides these good numerical properties, the approximated solutions must
also be consistent with the physics of the real flows to be simulated. In
particular:
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(P1) The numerical solutions have to satisfy all the conservation properties
prescribed by the physics of the problem.

(P2) The appearance and the propagation of discontinuities have to be
consistent with the real phenomena that is simulated.

Property (P1) may seem paradoxical for nonconservative systems, but notice
that a system of the form (1) may contain a conservative subsystem: this is the
case, for instance, for the two mass conservation equations in the two-layer
shallow water systems (1st and 3d equations). The numerical solutions are thus
expected to satisfy the mass conservation principle.

For conservative systems there is a number of available methods satisfying
both properties (P1) and (P2). In this paper, the question addressed is the
following: is it possible to design numerical schemes for nonconservative systems
(5) having both properties (P1) and (P2)? Unfortunately, this is a very difficult
question and we will not be able to give a definitive answer. But we will precisely
state the question and discuss which are the main difficulties involved.

The organization is as follows. First, we briefly recall some basic concepts
and results concerning pure systems of conservation laws. In Section 3, we
discuss the concept of weak solution for nonconservative systems. In Section 4
we introduce a family of numerical schemes satisfying a (P1) property. Next,
we discuss to what extent a property (P2) can be proven for this family
of schemes. Next, we will show some numerical results that illustrate the
theoretical discussion. Finally, some conclusions are drawn.

2 Systems of conservation laws

Many of the difficulties encountered in the study of hyperbolic nonconservative
systems are already present in hyperbolic systems of conservation laws. This is
the reason why we begin these notes by recalling some concepts and results
concerning hyperbolic systems of conservation laws: see [24], [28], [30] for
details.

Systems of conservation laws in one space dimension take the form

we + f(w), =0, zeR, t>0, 9)

where the unknown w is a vector of conserved quantities and the N vector-
valued function f is the flux function. System (9) is said to be hyperbolic
if the jacobian matrix D f(w) of the flux function is diagonalizable with real
eigenvalues Aj(w), ..., Ay(w) for each w. In the particular case in which the
eigenvalues are all distinct the system is said to be strictly hyperbolic. We are
interested in the initial value problem associated with an initial condition (4).

Weak solutions of (9) can be defined by means of a variational formulation:
a LS, function w is called a weak solution of the initial value problem (9), (4)
if

o “+o0 +o00
/0 /_ (wer + f(w) ) dodt + /_ wo(z)p(x,0) dx = 0, (10)
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for any C! test function ¢ with compact support in R x [0, 00).

A weak solution satisfies the system of equations (9) in the sense of
distributions. It can be shown that a piecewise C' function w is a weak
solution if, and only if it is a classical solution where it is smooth and, across a
discontinuity, it satisfies the so-called Rankine-Hugoniot condition:

§lw] = [f(w)]; (11)

where £ is the speed of propagation of the discontinuity and square brackets are
used to represent the jump of a variable across the discontinuity, i.e.

—w,  [f)] = fw") = flw),

where w™ and wt are the left and right limits of the solution at the discontinuity.
Essentially, conditions (11) imply that across a discontinuity the conservation
laws are also satisfied.

A weak solution for the initial value problem (9), (4) is not necessarily
unique. The concept of entropy is used to select the physically relevant solution
among all the possible weak solutions. In most cases this concept is given by an
entropy pair (1, ¢), i.e. a pair of regular functions from O to R, 7 being convex,
such that

[w] = w"

Vg(w) = Vn(w) - Df(w), YV weO.

It can be easily shown that a smooth solution w of (9) also satisfies the
conservation law:
n(w) +gw), =0, xz€R, t>0. (12)

A weak solution is said to be an entropy solution if it satisfies the inequality

n(w): + g(w), <0, (13)

in the distributional sense. For piecewise continuous weak solutions, this entropy
criterion is satisfied if, across the discontinuities, the following inequality is
satisfied:

En(w)] + [g(w)] <0. (14)

Functions 7 and g, which are known as the entropy function and the entropy
flux, are usually given by the physics of the system.

By integrating equation (9) in a rectangle [a,b] X [to, 1] C R x [0, 00), it can
be easily verified that a smooth solution satisfies the equality:

/abw(x7t1)dx = /abw(x,to) dx—l—/t:l flw(a,t))dt — /t:l fw(b, t))dt. (15)

In fact, this equality gives an alternative and equivalent way for defining
the concept of weak solutions: a LjS. function w is called a weak solution
of the initial value problem (9), (4) if (15) is satisfied for every rectangle
[a,b] X [to,t1] € R x [0,00). If the flux function is such that f(0) = 0 and

w is a weak solution of (9), (4) in which wy has a compact support, it can be
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proved that w(-,¢) has a compact support for every ¢ > 0. Then, by taking
a=—00,b=00, tp =0, and t; =t in (15), we obtain:

/Rw(m,t)dxz/ﬂ{wo(x)dx, vt >0, (16)

which is the global conservation property satisfied by weak solutions of (9), (4).

In the context of computational fluid dynamics, hyperbolic models usually
appear as vanishing viscosity limits of parabolic systems. In this case, the
discontinuities appearing at the weak solutions of the hyperbolic model are
expected to be the limits of the smooth travelling waves appearing in advection
dominated problems. More precisely, let us suppose that the conservative
system is the limit of the parabolic problems

wi + f(w)z = e(R(w) wg)e, (17)

where the second order term is elliptic, for instance R may be a constant
symmetric positive defined matrix. Let us define a viscous profile as a

travelling wave
— &t
we(z,t) = v <”3 ¢ ) , (18)

€

that is a solution of (17) satisfying

lim v(y)=w", lim v(x)=w", lim v'(x)=0. (19)

X——00 X—+00 x—*o0

It can be easily verified that w* converges a.e. to

w™if z < &,
t) = 20
w(,?) {er if x > &t, (20)

as € tends to 0. Therefore, it is natural to state that a discontinuity linking
w™ and wt at speed ¢ is admissible for the hyperbolic system if there exists a
viscous profile satisfying (19). But if a w® given by (18) solves (17), then v has
to be a solution of the ODE:

—&' + Df(v)v' = (R(v)v'). (21)

By integrating (21) from —oco to oo and taking into account (19), we recover
the Rankine-Hugoniot conditions (11). Moreover, it can be shown that every
solution we of (17) satisfies:

n(w): + g(w). <0,

in the distributional sense, and thus (13) must also be satisfied by (20), as
it is the limit of solutions of (17). And this happens if, and only if, (14) is
satisfied. Therefore, any admissible discontinuity satisfies both (11) and (14)
independently of the particular form of the viscous term.
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An initial value problem with piecewise constant initial condition

w; if z <0,
= 22
wo() {wr if z >0, (22)

is called a Riemann problem. Lax theorem establishes that, for sufficiently
close data w; and w;., (22) has a unique self-similar weak solution (i.e. w(z,t) =
w(z/t; wy, w,)) composed by at most N simple waves: rarefaction waves, contact
discontinuities or shock waves. These problems play a fundamental role in the
design of numerical schemes.

In order to discretize the system, computing cells I; = [xi_l/g,xi_;'_l/Q] are
considered, whose size Az is supposed to be constant for simplicity. Let At
be the constant time step and define ¢, = nAt. Let us denote by w} the
approximation at the cell I; at time ¢,, provided by the scheme. The value w}
is supposed to be an approximation of the cell averages of the exact solution:

n 1 Tit1/2
w; — w(x,t,)dx.
P / (2, )

1

The initial cell values are thus given by
o L [ d 23
w; = E/wi_m wo(z) de. (23)

From (15) it can be easily shown that the averages of the exact solution satisfy
the equality:

1 Tiy1/2 1 Tit1/2
E/ w(x, tyy1) de = E/ w(z, t,) dx

Ti—1/2 Ti—1/2

At (1 [ton 1 [
X (E /tn w(w;_1/2,t)dt — E»/tn w(Tis1/2,t) dt)'

Therefore it is natural to consider numerical schemes of the form:
At

1
wi T =i - E( Ty = Fitiye), (24)
where F | /2 is some approximation of the averaged flux through ;1 /o:

. 1 tnt1
Fili) = E/ fw(Tig1/2,t)) dt.

2%
A numerical scheme is said to be conservative if it can be written in the form
(24) with
F111/2 = F(w?_q, R w?+p),
being F' a Lipschitz continuous function, which is called the numerical flux, such

that
Fw,...,w)= f(w), YweO.
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Conservative methods satisfy property (P1): the numerical solutions also
satisfy the conservation property (16). In effect, let us denote by w™ the
piecewise constant approximation of w(-,t,) given by

w(z) =w!, Vrel.

7

If the initial condition wy has a compact support, the equality

/Rw"(x) dx:/Rwo(x) dzx, Vn, (25)

can be easily obtained by summing up in (24).

Concerning property (P2), the Lax-Wendroff theorem establishes that,
when the approximations obtained with a conservative method converge (in
a reasonable way), the limit is a weak solution of the initial value problem
associated to the system of conservation laws. Therefore, if the numerical
solutions provided by a conservative method converge to a discontinuous
function, its discontinuities have to satisfy the Rankine-Hugoniot condition (11).
Nevertheless, the entropy condition (14) may not be satisfied, i.e. conservative
methods may converge to weak solutions which are not entropy solutions. To
ensure that, an extra requirement has to be imposed to the numerical scheme.
For instance, it is enough to have a discrete entropy inequality of the form

n n At n mn
n(w*h) < n(wpt) — A ( it1/2 Gi71/2)a (26)
T
where
Gliypg = G(wiys o wiy), (27)

G being a Lipschitz continuous function from OPT4+! to O, consistent with g
in the sense that
G(w,...,w)=g(w), YweO. (28)

Summarizing, conservative methods meet the two requirements (P1) and
(P2).

Let us finish this section by mentioning four well-known examples of
conservative methods.

2.1 Centered scheme

The easiest numerical flux is given by

flw) + fwr)

T, (29)

Fo(w,wy) =
but the corresponding conservative method is unconditionally unstable. To
obtain stable numerical schemes some information concerning the speed of
propagation of small waves (i.e. the eigenvalues of D f(w)) has to be added,
i.e. some upwinding is required.



Numerical approximation of nonconservative systems 31

2.2 Lax-Friedrichs method

The numerical flux is given now by

For(unwy) = T I B0, ), (30)

This scheme is stable under the CFL condition

Atmax{|\;(w]")],j=1,...,N} =cfl- Az, (31)

where c¢fl € (0,1]. Under the more strict condition ¢fl € (0,1/2], a discrete
entropy inequality can also be obtained. Notice that the upwind information
is not explicitly used in the expression of the numerical flux but only in the
stability condition.

An improvement to the Lax-Friedrichs scheme, called the Rusanov or
the local Lax-Friedrichs method can be obtained by replacing the viscosity
coefficient Az/At by a locally chosen value:

FLLF(wl7w’r‘) = f(wl) ; f(wr) — OZ(U);, ’LUl) (U}T - U)l), (32)

where
a(wy, wy) = max{|A;(wy)], [Aj(w,)]; 5 =1,..., N} (33)
2.3 Godunov method

In this method the upwind information is given by the solutions of the Riemann
problems: the numerical flux is given by

Fo(w,w,) = f(w(0;w, w,)), (34)

being w(x/t; wy, w,) the self-similar solution of the Riemann problem (9), (22).
This method is also stable under the condition (31) with ¢fl € (0,1]. If the
more strict condition c¢fl € (0,1/2] is imposed, the method can be interpreted
as follows: the approximation at the cell I; at time ¢,, 41 is the cell average,

1 1 Tit1/2 _
ultt = A_m/ u(z, tyy1) do, (35)

i—1/2

of the exact entropy solution u of the Cauchy problem

U+ f(W)e=0, z€R, t>t,,
u(z,ty) =w"(z), zeR,

where w" is the piecewise constant given by:
w'(z) =w! Vrel,Vi.

A discrete entropy inequality can be also be obtained.
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2.4 Roe method

The implementation of Godunov method requires computing the exact solution
of Riemann problems (or at least their value at « = 0), which may be difficult
or very costly for complex systems. In this case, methods based on approximate
Riemann solvers are useful. In the case of Roe method, instead of the exact
Riemann problems, the following linear problems are considered:

ug + Alw, we)u, =0, z€e€R, t>0,

C(w ifz <0, (37)
u(,0) = { w, if x>0,

where A(w;,w,) is a Roe linearization of D f(w), i.e. a function A: O x O —
My« n(R) satisfying the following properties:

e for each w;, w, € O, A(w;,w,) has N distinct real eigenvalues \; (w;, wy),
j=1,...,N;

o A(w,w) = Df(w), for every w € O;
e for any w;, w, € O,
A(wi, wy) (wr —wy) = f(wy) — f(wr). (38)
Notice that A(w;,w,) is diagonalizable:
A(wr, we) = K(wy, wy) - L(wy, wy) - K(wy, wy) ™'

By proceeding as for Godunov method (solving the linear Riemann problems
associated to w}' ; and w}" at every intercell and averaging their solutions at the
cells) the numerical scheme can be written as the conservative method whose
numerical flux is given by

flw) + f(wy)

Fr(w,wy) = 5

1
— M), —w),  (39)
where the following notation has been used:
|~’4(wl7 wr)' = ’C(wla wr) : |£(U}l, w’r‘)| : IC(U}l, w’r‘)717

with |£(w;, w,)| the diagonal matrix whose coefficients are the absolute value of
those of L(w;,w,), i.e. the absolute value of the eigenvalues of A(w;, w, ). This
method is stable again under the condition (31) with ¢fI € (0, 1]. Nevertheless,
the numerical solutions provided by a Roe method may converge to weak
solutions which do not satisfy the entropy criterion. Nevertheless there are some
easy entropy-fix techniques available to overcome this drawback (see [25]).

First order conservative methods like Lax-Friedrichs, Roe, or Godunov, may
be extended to high-order shock-capturing methods by means of reconstruction
operators, ADER techniques or discontinuous Galerkin methods (see [30], [44],
[18], [20] and their references).
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3 Weak solutions of nonconservative hyperbolic systems
We consider first order quasi-linear PDE systems
wi + A(w)w, =0, zeR, t>0, (40)

in which the unknown w(z,t) takes values in an open convex set O of R,
and w € O — A(w) € Mpyxn(R) is a smooth locally bounded map. The
system is supposed to be strictly hyperbolic and the characteristic fields R;(w),
t=1,..., N, are supposed to be either genuinely nonlinear:

VAi(w) - Ri(w) #0, YweO,
or linearly degenerate:
VAi(w) - Ri(w) =0, YweO.

Here, A1 (w), ..., An(w) represent the eigenvalues of A(w) (in increasing order)
and Rj(w),..., Ry(w) a set of associated eigenvectors.

The formulation (5) of a system of the form (1) is a particular case of (40).
Nevertheless in this section we represent the unknown by w instead of W in
order to make easier the comparison with the results of the previous section.

A first difficulty to define the weak solutions of system (40) comes from the
fact that the usual procedure to obtain a variational formulation (multiply by
a regular enough test function and then integrate by parts) does not allow one
to pass all the derivatives to the test function.

Let us try the alternative way mentioned in Section 2 for defining weak
solutions. First, the integral equation satisfied by a smooth solution in an
arbitrary rectangle is obtained: given a rectangle [a, b] X [tg,t1] C R x [0,00), a
smooth solution of (40) satisfies the equality

/abw(a:,h)dx:/abw(x,to)da:—/t:l /:A(w(x,t))wz(x,t)da:dt. (a1)

The idea now is to use this integral equation to define weak solutions. But a new
difficulty arises: the integrand of the last term is not defined for discontinuous
functions w. At a discontinuity, the product A(w)w, is expected to produce a
Dirac measure whose mass must be related with the jumps of both w and A(w),
but the mathematics of the problem do not determine the expression of such a
measure in all the cases. A possible strategy to define weak solutions is based
in giving a sense to these integrals for discontinuous functions.

Under some hypotheses of regularity for A(w), the theory introduced by Dal
Maso, LeFloch, and Murat [19] allows one to define the nonconservative product
A(w) wy as a bounded measure for functions w with bounded variation, provided
a family of Lipschitz continuous paths ® : [0,1] x O x O — O is prescribed,
which must satisfy certain regularity and compatibility conditions, in particular

(I)(O;wlawr) = w, (I)(l;wlawr) = Wy, (42)
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and
D(s;w,w) = w. (43)

The interested reader is addressed to [19] for a rigorous and complete
presentation of this theory. Here, the family of paths will be just understood
as a tool to give a sense to integrals of the form

b
[ Aw@)vala) da,

for functions v with jump discontinuities. More precisely, given a bounded
variation function v : [a,b] — R, we define:

b b
][ A(v(z)) vy (z) dae = / A(v(z)) vy (z) da

! _ 0o,
+Z/o A(@(s;vm,vfg))g(s;vm,vf{l)ds. (44)

In this definition, v,, and v, represent, respectively, the limits of v to the left
and right of its mth discontinuity (remember that the set of discontinuities
of a bounded variation function is countable). Observe that, in (44), the
family of paths has been used to determine the Dirac measures placed at the
discontinuities of v.

According to this definition for the integral, a weak solution of the system
can be understood as a bounded variation function satisfying

/abw(m,tl)dm:/abw(x,to)dx—/:]{bA(w(x,t))wz(m,t)dxdt, (45)

for every [a, b] X [to,t1] C Rx[0, 00). It can be shown that, across a discontinuity,
weak solutions have to satisfy the generalized Rankine-Hugoniot condition:

1
Elw] = / A(D(s; w‘,wﬂ)%—f(s; w,wh) ds, (46)
0
where ¢ is the speed of propagation of the discontinuity, and w™ and w™ are the
left and right limits of the solution at the discontinuity. If A(w) is the Jacobian
matrix for some function f(w), (46) reduces to the standard Rankine-Hugoniot
condition (11).

Again, a weak solution for the initial value problem (40), (4) is not
necessarily unique, so a concept of entropy is newly required. It may be given
again by an entropy pair (n,¢), i.e. a pair of regular functions from O to R, 7
being convex, such that

Vg(w) = Vn(w) - A(w), YweoO.

A weak solution is said to be an entropy solution if it satisfies the inequality
(13). Any smooth solution satisfies the conservation law (12) exactly and it can
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be verified again that a piecewise continuous solution is an entropy solution if,
across a discontinuity, the jump condition (14) is satisfied.

Again, if wg has a compact support, by taking a = —o0, b = 00, tg = 0, and
t1 =t in (45), we obtain:

/Rw(x7t) dx = /Rwo(x) dzx — /Ooo]éA(w(Lt))ww (z,t)dxdt, ¥t>0, (47)

which is the global conservation property satisfied by weak solutions of (40),
(4).

It can be shown again that the Riemann problem (40), (22) has a unique
self-similar weak solution (i.e. w(z,t) = w(x/t;w;,w,)) composed by at most
N simple waves (rarefaction waves, contact discontinuities or shock waves) for
sufficiently close data w; and w,..

Unfortunately, the concept of weak solution depends on the family of paths,
which is a priori arbitrary. The crucial question is thus how to choose the ’good’
family of paths. In fact, when the hyperbolic system is the vanishing-viscosity
limit of the parabolic problems

wy + A(w) wi, = e(R(w)ws,), (48)

x

the adequate family of paths should be related to the viscous profiles: let
us suppose that the existence of a viscous profile is adopted as a criterion
of admissibility for a discontinuity linking the states w=, w™ at speed £&. In
this case, a viscous profile is a travelling wave (18) which is a solution of (48)
satisfying (19). It can be easily verified that v has to solve now the equation

—&' + A(w) v = (R(v)v')". (49)

By integrating (49) from —oo to oo and taking into account (19), we obtain the
jump condition

el = [ A0 00 ax (50)

Comparing this jump condition with (46), it seems clear that, in this case, the
good choice for the path connecting the states w™ and wT would be, after a
reparameterization, the viscous profile v. For instance, the path

P(s;w,wh) =v (tan(w(s — 1/2))), s€[0,1],

would be a natural choice (or any other parameterization: it can be easily
verified that the definition of weak solutions is invariant for reparametrizations
of the paths). The main difference with the conservative case is that now
every choice of viscous term R leads to different jump conditions, while for
conservative systems the Rankine-Hugoniot conditions (11) are always recovered
independently of the choice of the viscous term. Unfortunately, the computation
of viscous profiles for complex hyperbolic systems is far from being an easy task
and thus the computation of a family of paths based on them can be very
difficult in practice.
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4 Path-conservative methods

Let us denote now by w]* the approximation at the cell I; at time ¢,, of the cell
averages of the exact solution. The initial cell values are given again by (23).
From (45), the following equality can be deduced for the cell averages of the
exact solution:

1 Tiy1/2 1 Tit1/2
A_a:/ w(x, tpy) de = A_a:/ w(w,ty,) dv

i—1/2 i—1/2

At 1 ntl 11+1/2
Ai At/ ][ w(w,t)) wy (v,t) de dt.

i—1/2

A natural idea would be to design an explicit numerical scheme by a formula
such that:
At [Ttz
Wt =l - 2 T A @) o) de, (51)
Ti—1/2
where w' represents the piecewise constant function whose value at the cell I;
is the approximation w}’. But now the meaning of the weak integral in (51) is
ambiguous: as w™ is piecewise constant, its weak integral only consists of the
Dirac measures placed at the intercells:

][_oo A(w"(g:))w;‘(x)dx:Z/o A(D (5w w“rl))?)(f(s w;', wity ) ds.

What is thus the meaning of the restriction of this integral to the cell I;? Should
the Dirac measure placed in w;;/o contribute to the weak integral in the cell
I; or to that in its neighbor I;;17 The general idea is to decompose the total
mass of this Dirac measure into two summands Dl 1/2) One contributing to the
cell I; and the other to the cell I;1,. This idea leads to the following definition:

Definition 1 Given a family of paths ®, a numerical scheme is said to be P-
conservative if it can be written in the form:

At
n+1 n n, n,
wtt =Wl — Az (D] 1/2+D1+1/2) (52)
where N
n, + n
Dz+1/2_D ( Wi~ q?"'?wier)a
D~ and D% being two Lipschitz continuous functions from OPTItL to O
satisfying
DE(w,...,w) =0, Ywe O, (53)

and

D™ (w_g,...,wpy) + DT (w_g,...,w,)
! L
2/ A(‘I’(S;wo,wl))g(s;wo,wl)dS, (54)
0

for every set {w_gq,...,wp} C O.
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The concept of path-conservative numerical scheme is a generalization of
that of conservative scheme: if the system is conservative, that is A(w) is
the Jacobian matrix of f(w), then every path-conservative numerical scheme
is equivalent to a conservative scheme with numerical flux

F(w_q,...,wp) = D7 (w_gq,...,wp)+ f(wo)
: —D+(w,q,...7wp)+f(w1).

Notice that, due to (54), the two definitions of the numerical flux coincide.
Conversely, a conservative numerical scheme is path-conservative for any family
of paths: notice that by adding and subtracting f(w;) in (24), a conservative
scheme can be written in the form (52) by definining:

D™ (w_g,...,wp) = F(w_g,...,wp)— f(wo),
DY (w_g,...,wp) = f(w1) = Flw_q,...,wp).

It can be trivially verified using these definitions that (53) and (54) are satisfied
for any family of paths.

Path-conservative numerical schemes satisfy a (P1) property: if a ®-
conservative scheme is applied to the initial cell values (23), the equality

/ Wt (z) do = / W (@) do — At A(w™ (@) w (z) da, (55)
R R R

which is the discrete analogous to (47), can be easily obtained by summing up
in (52) taking (54) into account. In particular, it can be easily verified that if the
nonconservative system (40) has a conservative subsystem, a path-conservative
numerical scheme is conservative in the usual sense for that subsystem.

Let us finally show four examples of path-conservative numerical schemes.
They extend to nonconservative systems the examples of conservative methods
presented in Section 2 in the sense that, if the system is conservative, they are
equivalent to their conservative counterpart independently of the choice of the
family of paths ®.

4.1 Centered scheme

The easiest path-conservative method is given by the choice

N e 0P
Dz (wy,w,) = 3 ; A(@(s;wl,wr))g(s;wl,wr) ds, (56)

but, as expected, the corresponding scheme is unconditionally unstable: some
upwinding is again required in the definition of DT,
4.2 Lax-Friedrichs method

We define now

0P A
DE(wy,w,) = / A(D(s; wl,wr)8 (s; wl,wr)ds:tQ—Axt( —w). (57)
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The corresponding path-conservative scheme is stable under the CFL
condition (31) with ¢fl € (0,1].

The Rusanov or local Lax-Friedrichs method can also be extended to the
nonconservative case:

0o "
DfLF (wy, w,) = / A(D(s; wl,wr) (s wy, wy) ds £ %(u}r —wy),
(58)
where a(w;, w,) is given again by (33).
4.3 Godunov method
We define
0P
D (w,wy) = A (s;wi,wo))—=— 5 (s;wi,wo) ds, (59)
i oD
D¢ (wy,wy) = A(Q’(s; wo, wr))g(s, wo, wy ) ds, (60)
0
being wy = w(0;w;,w,) the value at « = 0 of the self-similar solution of

the Riemann problem (40), (22). It is stable under the condition (31) with
cfl € (0,1]. Moreover, if the family of paths satisfies some natural conditions
of compatibility with the integral curves of the characteristic fields and the
solutions of the Riemann problems (see [32]) and the more strict condition
cfl € (0,1/2] is imposed, the method can be reinterpreted as it was done in the
conservative case: w"Jrl is the average (35) of the exact entropy solution of the
Cauchy problem

z e€R (61)

{Bram

where w™ is the piecewise constant function taking value w; at the cell I;.

Uy =0, z€R, t>t,,
w" (),

4.4 Roe method

The exact solutions of the Riemann problems are now approximated by those
of the linear problems

ut+~’4<1>(wl7wr)ug;:0, xER, t>0,
_Jow ifx <O, (62)
u(@,0) = w, if x>0,

where now Ag(w;, w,) is a Roe linearization of A(w) in the sense defined by
Toumi in [45], i.e. a function Ag: O x O — My« n(R) satistying the following
properties:

o for each w;, w, € O, Ag(w;, w,) has N distinct real eigenvalues A\; (w;, w,.),
) )\N (wl7 w’l“)a
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o Ag(w,w) = A(w), for every w € O,
e for any wr,wg € O,

Ag (wy, w,) (W, —wy) = /0 A(@(s;wl,wr))g—f(s; wy, wy) ds. (63)

Ag(wy, w,) is again diagonalizable:
Ao (wi, wy) = Ko (w, wy) - Lo (wr, wy) - Ko (wy, w,) "

The numerical scheme obtained by solving the linear Riemann problems
and averaging their solutions at the cells can be finally written as the path-
conservative scheme defined by

D (wy, wy) = AL (wy, w,) (w, —wy). (64)
Here, the following notation has been used:
Az (wi, wy) = Ko (wr, w,) - L (wy, wy) - Ko (wy, wy) 7L

where ﬁg (wi, wy) represents the diagonal matrix whose coefficients are the
positive or the negative part of those of L¢(w;,w,). Again, this method is
stable under the condition (31) with ¢fl € (0, 1].

If the nonconservative system (40) comes from a PDE system (1), it is
always possible to rewrite any of these methods in a closer form to the original
formulation of the problem, in which some discretizations of the flux, the source
terms, and the nonconservative products appear explicitly. The advantage
of this passage by a global formulation is that it ensures the stability under
usual CFL conditions and that it makes easier the analysis of the well-balanced
properties (see [36], [35]).

Again, first order path-conservative numerical schemes can be extended to
high-order either by using reconstruction operators (see [9], [35]), discontinuous
Galerkin methods (see [47]) or ADER techniques (see [21]).

5 Convergence Property

Concerning property (P2), the following result can be obtained (see [11]):
consider a nonconservative hyperbolic system (40) together with a given family
of paths ®. Consider also a ®-conservative method. Let {w”®} be a sequence of
piecewise constant approximate solutions generated by the scheme that satisfies
the inequality

sup [w (-, )] + TVe(w™*(-,t)) < const. (65)

R

uniformly in time. Let us also suppose that w®* converges to a function w
uniformly in the sense of graphs. Then it can be shown that w is a weak solution
of the system according to the family of paths ® and thus its discontinuities



40 C. Parés y M.L. Mufioz-Ruiz

satisfy the jump conditions (46). To ensure that w is also an entropy solution,
an extra requirement has to be imposed again to the numerical scheme. The
discrete entropy inequality (26) is also enough in this case. In particular,
Godunov and Lax-Friedrichs methods satisfy such an inequality under the
condition (31) with ¢fl € (0,1/2] (see [32] and [15] respectively) but Roe
methods require again the use on an entropy-fix technique.

This theoretical result seems to give a positive answer to the question about
whether or not path-conservative schemes satisfy a (P2) property, but in practice
this property may fail. To understand the reason, let us briefly recall and
illustrate the notion of convergence used to prove the theoretical result: we
address the interested readers to [19] for more details.

The family of paths ® chosen to define the nonconservative products (and
the path-conservative method) can also be used to construct what is called the
Lipschitz continuous graph completion of a bounded variation function. The
idea is as follows: given a function of bounded variation w : (a,b) — RY, we
define the function o : (a,b) — (0,1) by

o(x) = %(m —a+ TVax(w)),

where TV."(w) represents the total variation of w in (a,z) and L = b —a +
TV?(w). Let us define C(w) as the set of points in which w is continuous
and D(w) its complementary set in (a,b). Notice that o is increasing, left
continuous but discontinuous at every point € D(w). o(x—), o(z+), and
[o(x)] will denote respectively the limits to the left and to the right and the
jump of ¢ at a point . We consider next the functions X : (0,1) — (a,b) and
Wo : (0,1) — RY defined by the following two conditions:

e for any x € C(w),

X(o(x)) =z, Wa(o(z)) = w(z);

e for any z € D(w) and any s € [o(z—),o(z+)],

s—o(x—)

[o(2)]

The function V : (0,1) — RN*! defined by V(s) = (X(s), Wa(s)), which
is Lispchitz continuous, is the ®-graph completion of the function w. It can
be understood as a parameterization in (0,1) of the graph of the function w
interpreted as a curve of RV*1. In Figure 2 the graph completion based on the
family of straight segments

X(6) = Wats) = ( =) (o) )

(s;wy, wy) = wy + s(wy — wy)

of the discontinuous function w whose graph is depicted in Figure 1 is shown:
as it can be seen, in Wy the discontinuity is replaced by the path connecting
the limits at both sides of the discontinuity.
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Figure 1: Graph of a bounded variation function w.

According to [5], the distance between two Lipschitz-continuous graphs
Vi,V2:(0,1) — R™ is defined now as follows:

dist(V1, V) = inf { sup |‘/1(71(8))—‘/é(72(8))|},

Y572 | s€(0,1)

where the infimum is taken over all continuous, nondecreasing and surjective
maps 1,72 : (0,1) — (0,1), i.e. over all the admissible reparameterizations of
the graphs.

We can now precisely state the notion of convergence which is required to
the numerical solutions to prove the above mentioned theoretical result: it is
said that w™® converges to w uniformly in the sense of graphs if

nmodist((XM, W), (X, Ws)) =0,
€T —>
where (X2% WE*) and (X,Ws) are the ®-completions of w™* and w,
respectively.
This notion of convergence is weaker than the usual uniform convergence.

A simple example of sequence that converges uniformly in the sense of graphs
but not in the uniform sense is the sequence of translated step functions

w(x) = w; + H(x — yn)(w, — wy),

where w; and w, are two distinct vectors, {y,} is a sequence that converges to
0 as n tends to oo, and H is the Heaviside function. The sequence w™ converges
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Figure 2: Graph completion of w.

uniformly in the sense of graphs to the step function
w(z) = w + H(x)(w, —w;)

(see [19] for details).

Nevertheless, even if it is weaker than the uniform convergence, this notion
of convergence is still too strong to expect the numerical solutions provided by
a finite difference-type scheme to converge in this sense. If the sequence w™®
is assumed to converge in a weaker but more realistic sense, the Lax-Wendroff-
type result cannot be established for general problems: if, for instance w®
converges almost everywhere to a function w, by extending the arguments in
Hou and LeFloch [26] and using the stability results established in [19], it has
been proved in [11] that the limit function w solves the following hyperbolic
system with source term

wy + [A(w) Wyl p = Y, (66)

where v, is a bounded measure supported on the discontinuities of w, called the
convergence error measure. Due to the appearance of this measure, the limit
function will be a classical solution of (40) in C(w) but its discontinuities could
not satisfy the generalized Rankine-Hugoniot conditions (46) corresponding to
the family of paths ®.

What are then the Rankine-Hugoniot conditions satisfied at the
discontinuities of the limit function? The modified equations are useful to
answer this question. For simplicity, let us consider the path-conservative Lax-
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Friedrichs scheme defined by (57) which can be also rewritten as follows:

1 n 1 n n
N <wl - B (wity + w¢+1)>
1 ! n n 0P Ln n
=+ 2A$<A A((I)(Sawi—lvwi )) 88 (S7wi—1aw1)d8

! oL
+/ A ((I)(S;w?,wﬁkl)) 8_(8;10@7‘171”%7’11) ds) =0.
0 S

A formal Taylor expansion allows us to show that the numerical solutions solve
up to second order the modified equation:

CE2 2
—i—; (DA(U)) (A(w)wwa w$) - DA(’UJ) (U}w, A(w)w$))> - %Il(w)’ (67)
where

1
L(w) = /0 DA (w) (Do, ® - Wy, Dy, @s - wy) ds
1
—|—/ DA (w) (Do, ® - wy, Dy, Py - wy,) ds.
0

The discontinuities of the limit function will then satisfy a generalized
Rankine-Hugoniot condition (46) corresponding to a family of paths ¥ related
to the viscous profiles of this modified equation. Even if the hyperbolic model
is the vanishing viscosity limit of a family of parabolic problems (48) and the
family of paths has been constructed on the basis of the viscous profiles of
these regularized problems, in general it is not expectable that both the viscous
profiles of the modified equation and the regularized problems coincide.

Moreover, as the second order terms of the modified equations depends both
on the chosen family of paths ® (notice that in the case of the Lax-Friedrichs
scheme ® only appears in the term I;(w)) and on the specific form of the
viscous terms of the numerical scheme, different numerical schemes based on
a same family of paths may produce limit functions satisfying different jump
conditions.

In fact, this difficulty potentially affects to any method having some
numerical viscosity... which are almost everyone! Random choice methods,
as Glimm or the front tracking schemes are viscosity free and, in effect, it can
be proved that the numerical solutions provided by these methods converge
uniformly in the sense of graphs: see [29]. An example of such a method is the
following: once the approximations w}' at time ¢,, have been obtained, the new
approximations are given by
’LU?L+1 = a(l‘i,l/g + GAJ?, tn+1),

3
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where @ is the entropy solution of the problem (61) and 6 is a random number
in [0,1] . If again the CFL condition (31) is imposed with ¢fl € (0,1/2], & can
be obtained by solving the Riemann problems at the intercells. Notice that the
average stage of Godunov-type methods, which is the source of the numerical
viscosity, is avoided. Nevertheless, due to the random stage, this method will
not satisfy a global property (P1). Moreover, its implementation may be very
difficult or very costly in practice, as the exact solutions of Rieman problems
have to be explicitly known.

In certain special situations, the convergence error measure is found to vanish
identically. This is the case for systems of balance laws: if the family of paths
satisfies some compatibility condition with the integral curves of the linearly
degenerate characteristic fields (see [32]), then all of the discontinuities are
correctly approximated and the scheme does converge to exact solutions (see
[11] for details). To characterize the nonconservative systems for which this
convergence error vanishes would be an important issue.

Nevertheless, in general it seems to us a difficult task to construct numerical
schemes having both properties (P1) and (P2). (P1), indeed, usually requires
an averaging stage. This implies the appearance of certain numerical diffusion,
that affects to the viscous profiles captured by the numerical scheme and thus
to the jump conditions satisfied by the limits of numerical solutions. In spite
of it, as we will see in next section, for some particular problems the numerical
results given by a path-conservative scheme may be acceptable even when the
convergence error measure is present.

6 Numerical experiments

In this section we summarize the numerical results presented in [11] for the
two-layer shallow water system (1), (2), (3) over a flat bottom topography, i.e.
H=const. This system can be written in the form (5) with:

hi 0 1 0 0
2., .2 2
_ | @ | —uitef 2w ci 0
v, |0 A= 0 0 0 I
q2 rc3 0 —ui+c3 2u
where u; = ¢;/h; represents the averaged velocity of the i-th layer and

C; = \/ghi, 1= 1,2.
The eigenvalues of the system will be denoted by A, < A\, < A} <AL,
For density ratios r close to 1 (which is the case in many stratified geophysical

flows) one has:
INE | << AL (68)

int extl:

To give a sense to the nonconservative products, we choose the easy family
of straight segments:

O(s;wy, wy) = wy + s(wp — wy).
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We have compared the exact and the numerical Hugoniot curves corresponding
to one of the internal characteristic fields (i.e. the fields related to the
eigenvalues \,) using a Roe and a Lax-Friedrichs scheme consistent with this
family of paths. We first show a numerical test corresponding to the simulation
of an internal dam-break presented in [15]. The axis of the channel is the interval

[0,10]. The initial condition is ¢1(x,0) = ¢2(z,0) = 0,

0.6, if z <5,
hl(x, 0) ==
0.4, otherwise,
and
0.4, ifz<b,
hg(x7 0) =

0.6, otherwise.

Free boundary conditions are considered. The CFL parameter is set to 0.9.
A reference solution is computed with a mesh of 3200 points. Figure 3 shows
the comparison of the results obtained with three different first order path-
conservative numerical schemes: Roe, Lax-Friedrichs and a nonconservative
extension of the GFORCE scheme (see [15] for details). The numerical solutions
are compared with the reference solution at time ¢ = 10 s: the numerical
solutions seem to converge to the same limit function.

Nevertheless, if a more detailed analysis is performed, slight differences
between the limits of the different numerical solutions can be found.
For instance, in Figure 4 we compare an exact Hugoniot curve with its
approximations obtained with Lax-Friedrichs and Roe schemes. To do this,
first the Rankine-Hugoniot conditions corresponding to the choice of straight
segments have been solved for different values of the speed of the discontinuity
¢ for a fixed left state w; . These computations allow us to draw the
Hugoniot curve of states that may be linked to w; by a 3-entropy shock.
Next, the numerical schemes have been applied to solve the Riemann problem
corresponding to w; and any of the right states obtained by solving the jump
conditions. In the numerical solutions, the right states of the 3-entropy shock
having w; as left state have been detected. The convergence of these right
states as the mesh is refined have been verified. The limit values have been
then plotted and compared to the exact Hugoniot curve: see [11] for details.

Due to the inequality (68), the CFL condition adjusts the numerical velocity
to the external eigenvalues. As a consequence, the effects of the numerical
viscosity are much stronger for internal shocks and thus external shocks are
expected to be better captured with Lax-Friedrichs or Roe schemes. In Figure 5
we compare the exact Hugoniot curve with those computed with Lax-Friedrichs
and Roe scheme using a mesh with 2000 cells. Note how the curves are now
much closer to each other than they were in the previous test case.
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Figure 3: Numerical solutions obtained with Roe, Lax-Friedrichs, and GFORCE
for an internal dam-brak problem. Comparison with the reference solution at
t =10 s.
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Some other numerical experiments in which the influence of small changes
in the family of paths both in the weak and the numerical solution are studied
can be found in [11].

7 Concluding remarks

When a hyperbolic system with nonconservative products and genuinely
nonlinear fields is discretized, in order to be sure that the numerical
approximations converge to a function which is a classical solution where it
is smooth and whose discontinuities are in good agreement with the physics of
the problem, the following steps should be taken:

e First, choose a regularization of the system which is consistent with the
physics of the problem.

e Next, determine the family of paths consistent with this regularization.

e Finally, design a numerical scheme whose solutions converge to weak
solutions associated with this family of paths.

In practice, this strategy may be difficult to follow, since the actual
calculation of a family of paths requires calculating viscous profiles. On the
other hand, the convergence of the numerical solutions to the correct weak
solutions is known for random choices methods only, but these methods do
not satisfy good conservation properties and their implementation can be
difficult and time consuming since they require the explicit knowledge of the
corresponding Riemann solver. In fact, when the nonconservative model under
consideration is a simplified version of a more complex (but conservative) model
— as it is the case of the two-layer shallow water system, which is obtained by
vertically averaging a PDE system composed of two coupled Euler or Navier-
Stokes equations — the above strategy may end up being more costly than solving
directly the more complex one. In these cases, the use of a numerical strategy
based on a direct discretization of the nonconservative system by means of a
finite difference scheme which is formally path-consistent is advisable and may
have the following advantages:

e The numerical solutions satisfy global properties similar to those satisfied
by the exact weak solutions.

e The approximations of the shocks provided by the schemes are consistent
with a regularization of the system with higher order terms that vanish
as Az tends to 0.

e This strategy is extendable to high-order methods or to multidimensional
problems.
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Obviously, the main drawback is that the regularization which is actually

used depends both on the chosen family of paths and on the numerical scheme
itself. Nevertheless, the following facts should also be considered:

e The convergence error is not present in every nonconservative system.

e Even when it is present, it may only be noticeable for very fine meshes,
for discontinuities of great amplitude, and/or for large-time simulations.
Otherwise, it may be masked by the discretization errors.

e The convergence error should also be compared with the experimental
error: in practice it is very difficult to accurately measure the speed of
propagation and the amplitude of shocks in real complex flows.

In the case of the two-layer shallow water system, the shocks captured by

Roe scheme and the family of straight segments have been found [10] to be in
good agreement with the experimental measurements of internal bores in the
Strait of Gibraltar, despite of the simplicity of the family of paths.
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Abstract

We prove existence results for a reaction-diffusion system modeling
the spread of early tumors. The existence result is proved by the
Faedo-Galerkin method, a priori estimates and the compactness method.
Moreover, we construct a finite volume scheme to our model. Finally,
some numerical simulations are reported.

Key words: Reaction-diffusion system, weak solution, existence, finite
volume scheme.
AMS subject classifications: S5K57 35K55 92B05

1 Introduction

During the past several years mathematical models have been applied to
various aspects of cancer dynamics, in particular avascular and vascular tumor
growth, invasion, angiogenesis and metastasis. A better understanding of the
dynamics of tumor formation can be expected from a mathematical modelling.
Mathematical models could improve the clinical outcome by predicting the
results of specific forms of treatment administered at specific time points.
During the last decade theoreticians have developed a great variety of tumour
models covering various morphological and functional aspects of tumour growth.
These advances have been recently reviewed [6, 7, 8] with a focus on the
classification of mathematical tools and computational algorithms.

To state our model, we consider a thin sheet of cells in a physical domain Q c IR?
over a time span (0,7), T > 0. Let u = u(z,t) and v = v(x,t) represent the
densities of cells and growth factor molecules respectively, at time ¢ € (0,7)
and location z € . Besides, it is assumed that cell proliferation is influenced
by the growth factor, which is produced by the medium and bound by cells. A
prototype of a nonlinear system that governs the spreading of early tumors in
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a spatial domain is the following reaction-diffusion system:

ou — dyAu = F(u,v), in Qr,

v — dpyAv = G(u,v), in  Qr, (1)
Vu-7=0, Vuv-7=0, on 09,

u(+,0) =uo(-) and ov(-,0)=vp(-), in Q.

where Qr := Q% (0,T),T > 0is a fixed time, and 2 C IR? is a bounded domain
with smooth boundary 92 and outer unit normal 7. Herein, d,, > 0 and d,, > 0
are diffusion constants given. The nonlinearities F' and G take the form:

- (%, )

U
G(u,v) = hofh Trrw ! (oz + hoa

u® ay (uv)®
+ -7/
T+rus 1+ (uv)b

In this work we assume that the coefficients a1, hg, 01, @, 7y, s and e satisfy
a1,b,v,ho, B1,r,a>0 and 1 <e <s. (2)

In [5], the authors, Marciniak-Czochra and Kimmel, said that the model (the
system (1) with d,, = 0) can be thought of as representing an early stage of
tumor evolution and destabilizacion of the equilibrium in such system represents
an initial invasion of cancer. The authors were looking for a transition from a
slightly perturbed equilibrium state to uncontrolled and irregular growth. The
idea of their paper was to understand how cellular dynamics of tumor cells
can generate pattern formation which may be phenomenologically observed at
the macroscopic scale. In [2], the authors presented the survey of different
models and methods dealing with multiscale modeling of tumor evolution.
We mention also that in [4], the authors have shown the derivation of the
macroscopic reaction-diffusion models describing the interplay between the
cellular dynamics and the signaling molecules diffusing in the intercellular space
using homogenization methods of functional analysis.

Before stating our main results, we give the definition of a weak solution.

Definition 1 A weak solution of (1) is a pair (u,v) of nonnegative
functions such that, u,v € L*(0,T;H*(Q)) N C([0,T]; L*(Q)), Opu,0w €
L2(0,T,(HY(Q))), u(0) = ug, v(0) = wvg ae. inQ, Flu,v),G(u,v) €
L?(Qr), satisfying

T
/ (Oru, 1) dt + d,, / Vu -V drdt = / F(u,v)py dxdt,
0 Qr Qr

T
/ (Orv, 2) dt + dv// Vv - Vo drdt = / G(u, v)ps dz dt,
0 T Qr

for all p1,p2 € L2(0,T; H(Y)). Here, {-,-) denotes the duality pairing between
HY(Q) and (H*(Q))'.
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Our main result is the following existence theorem for weak solutions.

Theorem 1 Assume conditions (2) holds. If ug,vo € L%(S2), then the system
(1) possesses at least one weak solution.

We prove existence of solutions to the system (1) by applying the Faedo-
Galerkin method, deriving apriori estimates, and then passing to the limit in
the approximate solutions using compactness arguments.

Now we discretize our problem (1). This description follows the framework
of [3]. We let Q be an open bounded polygonal connected subset of IR® with
boundary 0€2. Let 7 be an admissible mesh of the domain ) consisting of open
and convex polygons called control volumes with diameter h. Let us denote by
xk the center of K, N(K) the set of the neighbors of K. Furthermore, for all
L € N(K) denote by d(K, L) the distance between xx and zr, by o, the
interface between K and L, by 7k 1, the unit normal vector to ok, outward to
K. We denote by m(K) the measure of K. We also need some regularity on
the mesh:

min M > « for some « € (0, 00).
KeT,LeN(K) diam (K)
We denote by D an admissible discretization of Qp, which consists of an
admissible mesh of 2, a time step At > 0, and a positive number N chosen as
the smallest integer such that NAt > T. We set t" = nAt for n € {0,..., N}.
With the notation introduced above, finite volume discretization of our model
takes the following form: Find vectors (u})xer and (vi)ker for n €
{0,..., N}, such that for all K € 7 and n € {0,...,N — 1}

1 1
0 _ 0 _
Uy = () /Kuo(x) dr, wvg (k) /Kvo(x) dz, (3)
n+1 n
U’K uK _ m(UK7L) n+l _  n+ly n n

2 Existence of weak solution

Consider the following spectral problem: Find w € H'(Q) and a number \ such

that
(VUJ, V(P)[P(Q) = A(U), @)L2(Q)7 \V/(P € Hl(Q)7 (6)
Vw-n=0, on 0.

The problem (6) possesses a sequence of eigenvalues {N\}7°;, and the
corresponding eigenfunctions form a sequence {e;}7°, that is orthogonal in
H'(Q) and orthonormal in L?(Q2). Furthermore, we assume without loss of
generality that A\; = 0.
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We look for finite dimensional approximate solution to the problem (1) as
sequences (Up)n>1, (Vn)n>1 defined for ¢ > 0 and = € Q by

n

Un(t,x) = Z bn,i(t)er(z), vp(t, ) = Zcml(t)el(m). (7)
1=1

=1

The next step is to determine the coefficients (b, ;(t))7, (cn,i(£))]; such
that for k=1,...,n

(atun,ek)Lg(Q) —|—du/ Vu,, - Ve dx dt = / F(up,v,)ex dx,

(8)
(O¢vn, ek)Lg(Q) +d, /Q!an Ve do dt = /:G(un, Up ek d,
and, with reference to the initial conditions.

By our choice of basis, u, and v, satisfy the boundary condition in (1).
Observe that since ug,vg € L*(Q), it is clear that, as n — oo, ug, — up and
vo.n — Vo in L%(2), respectively. Using the normality of the basis, we can write
(8) as a system of ordinary differential equations.

Let F and G be functions defined as follow:

F b, (ra(O)rs (et OVs) = [ (v )en da — do / Vu, - Vey du.

G(t, (bn,1(0)1z1, (cni(t))izy) = /G(un, Up ek dx — d, /van -Veg dz.

Q

Proceeding exactly as in [1], we prove that F and G are Caratheodory

functions and the existence interval [0,¢') for the Faedo-Galerkin solutions wu,
and vy, defined by (7).
To prove global existence of the solutions we derive n-independent a priori
estimates bounding u,, v, in various Banach spaces. Given some continuous
coefficientes dy () and dg, (), we form the functions ¢i,(t,2) =
Yo dina(te(z) and @opn(t,x) = Y- doni(t)ei(z). Now our Faedo-
Galerkin solutions satisfy the following weak formulations:

/ 85“77,(;01,77, dﬂ} + du/ vun . v‘Pl,n dx - / F(un; U7L)<P1,77, dﬂ?, (9)
Q Q Q

/ OsUnp2 pn dx + dv/ VYV, - Vg, de = / G (U, Up)p2.n de. (10)
Q Q Q
Lemma 2 There exist constants c1,co > 0 not depending on n such that for
te0,t)

[unll 20,88 () + 10nll 220,501 02)) = €1

195wl 2 o.4: ) + 19svnll oz ) < e2-
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Proof. Substituting ¢; , = u, in (9), we get

2d$/|un| dx +d, /|Vun| dx < (a1 +7) /|un| dx. (11)

Using the nonnegativity of the second term of the left-hand side (11) and
the Gronwall’s inequality, we obtain

/ |un(ac7s)|2 dx < c3 for all s € (0,¢], (12)

for some constant c3 > 0. Integrating (11) over (0,t) and using (12), we obtain:

/|unxt dx—|—d//|Vun| dr < ¢y,

for some constant ¢4 > 0, which proves that [[wn |2 (g 411 (q)) < ¢5, Where cs > 0
is a constant independent of n.

Reasoning along the same lines as for u,, substituting 2, = v, in (10), we
get [[vnllp2(0,¢.71 () < €10, for some constant c1g > 0 independent of n.

Now, we let 1 € L2(0,t; H(2)). Using the weak formulation (9), we obtain

/Ot (Ot 1) ds| < d, /t/Vun-Vgol da ds
< (a1 +7) (//|un| dmds) (//wl dxds) "
(//|Vun| dxds) <//|V<p1 dmds)

<ecn ||801HL2(0,T,H1(Q)) '

F(un, vp )1 drds| +

where we have used Hoélder’s inequality. This implies
19kt 2o, ) < Cr2- (13)

Reasoning along the same lines for u,,, yields (13) for v,,. ]

The next is to show that the local solution constructed above can be
extended to the whole time interval [0, T) (independent of n) but this can be
done as in [1], so we omit the details.

We have the following result:

Lemma 3 The solution (un,vy,) of the system (1) is nonnegative.

Proof. The proof of Lemma 3 is based on the choice of test functions
©1n = —Uy, P2, = —0, in (9) and (10), respectively, where u,, = max(0, —uy,)
and v, = max(0, —v,). Then integrating over (0,¢) with 0 < ¢t < T, we obtain

¢
l/‘u;(x,t)f dm+du//‘Vu;‘2 dx dt
2 Ja 0o Jo
t
:/ ‘u;(x70)|2 dx—/ /F(un,vn)u;dxdtgo,
Q 0 Jo
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and

1 2 i 2

= v, (r,t T+d, v, T dt
[ 1ot dosd, [ [ 90, dod
2 Ja 0 JQ

t
:/ ‘v;(x,0)|2 dx—/ /G(un,vn)u;dxdtg(),
Q 0o Jo

where we have used the nonnegativity of the initial condition (ug,vp). This
implies that u,, = 0 and v, =0 a.e. in Q. O

From Lemma 2 we have that (un)n>1, (vn)n>1, are bounded in
L2(0,T; HY(Q)) and (Opun)n>1, (Ovn)n>1, are bounded in L2(0,T; (H(£2))").
Therefore, by standard compactness results [9] we can extract subsequences,
which we do not relabel and we can assume that there exist limit functions u, v
such that as n — oo

Up — U, v, — v strongly in L?(Q7) and a.e. in Qr,
Up — u, v, — v weakly in L2(0,T; HY(Q)),

gy, — Ogu, vy, — Opv weakly in L?(0,T; (HH(Q)))
F(up,vn) — F(u,v), G(un, vn) — G(u,v) ae. in Q.

(14)

The following lemma is a consequence of (14) and Vitali’s theorem.

Lemma 4 As n — oo, F(upn,v,) and G(un,v,) converge strongly to F(u,v)
and G(u,v), respectively, in LI(Qr) for all 1 < q < 2.

Finally, we prove that the limits v and v in (14) obey the initial data in (1)
but this can be done as Lemma 5.3 in [1], so we omit the details..

Keeping in mind (14) and Lemma 4, and using the following weak
formulation:

T
/ (Optin, 1) dt +d,, / Vuy, - Vi dodt = // F(up,vy)p1 da dt,
0 Qr T

T
/ (Orvn, p2) dt + d, / Vo, - Vo drdt = / G (U, v )ip2 da: dt,
0 QT Qr

for all 1, 92 € L?(0,T; H'()), we can let n — oo and obtain a weak solution.

3 Numerical Results

We now show some numerical experiments with the scheme proposed. The test
problem is the system (1) in the square domain Q =|0,1[x]0,1[. We consider
a uniform mesh given by a Cartesian grid with N, x IV, control volumes and
choosing N, = N, = 700 (Az = Ay = 1/700). Obviously, it is possible to
consider also unstructured meshes, but for simplicity we will use uniform mesh.
For our simulations, we use a time step At = 0.02.
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Let us precise the initial condition

u(z,y,0) =u"(1+ e, cos(nmx)cos(mmy)), (x,y) € Q
v(z,y,0) =v"(1+ ¢, cos(nmz) cos(mmy)), (z,y) € Q

with v* = 2.711874407, v* = 0.3542822338, ¢, = 0.1, ¢, = 0.006,n = m = 4.

Parameters ap =1/12,6=2,7v=0.04,hg =1,0, = 1,r;, =10/3
s=2,a=01,e=1

o1 02 03 04 05 06 07 08 09

Figure 1: Patterns for cells (left) and growth factor molecules (rigth), with
dy = 0.005, d, = 0.0001, T = 200, T = 10000.

Now we take the following initial condition and the parameters given before.

u(z,y,0) =u*+ e, kwy, (z,y)€Q
v(z,y,0) =", (z,y) € Q

with w* = 2.711874407,v* = 0.3542822338,¢, = 0.001,w, € [0,1] is random
variable.

Figure 2: Patterns for cells (left) and growth factor molecules (rigth), with
d,, = 0.005,d,, = 0.0001, 7 = 200, nT = 10000.
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Abstract

We analyze the existence of relaxed weak solutions of a generalized
Boussinesq model for thermal convection, which allows temperature
dependence for both the viscosity and heat diffusion coefficient; the
problem is restricted in the sense that the state variables (i.e. velocity and
temperature) are required to stay in given closed convex sets of certain
functional spaces.

Key words: Generalized Boussinesq equations, restrictions on the state
variables, differential variational inequalities, weak solutions.
AMS subject classifications: 35K85, 35035, 76D0S.

1 Introduction

The classical case for the Boussinesq equations for thermal convection assumes
constant viscosity v and heat diffusion coefficient k. However, there are fluids
for which this is not a good approximation and both the viscosity and heat
diffusion coefficient vary with the temperature. and this is very important for
the flow behavior.

The generalized Boussinesq equations model such situations and are the
following.

u; — div (v(#)Vu) + (u-V)u+ Vr —alblg = (1)
diva = 0, (2)
0, — div (k(0)V) +u-Ve = 0, (3)

*In memoriam

63
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with initial and boundary conditions:
u(O, ) = uO(')v H(Oa ) = 00(')7
u(t,-) =0, 6(t,-)=T(t,-)on (0,T) x 09,

where 0 C R? is a domain bounded in one direction. v(-) y k(-) are assumed to
be C'-functions satisfying:

0 < 1p<v()<urv <+
0 < ko<Ek(() <k <+oo, V(eR

The nonlinearities in those equations are difficult to treat but there are some
results on existence and regularity of solutions (see for instance [4, 5].)

There are physical situations, however where the state variables of the flow
(velocity and temperature) must be restricted; in particular, in some situations
such states must mantained in certain given convex sets in functional spaces.

To explain what we mean with such restrictions, let V = {v €
(C>=(9Q))3; divv = 0} and H and V respectively the closure of V with the
L?(Q)3>=norm and the (H}(€))3>-norm. we fix two closed convex sets: Let also
S € C?(Q) whose boundary trace is equal to T" and consider two convex closed
sets:

K, CV, KyCHNQ).

such that 0 € K7, 0 € K5, we will look for suitable solutions satisfying u(t) € K
and 0(t) € Ky for t € (0,T7].

In this case, in order to comply with such restrictions, in the right-hand
sides of (1) and (3) must appear a priori unknown reaction forces. When such
restrictions are closed convex sets, as it is the situation considered here, the
problem can then be rewritten in terms of variational inequalities.

One possible first mathematical formulation of this problem is the following:
by using the change of variable 7 = § — S, we want solutions u € L2(0,T; V)N
L>(0,T;H), 7 € L*(0,T; H}) N L>(0,T; L*(Q)), (u(t),7(t)) € K1 x Ky for
a.e.t € [0,T] satisfying the following differential variational inequalities:

(ug,v—u) + (V(T—|—S)Vu V(v —u))

> —((u-V)u,v—u)+(afr+ S)g,v—u), (4)
(e, —7) + (k(T+S)VT V(Y —1))
> u-Vr,p—71)— (S, — 1) (5)

—(
—(k(r +8)VS),V(p—1)) — (u-VS,¢p — 1)
V(v, ¢¥) € K1 x Ka. Moreover, it is also required that

u(0,-) =ug(:) € K3, 7(0,-) =00(-) = S =70(-) € Ko, (6)

We remark that under the required regularity of the solutions, it is ease to
verify that the initial conditions make sense.
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However, due to the difficult interplay among the nonlinearities and the
convex restrictions of the state variables, it is difficult to show the existence of
solutions of the previous formulations.

Thus, we follow Lions [2] and introduce a weaker relaxed form of the previous
variational inequalities for which, under certain conditions, we will be able to
show existence of solutions. This relaxed formulation will be described in the
next section.

2 Weak relaxed formulation
We start by defining the following:

O ={vel>0,T;H)NL*0,T;V); vi € L?>(0,T; V*);
Vv € L>=(0,T; L3%(Q)%), v(-,T) =0, v(-,t) € Ky a.e. t €[0,T]}

U = {p € L=(0,T; L*(Q)) N L2(0,T; HY(Q)); ¢ € L*(0,T; H-(Q)),
Vi € L=(0,T; L32(Q)), (-, T) =0, ¢(-,t) € Ky a.e. t €[0,T]}

A suitable weak relaxed formulation of the previous problem is obtained,
as previously said, by following the ideas similar to the ones in Lions [2]: we
formally take v € ® and put v(t) in the place of v in the previous formulation;
then, we integrate (4) in time from 0 to T' and add and subtract the term

T
— / (vi, v —u)dt to the resulting left-hand side; after some integrations by
0

parts in the space variable and some computations, we get:
T T T
—/ (ve,u)dt + / (v(r 4+ S)Vu), V(v —u))dt + / ((u-V)u,v)dt
0, 0 . 1 02 . i
> [ alr+ S)gv = wdt + 5O = 5 v0) wl} + 5 [u(D)
T
1 1
> / (a(r + S)g, v —u)dt + §|v(0)|2 ~3 |v(0) — u0|§ ,
0

The relaxed formulation is obtained by considering just the last inequality
sign. That is, we will look for a function u satisfying the following differential
variational inequality: for any v € ®,

T T T
—/OT(vt,u)dt—i—/O ((V(T+S)Vu),V(v—u))dt—|—/O (u- V)u, v)dt

(7)
+/O (a(r + )&, v — it + V(O ~ 3 [v(0) — uof3.

Similarly, the relaxed formulation for the temperature is the following: for
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any ¢ € U,
T T T
—/ ("r/)t,T)dt—/ ( div (k(T+S)VT),¢—T)dt+/ (u-Vr,)dt
0 T 0 0
2—/0T(St,w—r)dt+/0 (div (k(r + S)VS), ¢ — 7)dt (8)

1 1
- [ s =t 31O - 5 19(0) -
0

Now we can define:
Definition: (u,7) is a relaxed weak solution of the differential variational
inequality if u € L2(0,7; V)NL>(0,T;H), 7 € L*(0,T; H})NL>(0,T; L?()),
(u(t),7(t)) € K1 x Ky and verify (7)-(8).

Next, we state the main result of this work:

Theorem Let g € L2(0,T;L4(2)). If [[S]|zo<0,m;08(0)) and either a or g are
small enough then (4)-(5) admits a relazed weak solution.

3 An auxiliary problem

We will use the spectral Faedo-Galerkin method together with a suitable
penalization to reduce the differential variational inequality to an equality.

To construct the penalization procedure will consider the usual projection
operators on convex Pk, : L?() — K; and P, : L?(Q) — K and define

QlV:V_PK1V7 Q2¢=¢_PK2¢

We recall that Py, has the property that (v — Pk, v, Px,v —h) > 0, Vo € L?;
in particular, since 0 € K1, (v — Pk, v, Pk, v) > 0; similar properties hold for
Py, . For more details on projection operators, see for instance [1].

For the Faedo-Galerkin procedure, let us consider the eigenfunctions
{vi,..;Vim,...} and {¢1,...,dm,...} respectively of the Stokes and Laplace
operators and define V,,, and W, as the subspaces generated respectively by

{V1; --~7Vm} y {¢17 Sz} ¢m}

Now, we consider the following penalized approximate problem: find
W (t) = Y1 cem(t)vi € Vi and 7, (8) = 10 diem (t) i € Wy, satisfying

(W, vie) — (div (W(Tm + S)Vun), vie) + (W - V)i, vi)
= (a(Tm + S)gavk) - m(Qlum,Vk), \V/Vk S Vm, (9)

(T’mﬂfa ¢]€) - ( div (k(Tm + S)VTm)a ¢]€) + (um : VT'ma ¢k)
= —(St,¢r) + (div (k(7m + S)VS), ¢r)
— (W - VS, o) — m(Q*Ton, dk), Vo € Wi, (10)

together with the initial conditions

Um (O) =Uom, Tm (O) = TOm>
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where we can choose ug,, € V,, such that ug,, — ug and |u,0|, < |ugl,; also
we can choose 7o, € Wiy, such that 79, — 79 in L2(Q) and |70y < |70l,-

Since the previous expressions for each m €& N are regular ordinary
differential equations, the local existence of solutions are easily guaranteed.
The fact that such solutions will be globally defined will be consequence of the
estimates to be obtained in the next section.

4 Estimates and convergences

By taking vi = u,, and ¢, = 7, respectively in (9) y (10), we easily obtain

1d
S umls 0 [Vl m(Q i, )
< (a(rm + 5)g um) (11)
1d
S5l Ko VTl + m(Q T, Tm)

< —(Stym) + k(T + S)VS, V1) — (U, - VS, 7). (12)

By using Holder inequality, it is possible to show that

(aTmg,um) < 3a |Tm|6 |g|% |um|6 )
(O[Sg, um) S 30é |S|3 |g|2 |um|6 )
(W - VS, 7)) = [(Wn - V7, 5))| §3|S|3|V7'm|2|um|6a
ds
S; m S S 3, v m )
(St A

(k(Tm + S)VS, V1) < ki1 |VS|y|VTml,.
By using these results in (11) and (12) and adding the results, we get

D 2 + )+ (s = 22CE g, — 3O
demiz T m 0 zx/ky > 2k

1 3aC% 3C
+k0(§ - \?ko—l/ | |3 - \/L |S| )|V7—m|2) + m((Qluﬂhum) + (Q27—7’H7Tm))

< F(t),

[S13) Va3

2 k3 2
where F(t) = 21,0 |S|3 |g|2 ko |Selp—1 + o IV S]5.
Being

int{vo(4— 2L |g, - |5,k k(A= 20CL gy, 301
T O T e B8 2\/ S T s 8 2 Ears

for a or g, and S small enough, we have that v > 0.
Thus,

S|},

d
E(Ium|§+|7m|§)+7(|Vum|§+ImelgHm((Qlum,um)+(QQTm,Tm)) < F(1),
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and by using the properties of the projection on convex sets and integrating in
time this inequality, we get

T
[ (®)2 + [ () + 7 / (Va2 + [V [2)dt
0

T
[t = Pyl + 1~ Prrin) it
0
T

< |um(0)|§+|Tm(0)|g+/OTF(t)dt<N+/O F(t)dt.

We thus obtain global existence in time for (u,,7,) and the following
estimates which are uniform in m:

wmllzz0rv) < Co lmmllL20,1m1 (@) < O

T T
m/ |um—PK1um|§dt§Cl, m/ |Tm—PK2Tm|§dt§CQ.
0 0

From the last two results, we get in particular that
Wy — Pr, W — 00 L2(Q1)°, 7o — PreyTn — 0in L2(Qr).

We can conclude that there are u € L?(0,7;V) and 6 € L*(0,T; H}())
and subsequences {u,,} and {7,,}, for simplicity denoted as before, such that

w, —u L?0,T;V)— weakly and L>°(0,T; H) — weakly-*,
T — 7 L%(0,T; HY) — weakly and L>(0,T; L*(Q)) — weakly-*.

Next, we have to find suitable estimates for {u,, ;} and {7, ;}. For this, we
consider the following operators:

< A,(u,7),v>=(v(t+ S)Vu,Vv), < D(u),v >= B(u,u,v),
< E(1),v >=(18,Vv), < Fp(u),v >=m(Q(u),v),

and follow arguments as in Lions p. 76 [3]. We observe that L2({)-
the orthogonal projection P,, is over the space generated by eigenfunctions
{v1,..., vin}. Due to this choice, we have P;, € L(V, V) and also [P,y 1y < 1.
By considering P, we also have |Pﬁ1|L(V*’V*) < 1. From the approximate
equations we then get

W = — P (Ay (W, ) + D(w) + E(Tin + S) + Fpu(u,,)) en V.

<

The terms in the right-hand side are estimated as follows: |A, (W, Tm) v <

v [Vamly, [D(um)ly. < CVunly, [E(Tm)ly. < Clgly [VTml, and

T T
/ | Fo ()] dt < sup/ ImQ* (w)|, dt [Vv], d.
0 0

[vly<t

Since meT lu,, — PKlum@dt < (4, also meT [um, — Pr, |, dt < C.
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The previous results imply that |[wy,¢|[z10,7v+) < C, with a positive
constant C' independent of m.

We can obtain similar estimates for ||0p. ¢ 21 (0,751 (0))-

From the previous estimates and a Aubin-Lions type lemma (Simon [6]), we
conclude that there are subsequences, again for simplicity denoted as before,
and u and 7 such that u,, — u strongly in L?(0,T;H) and 7, — 7 strongly in
L?(0,T; L*(Q)).

We thus conclude that u,, — Px,u,, — O strongly in L?*(0,7;H) and
Tm — Pr,Tm — 0 strongly in L?(0, T; L*(Q)). Moreover, since

T T
/ |(um—PKlum)—(u—PKlu)|2dt§4/ U, —ul>dt — 0 as m — oo,
0 0

we conclude that u — Pg,u = 0 and 7 — Pg,7 = 0; thus (u(t),7(t)) € Ky x K.

Next, fix arbitrary v € ®, ¢ € ¥ and define the sequences {v,(-)}%2, and
{o6(-)}52, by v, (t) = w,il)v(t) for t € [0,T) o(-) = ﬂ',(f)w, where wl(cl) and wl(cz)
are respectively the orthogonal projections of L?(Q)3 into the eigen-space Vy
and L%(Q) into the eigen-space Wj. Due to the properties of such operators,
Y. € Vi, o, € Wi, 7, — v strongly in the norms stated in ®, o, — ¥
strongly in the norms stated in ¥, v, , — v¢ in L*(0,7;V*), opy — ¢ in
L2(0,T; H-1(Q)), 7,(0) — v(0) in V. 0x(0) — (0) in HI(®), 7,(T) = 0,
Ok (T) =0.

Putting v, (t) — u,(t) in the place of vy, in (9) and oy (t) — 70, (t) in the place
of ¢, in (10), we get

(um,ta'Yk - um) - ( div (V(Tm + S)vum)v’Yk - um)
= —((wn  V)um, v, — ) + (7 + 5)8, Vi — Un)

_m(Qluma ’Yk - um)7

(Tmts 0k — Tm)  —  (div (B(7m + S)VTm), 0k — Tm)
+(m - VT, 0k — i) + m(Qsza Ok — Tm,)
dsS

= —(E,Jk —Tm) + (div (k(7, + S)VS), 0k — 7))
—(up, - VS, 06 — T )-
Since m(Q m, v — Wm) < 0y m(Q*7m, o) — Tm) < 0, we obtain:
(W, e, Yy = W) = (div (¥(Tm + 5) V), vj, — )

+((um : v)uma'Yk - um) - (a(Tm + S)ga’Yk - um) >0,

(Tn,ts 0k — Tin) — (div (E(Tm, + S)VTm), 06 — Tim) + (W - VT, 0% — Tim)
> —(Sy,06 — ) + (div (k(7m + S)VS), 0 — Tin) — (W, - VS, 06 — 7).
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Next, by working similarly as it was done to obtain the relaxed weak
formulation, we get

S e wm)dt + [ (W V) v )+ [ (T 4 S) Vi, V(g — W) )t

r 1 1
> [ @l + g = wade+ 5 0 - 3 n0) w0

and for the temperature we similarly get

T T
/ (Okty Ok — T )dt + / (W, » VT, O — To )dt
0 T 0 T
> —/ (k(Tm + S)Vop, V(ok — Tm))dt — / (St, 0% — T )dt
0 0

T T
—/ (k(Tm + S)VS,V(of — Tm))dt — / (W, - VS, 0% — T )dt
0 0

1 1
+5 [ (O3 = 5 |78 (0) = 7m (0)]5

To show the existence of weak solutions it is enough to pass to the limit in
m. This is done as follows.
Since

T T
|/0 (7k,t7um)dt _/0 (’7k,tau)dt| < |7k7t‘L2(0,T;L2) la,, — u|L2(07T;L2) )

from the strong convergence of u,, in L%*(0,T;L?(2)), we conclude that as
m — oo then

T T
/ (’71@,1&7 um)dt - / (’71@,1&7 u)dt'
0 0

T T
To show that / (W, - V), v, )dt — / ((u- V)u,v,)dt as m — oo, we
0

0
firstly use the fact that

T T
/0 (W - V), y)d = — / (W - Vv, ). (13)
Next, we observe that

(- V)vg, ) = (- V), 0) = (W =) - V), wn) + (0 V), up, — ),

(14)

which by using Holder inequality, can be estimated by
(=) - V), um) < [up —ul, |V7k|g g (15)
((u ’ v)’Yka Um — u) < |um - u|2 |v’7k|% |um|6 . (16)

The convergence then follows from (13)-(16), the fact that Vv, €
L>°(0,T; L2 () and the strong convergence of (u,,) en L2(0, T; L2(Q2)).
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T T
To prove that / (V(1tm + S)Vun, V(v — up))dt — / ((v(r +
0

0
S)Vu, V(vy, —u))dt as m — oo, we observe that

T
/0 (7 + 8) Vi, Vg — ) — ({7 + S) V1, ¥y, — )t
T
- / (V(m + 8) = (7 + ) Vi, Vv, — )t
T
—l—/ (w(t+ 9 V(u, —u), V(v, — upm))dt
0

T
—|—/ w(r+S)Vu,V(u—uy))dt=I+I1+ 111
0

The term I can be estimated as follows:

T
(V(Tm +S) —v(T 4+ 8)) Vi, V(v — wm))dt

0
S Clrm = 7lp2o.r02) (Vmlp2o.1p2) + V(e — am)l220,7102))5

Thus, I goes to zero because 7, — 7 — 0 in L?(0,7; L?).
The term IT goes to zero because v(7+S5)V (v, —,,) is bounded in H~1(€),

(7 +5)V(um =), Vv = um)) = (V(an —u),v(7 + 5)V(y; = um))

and also V(u,, — u) is weakly convergent.

The term 11 is similarly handled. With the convergences at hand it is easy
to pass to limit the other terms and we obtain (7) with -, in the place of v.
By working similarly with the inequality for the approximate temperature, we
also obtain (8) with o, in the place of .

Finally, by using a standard density argument we can replace (v, (t), ox(t))
for (y(t),o(t)) en K1 x K5 in the variational inequality and the theorem is
proved.

Final remarks: It is possible to consider different questions concerning the
generalized Boussinesq equations with state variable restrictions. For instance,
it is possible to prove the existence of very weak solutions (for less regular data)
and also the existence of reproductive weak solutions. These results will appear
elsewhere.
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Abstract

A fully space-adaptive multiresolution method is applied to an explicit
finite volume scheme for solving a strongly degenerate reaction-diffusion
system. Since a closed mathematical theory is lacking, insight into
the behaviour of these systems, in particular into the spatial patterns
their solutions may exhibit, can be currently obtained by numerical
experimentation only. It is demonstrated that the present space-
adaptive scheme is an appropriate tool for this purpose. In particular,
the multiresolution method and the classical finite volume scheme are
compared and the numerical results show that this strategy provides
substantial savings in terms of data storage and computational effort,
while giving an accurate approximation to the sought quantities.

Key words: Adaptive multiresolution schemes, Degenerate diffusion, Pattern-
formation, Turing instability.
AMS subject classifications: 65MO06, 35K55.

1 Introduction

In [1] we present a fully adaptive multiresolution (MR) scheme for spatially
2D, possibly degenerate reaction-diffusion systems, focusing on models of
combustion, pattern formation, and chemotaxis. Solutions of these equations
in these applications often exhibit steep gradients, and in the degenerate case,
sharp fronts and discontinuities. This calls for a concentration of computational
effort to zones of strong variation.

In this note we investigate the influence of the form of the diffusion
terms, constructed so that the governing equations form a strongly degenerate
parabolic system, on the spatial patterns shown by the system. To consider
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degenerate diffusion as a mechanism for the creation of Turing-like instabilities
seems to be a novelty in the context of two-dimensional reaction-diffusion
systems. The proposed MR scheme is based on finite volume discretizations
with explicit time stepping, and the efficiency of the method relies in part on
the strategy for storing the solution, namely a dynamic graded tree, whose
leaves are the non-uniform finite volumes on the borders of which the numerical
divergence is evaluated. By a thresholding procedure, which accounts for the
elimination of leaves that are smaller than a threshold value, substantial data
compression and CPU time reduction is attained.
We specifically consider the reaction-diffusion system

g = vf(u,v) + AA(u) on Qr :=Q x (0,7), Q:= (0,1)2, (1a)

vy = vg(u,v) +dAB(v) on Qr, (1b)

u(z,0) = uo(x), wv(x,0)=wve(x) forx e Q, (1c)
VAw) - n=VB(u)-n=0 on Xy :=09Q0x (0,7). (1d)

This system models several phenomena including combustion and
chemotaxis [1], but is considered here as the generalization of a well-known
model of pattern formation in mathematical biology [6]. Under a number
of structural conditions relating the functions f(u,v) and g(u,v) and their
derivatives to the parameters v and d, the system (1) with A(u) = B(u) = u
produces stationary solutions with Turing-type spatial patterns [6]. To produce
this effect, we could select these diffusion terms along with the kinetics f(u,v) =
a—u+u?v and g(u,v) = b—u?v, with the parametersa = —0.5,b = 1.9, d = 4.8,
and v = 210 [6]. In this work, however, the diffusion terms are chosen to be
strongly degenerate:

f < Cy f < Cy
Afu) = 0 or u .u  B(u) = 0 or u 'v te,ve > 0. (2)
u —u. otherwise u — v, otherwise,

It turns out that even if the stability analysis performed in [6] does not apply to
the strongly degenerate case, our numerical experiments in Section 4 lead to the
formation of spatial patterns. Holden et al. [5] prove existence and uniqueness
of entropy solutions of weakly coupled systems of degenerate parabolic equations
in an unbounded domain; the well-posedness analysis for (1) is, however, still
an open problem due to the boundary condition (1d), which is not covered by
the analysis of [5]. Turing instabilities driven by other non-standard diffusion
terms, namely by fractional diffusion, have been studied e.g. by Nec and
Nepomnyashchy [7].

The remainder of the paper is organized as follows. Section 2 contains
a description of the construction of the reference FV formulation used to
numerically solve the underlying problem. In Section 3 we detail the main
ingredients of the MR framework needed to provide space adaptivity to the
overall numerical scheme, and the numerical results provided in Section 4
confirm that the adaptive MR method provides high rates of data compression
and CPU time speed-up, while the error remains controlled.
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2 Finite volume discretization

An admissible mesh for Q is formed by a family 7 of control volumes (open
and convex polygons) of maximum diameter h. For all K € 7, xx denotes the
center of K, N(K) the set of neighbors of K, &,(K) is the set of edges of K
in the interior of 7 and Eex(K) the set of edges of K on the boundary 0f).
For all L € N(K) d(K,L) denotes the distance between xx and zr, ok, is
the interface between K and L and 7k, 1 (ks respectively) is the unit normal
vector to ok, (0 € Eext(K) respectively) oriented from K to L (from K to
0N respectively). For all K € 7, |K| stands for the measure of the cell K.
From the admissibility of 7 we have that Q = Uxc7 K, KNL =@ if K,L €T
and K # L, and there exists a finite sequence (xx)xer for which Tgzy is
orthogonal to ok 1. Now, consider K € T and L € N(K) with common vertices
(az7K7L)1<g<] with I € N\{O} and let TK,L (respectively ngfz_ for o € Eext(K))
be the open and convex polygon with vertices (zx,xr) (v respectively) and
(ar,k,1)1<e<r- For all K € T, the approximation Vpuy, of Vu is defined by

Thaun (x) = e Mo ol(ur —ur)n . if v € Tir,
L 0 if o € Tt

Now we choose an admissible mesh for 2 and a time step size At > 0. We
may choose N > 0 as the smallest integer such that NA¢ > T, and set
t" := nAt for n € {0,...,N}. The discretized reaction terms are defined as
wH = fut ) and gt = g(ult vRtt) and the nonlinear diffusions
are constructed using the terms AL := A(ut) and BET' = A(uREth).
Incorporating an explicit first order Euler time integration, the resulting FV

scheme reads: Determine (u% ") ger, (vt ) ker such that

u}@“ — Uk h U?(H — Uk h
A Z ViAk = [k, — A T Z dVi By = gk, (3)

LEN(K) LEN(K)

for all K € 7. The boundary condition is taken into account by imposing
zero fluxes on external edges. The resulting finite volume scheme has a unique
solution that converges to the weak solution of (1) in the non-degenerate case [4].
Moreover, according to [5] this scheme is stable under the CFL condition

—1 u v u v -2 / / <
h AW?Q? (If 5]+ k| + 1g%] + gk |) + 4R Atgg;(lAKl +d|Bk]) <1,

where [}t := 0, f(uk,vi) and A = A'(uk), for K € T.

3 Multiresolution representation

For further details on the one-dimensional theory, we refer to the fairly complete
description in [3]. For ease of computations, we only consider rectangular meshes
on a rectangular domain, which after a change of variables can be regarded as
Q = [0,1]2. Nevertheless, the multiresolution analysis could be carried out for
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non-structured meshes. Firstly, a nested mesh hierarchy 75 C --- C 7, using
a partition of Q is constructed, where each grid 7; is formed by the control
volumes on each level K!, [ =0,..., L. Here [ = 0 corresponds to the coarsest
and [ = L to the finest resolution level and the so called refinement sets are
defined by My, = {L"}; and KT = UM LI For 2 € K the scale box
function is defined as ¢ ;(7) := |K'|"tx g (x) and the average of any function

u(-,t) € L*(€2) in the cell K may be written as ux; = (u, @r.1) () -
It is known that cell averages and box functions satisfy the two-level relation

I+1 I+1
P, = Z %@LMH, Up, = %Uh,l—kla (4)
LT e My, LT e My,

which defines a projection operator needed to move from finer to coarser levels.
For # € K"t the wavelet function is defined by

- Lt o )
UK=Y ||;(l| | (1)@ 41 forj=1,...,#Mxk,,
LiHEMK,l

and from (4), a similar inverse two-level relation holds. Detail coefficients are
defined as dgj,; = (u,iEKJ,l) for j=1,...,#Mk,;. An appealing feature is
that a transformation between the cell averages on level L and the cell averages
on level zero plus a series of details can be determined and such transformation
should be reversible. Therefore

~ l
UK, I+1 = E 9K, TUT,L> (5)
TeS,

where S%; is the stencil of interpolation or coarsening set, g 1 are coefficients,
and the tilde over u in the left-hand side of (5) denotes a predicted value.
In this way, a prediction operator is defined, which is imposed to be local
and consistent with the projection and will be necessary to move from
coarser to finer resolution levels. For rectangular meshes it corresponds to
Up, 41 =uUr) — Qu — Qy + Quy for i =1,...,#Mp ;, where

S
Q.= Z:/n(USZJ —ur.1), zé€{xy},
n=1

S S
sz = § :Yn § ;?;D(U’Sz,yal - uSm,—yal - uS—Zyy’l + uS_Iv_yJ).
n=1 p=1

Here S4, +y denote the neighbors of the corner of the control volume S and
the corresponding coefficients are ; = —% and 7y = 13_8 (see [8]). Details are
related to the regularity of a given function. The more regular u is over K,
the smaller is the corresponding detail coefficient. Therefore a thresholding

procedure is also applied, which basically consists in discarding all control
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volumes corresponding to details that are smaller in absolute value than a level-
dependent tolerance. Denoting by « the experimental convergence rate of (3)
and by eg given a reference tolerance determined by (see e.g. [1, 2] for details)

C2f(a+2)L
= m v u v 3/29L+2 / / ’
0 ma (5] + LSl + okl + loicl) + 1977727 o ([ A7 | + d By

ER

we obtain level-dependent tolerances &; defined by g = 220D, | =
0,...,L. We organize the cell averages and corresponding details at different
levels in a dynamic graded tree. The root is the basis of the tree, a parent node
has four sons, and the sons of the same parent are called brothers. A node
without sons is a leaf and a given node has s’ = 2 nearest neighbors in each
spatial direction, needed for the computation of the fluxes of leaves; if these
neighbors do not exist, we create them as virtual leaves. We denote by A the
set of all nodes of the tree and by L£(A) the set of leaves. We apply this MR
representation to the spatial part of the pair u = (u,v), which corresponds to
the numerical solution of the underlying problem for each time step, so we need
to update the tree structure for the proper representation of the solution during
the evolution. To this end, we apply a thresholding strategy, but always keep
the graded tree structure of the data. Once the thresholding is performed, we
add to the tree a safety zone, generated by adding one finer level to the tree in
all leaves without violating the graded tree data structure.

The data compression rate n:= N/(2= LN + #L(A)) and speed-up rate
V := CPU timepy /CPU timeyr are used to measure the improvement in data
and CPU time compression respectively. Here, N is the number of control
volumes in the full finest grid at level L, and #/L(A) is the number of leaves.

4 Numerical experiments

As a first numerical result, we consider a computation starting from a random
perturbation of the steady state (up =a+b = 1.4,v9 = b/(a + b)2 = 0.96939)
and we use L = 9 resolution levels and a reference tolerance given by er =
7.82 x 10~ The computational domain is the unit square Q = [0, 1]?. Figure 1
presents the numerical solution for non-degenerate diffusion, i.e., we choose
A(u) = B(u) = u. (See [1] for further examples of this case).

Being one of our main interests studying the effect of degenerate diffusion,
we present in Example 2 several cases in which all parameters remain the same,
except for the test parameters which are the critical concentrations ., v, used
in (2). Those cases are uc. = ug + ¢, v. = v9 + ¢, with ¢ € {0,0.5,2.0}. In
Figure 2 we display the component v of the numerical solution and the leaves of
the corresponding tree structure at a transient state at time ¢ = 1.5 for all test
cases and it is clear that the larger the value of ¢, the more chaotic the spatial
patterns shown by the corresponding system. This behaviour could be explained
by the increasing incoherence between solution values at different points.

For Example 3, we select one of the cases from the previous example and
perform a study of the error. The effectiveness of the MR method is illustrated
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component u (3d view) component u (2d plot)

s T

component v (3d view) component v (2d plot) adaptive mesh

B2
P

'/
Figure 1: Example 1: Component v and corresponding adaptive mesh att = 1.5

for non-degenerate diffusion. The solution assumes values 1.390 < u < 1.402
and 0.96988 < v < 0.96998.

in Table 1, specifically displaying the corresponding simulated time, speedup
V, data compression rate 7, and normalized errors in different norms for both
components of the solution. These errors are obtained by comparing with an
approximate solution given by a reference FV computation on a fine mesh of
4194304 control volumes. In addition, from Figure 3 a experimental rate of
convergence of about 1.9 is noticed for the adaptive MR scheme. As seen in [1],
a slightly better rate of convergence may be also obtained by the MR method
for the non-degenerate problem.
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component v (3d view)  component v (2d plot) adaptive mesh

Figure 2: Example 2: Component v and corresponding adaptive mesh att = 1.5
for e =10 (top), ¢ = 0.5 (middle) and ¢ = 2.0 (bottom). The solution assumes
values 0.96 < v < 0.98, 0.96 < v < 0.99 and 0.84 < v < 1.08 respectively.
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0.5 1227 179721

1.5 1293 18.7118

S 2 < g <

Table 1: Fzample 3: Model with ¢ = 0. Corresponding simulated time, speedup
V, data compression rate n and errors in different norms.
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Figure 3: Example 3: Turing model for ¢ = 0. Errors in different norms for the
MR method at t = 1.5.
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Resumen

En este articulo cientifico estudiamos el problema de minimizar el
primer valor propio de un conductor compuesto por dos materiales
homogéneos, que son distribuidos en proporciones fijas dentro de un
dominio.

Los trabajos pioneros de F. Murat y L. Tartar (1970-1980) muestran
que esta clase de problemas del cédlculo de variaciones podrian tener
existencia de minimizadores s6lo en una clase mas grande, llamada clase
de materiales homogeneizados o con micro-estructura, excluyendo a priori
distribuciones clédsicas de material como soluciones optimales.

Para dominios en una dimensién, M. G. Krein (1955) probé la
existencia de una solucién cldsica. En dimensiones mas altas, cuando
el problema se restringe a una bola, A. Alvino, P. L. Lions y P. L.
Trombetti (1989) probaron que se pueden obtener soluciones cldsicas
radialmente simétricas. Sin embargo, estos resultados han sido vistos como
excepcionales, atribuidos a la completa simetria del dominio.

S. Cox y R. Lipton (1996), sélo estudiaron condiciones para un disefno
6ptimo del problema, asumiendo soluciones homogeneizadas. Atun es
desconocido si en dominios con simetria parcial es posible o no obtener
una solucién clasica que respete la simetria del dominio.

Esperamos revivir el interés a esta pregunta dando una nueva prueba
del resultado en una bola. Creemos ademadas que, para este caso en
particular, distribuir el material de mayor conductividad en el centro es
una solucién 6ptima. Apoyamos esta conjetura con un resultado parcial
demostrado utilizando las técnicas de derivacién con respecto al dominio.

1 Introduccién

Sea Q un dominio acotado de RY y m un ntimero positivo, 0 < m < |Q|, donde
Q es el volumen total (medida de Lebesgue) de la regién 2. Dos materiales de
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conductividad o y 8 (0 < a < ) son distribuidos en subconjuntos arbitrarios
de Q disjuntos w y Q\w respectivamente, de tal manera que |B| = m. Para cada
una de estas formas de distribuir los materiales  y 3, analicemos el primer
valor propio del problema espectral

—div((axo\w + Bxw)Vu) = Au en §) (1)
u = 0 sobre 0} ’

que se expresa mediante el cuociente de Rayleigh, por

o o) |Vul)* d
A1(w) := min fQ(aXQ\ +6§ ) [Vul” de
ueH(Q) Jo lul” dx

(2)

Sea A := {w:w C Q, B medible, |B| = m} la clase de dominios admisibles
asociado a esta configuracién. Nos interesa el problema de minimizar el primer
valor propio de (1), esto es,

mf {\(w) :w e A}. (PG)

En este trabajo, estudiamos el problema (PG) cuando el dominio es una
bola en RY. En virtud de la geometria radial del problema, utilizaremos las
técnicas de rearreglos como estrategia para resolverlo. En efecto, en este trabajo
se desarrolla una demostracién mas simple de un resultado de existencia debido
a Alvino, Trombetti y Lions [1], el cual dice que, cuando el dominio es una bola,
existe una solucién radial para (PG) en el conjunto de dominios admisibles A.

Uno de los problemas que nos interesa es el de caracterizar la solucién.
Se conjetura que la solucién 6ptima consiste en distribuir todo el material de
conductividad (3 en el centro de la bola. Se espera poder potenciar esta conjetura
en base a un analisis del signo de esta derivada, utilizando las herramientas de
derivacién con respecto al dominio.

2 Notacién y Preliminares

En lo que sigue € serd la bola unitaria en R centrada en el origen. Cuando
f sea una funcién real evaluada que no se anule, su reciproco lo denotaremos
/7' Dada una funcién medible f : © — R y un ntimero real ¢, ¢, denotard el
conjunto de nivel

Qpe={xeQ: f(x) >c}

el cual es un subconjunto medible de €2. Denotamos por {2} . la bola concéntrica
a ) que tiene la misma medida de Lebesgue que Q..

La simetrizacién de Schwarz de la funcién f es la funcién radialmente
simétrica f* definida en €2, dada por

[*(z):=sup{ceR:2€Q} }.

Se sigue de la definicion que la funcién f y su simetrizacién de Schwarz f* que
estas son equimedibles, en el sentido que

[xeQ: f(x)>cl=]zeQ: f(2) >,
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donde | - | corresponde a la medida de Lebesgue. Esta propiedad tiene varias
consecuencias importantes. Para una funcién medible h : R — R, se satisface:

/ h(f(2)) do = / h(f*(2)) d= 3)
Q Q

En particular, se tiene

| erae= [ 1rePd. (1)
Otra propiedad fundamental es la desigualdad isoperimétrica
P{fzct=P{f" =} (5)
donde P, cuando esta definido, denota el perimetro de un subconjunto en 2.

Nota 2.1 Otras wersiones de las propiedades dadas anteriormente son
tambien vdlidas en otros tipos de simetrizacion. Un tratamiento extensivo de
simetrizacion y sus aplicaciones pueden ser encontradas en las monografias

/8, 9].
3 Existencia

Re-escribamos el funcional A!'(w) definido en (2), que depende del lugar que
ocupa el material 3, definiendo v := axq\p + Bxp y escribiendo ahora M(v).
Sea 0 := axa\ B, + BXxB, una distribucién fija de materiales, donde By es la bola
centrada en el origen centrada en 0 que tiene medida de Lebesgue |w|. En lo
que sigue mostraremos un resumen de los resultados de existencia descritos en
el articulo [12].

Proposicién 3.1 El problema de minimizacion (PG) puede ser re-escrito
como

mf {\'(v) v =0} . (6)

De la misma manera, si definimos n(&) = \! (5_1), el problema de
minimizacion se puede re-escribir nuevamente como

it {n(e): & =)'} (™)

Nota 3.1 Para calcular el infimo en las formulaciones anteriores, en general
se necesita calcular la clausura del conjunto factible con respecto a una topologia
adecuada y luego, la envoltura semi-continua inferior del funcional objetivo con
respecto a esta topologia.

Notemos que el conjunto de restricciones ya sea en la formulacién (6) o (7)
es de la forma

Cle) ={f: " =¢} (8)
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donde ¢ es una funciéon no negativa, acotada, medible y radialmente simétrica,
definida en la bola ) . Conjuntos de este tipo son relativamente compactos para
la topologia débil-x, mas no son cerrrados. Su clausura K () tiene la siguiente
caracterizacion:

Proposicién 3.2 [1]. La clausura débil-«x de C(yp), denotada K(p), es un
conjunto compacto y convexo de funciones [ € L(Q) caracterizadas por la
propiedad:

[tz [ w@av oy [i@d= o)
Q Q

B(0,r) B(0,r)

y lo anterior se mantiene vdlido si consideramos C*(p) y K°(p) que consiste
en las funciones radialmente simétricas en C(p) y K(p), respectivamente.

Ademds, se tiene que:
e [l conjunto C(p) es el conjunto de puntos extremos de K ().

o El conjunto C°(p) es el conjunto de puntos extremos de K°(¢p).

Nota 3.2 El funcional \' de la formulacién (6) no es semi-continuo para la
topologia débil-+. La teoria de la Homogeneizacion de Murat-Tartar nos permite
obtener su envoltura semi-continua inferior. Sin embargo, a partir de ésta, no
es facil obtener la existencia de una solucion clasica. (Ver Cox y Lipton [5]).

Por otra parte, debido al siguiente resultado de simetrizacion:

Proposicién 3.3 [1, 12] Dado cualquier v € C(0) y cualquier u € Hy (Q),
existe v € K ((671)*) radialmente simétrico tal que

/V|Vu|2dm2/ 7|Vu*|* dv
Q Q

y la débil-+ continuidad del funcional 1 cuando es restringido a K*®(¢) [12],
podemos obtener minimizadores radialmente simétricos en la formulacién (7).
Como el reciproco del funcional 1) es convexo, y la formulacién (7) es equivalente
a maximizar 7! sobre un conjunto de restricciones convexo (y compacto), se
tiene una solucién, la cual es un punto extremo. De esta manera, tenemos el
siguiente teorema.

Teorema 3.1 [1, 12] Sea Q una bola en R™. Dados dos materiales conductores
con coeficientes de conductividad o < (3, el problema (PG) de minimizar el
primer valor propio, admite una solucion radialmente simétrica.

4 Caracterizacion

Finalmente queremos saber el lugar exacto en el cual distribuir los dos materiales
para obtener el valor mas bajo. Tenemos la siguiente conjetura.
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Conjetura 4.1 Cuando el dominio es una bola, entre todas las distribuciones
radialmente simétricas con volumen fijo, la configuracion donde todo el material
0 estd distribuido en el medio de manera radialmente simétrica entrega el primer
valor propio mds bajo.

Para buscar esta distribucién, procedemos con la teoria de optimizacion de
forma, estudiando el problema mediante las herramientas de derivacién con
respecto al dominio. En los siguientes parrafos se muestra el desarrollo que
nos permite obtener una medida de la variacién que sufre el primer valor propio
cuando se perturba levemente la distribucion de los materiales. Esta cantidad es
la derivada con respecto al dominio del primer valor propio asociado al problema
de conductividad. Mdas detalles de la teoria se pueden encontrar en [15, 14].
Recordemos el problema espectral asociado al primer valor propio. Sea w la
configuracion de referencia con frontera suave donde el material 3 es distribuido.
Tomamos w un abierto cuya clausura esta contenida en 2. Dada la distribucién
de los conductores o(w) = axa\w + BXw, consideramos el problema de valores
propios
{ —div (c(w)Vu) = Aw)uenQ ()
u = 0 sobre 02

Sea A1(w) el primer valor propio. Se sabe que es simple y la primera funcién
propia asociada estd caracterizada por su signo constante [7]. Normalizamos la
primera funcién propia asumiendo que estd es no negativa y toméndola que
satisfaga

/Q lul>de =1. (10)

Nos interesa perturbar el problema espectral. Sea € un campo vectorial suave
con su soporte dentro de 2. Las perturbaciones admisibles de la regién a ocupar
por el material 5 son las regiones w; := ®; (w) que corresponden a las imdgenes
de w bajo las transformaciones ®; := id+tf para t > 0 suficientemente pequeno.
Para tales ¢, ®; es un difeomorfismo en Q y se tiene w; CC Q. Sea (A1(wy), uy)
el par propio normalizado correspondiente al primer valor propio del problema
(9) asociado a la configuracién o(w;).

Definicién 4.1 La derivada con respecto al dominio de X\, la derivada local
(también llamada deriada de forma) y la derivada total (también llamada
derivada de material) de u en la direccion 0 en el la configuracion w son,
respectivamente, cuando estdan definidas,

N = lim At = A
t—0 t
() = tim 20 =0
t—0 t
i) = lim 2L 0) ~ul)
t—0 t ’

donde los ultimos dos limites se entienden en un espacio adecuado al que
pertenezcan las funciones.
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Teorema 4.1 La derivada con respecto al dominio del primer valor propio A\
existe. La derivada de material @ de la primera funcion propia normalizada u
existe y u € HE(Q). Su derivada v’ también existe y es tal que su restriccion w
y Q\ @ pertenecen a H'(w) y H (Q\ @) respectivamente.

El argumento para probar la existencia de estas cantidades utiliza el Teorema
de la Funcién Implicita siguiendo un procedemiento establecido el cual es bien
explicado en en el documento [14]. La existencia de la derivada con respecto
al dominio del primer valor propio y la existencia de la derivada de material
pueden ser vistas como un resultado de existencia de una familia suficientemente
suave de soluciones para una reformulacion del problema perturbado de valores
propios, el cual se escribe como

—div (o(w¢)Vur) = AMwe) ugp en Q (11)
u; = 0 sobre 012.
el cual después de un cambio de coordenadas ®; ' se traduce a
—div ((o(we) 0 D¢) AtV (up o @y)) = Awy) (ug 0 @y) J(Py) en Q (12)
uo®; = 0 sobre 002

donde A; := D®; ! (D(Pt_l)T J(®;) y J(P;) es el Jacobiano de la transformacién
®,. Hacemos referencia a [14, 13] para ver mds detalles. Con esta transformacion,
(Mwt) , ug) es un par propio de (11) si y sélo si (A(wy), us o ®;) satisface la
ecuacién (12). Ademds, u; satisface la condicién / u? dr =1 si y solo si se

. Q
tiene

/ g © By 2 J (@) = 1. (13)
Q

Definimos F: R x R x H}(Q) — H '(Q) xR

Flt ) = <—div((a(wt)o<1>t)Ath)—)\v,/Q |v|2J(<I’t)dm—1>

(14)
- <—div (0(w)A V) — v, / v]? J(®y)dx — 1)

Q
en una vecindad de (0, A\ (w), ug). Notar que la ultima igualdad en (14) es debida
al hecho que o(w;) 0 @ = o(w).

Asi, verificando las hipotesis del teorema de la funcién implicita se puede
demostrar la existencia de una curva suave de ceros t — (t, \¢,v;) para F en
torno a (0, A1, uo) [13].

Para concluir la existencia de las derivadas se prosigue de la siguiente
manera. Notando que el primer valor propio es simple, se deduce que \;
corresponde al primer valor propio del problema perturbado A!'(wg). Asf,
uy = v; 0 ®; ! es la primera funcién propia de (11) la cual también satisface la
condicion de normalizacién. La diferenciabilidad de la trayectoria de soluciones
(A\¢, v¢) con respecto a ¢t nos permite concluir inmediatamente, que las derivada



Problema extremal para un conductor de dos fases en una bola 87

de \1(wi) y up o @y existen, esto es, la derivada con respecto al dominio A1 y la
derivada de material de u existen.

Finalmente, la existencia de la derivada con respecto al dominio de u existe
debido a la relacién entre la derivada local y total (ver Simon [15])

v (x) = u(x) — 0 - Vu(x) (15)

donde u es la funcién en el dominio sin perturbar. Por otro lado hemos visto que
@ € HY(Q). Ademds, cuando w es un dominio suave, u satisface un problema
de valores propios a coeficientes suaves en w y Q\ @, y por la teorfa estdndar
de regularidad, u y Vu es suave en cada uno de estos dominios. De la relacién
(15), podemos concluir que u'L, € H'(w) y u'Lo\z € H'(Q\ w). |

Nota 4.1 El teorema anterior muestra la Gateaur diferenciabilidad de la
primera funcion propia u en la direccion del campo vectorial 0. La misma prueba
modificada, considerando ahora las deformaciones id+ 6, con 0 suficientemente
pequeno, mostrarian la Fréchet diferenciabilidad con respecto a 6. O

Ademads, tenemos la siguiente caracterizacion de la derivada con respecto al
dominio del primer valor propio. Para los detalles, ver [13].

Teorema 1 La derivada con respecto al dominio \1, dada una perturbacion
admisible 0, estd dada por la siguiente formula

N, (w3 0) = /8 [a|vu|2}e-nds—»(w) /8 [u?] 0-ndS+ / [0 - Vu] (60Vu)-ndS

w Ow

donde [¢] es el salto de ¢ sobre dw, esto es, [p] (x) = (Y_,,- — AL gu+) (@)
con Q5. YA s+ denotando, respectivamente la interior y exterior traza de
w en dw.

La siguiente proposicion, la cual parcialmente justifica la conjetura (4.1) es
demostrada en [13] utilizando la formula de la derivada con respecto al dominio
dada arriba.

Proposicion 4.1 Cuando el dominio es una bola y ubicamos el material (3
en un anillo concéntrico a la bola, el primer valor propio se puede disminuir,
eligiendo una perturbacion 8 que mueva el anillo hacia adentro o hacia afuera,
haciendo que la cantidad

1 1 2 2
Nenst) =3 (5= ) {(19us)* = (019u)s,)"} 0 ns,pen(s)
(16)
sea positiva, donde S1 y So corresponden a la frontera interna y externa del
anillo donde se ubica el material 3.
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En los gréficos 1 y 2 mostramos evidencia numérica de la conjetura. Para el
experimento, consideramos el dominio € el disco unitario en R2. El material de
conductividad 3 se distribuye en un anillo concéntrico, el cual es parametrizado
por el radio r; de la frontera interna, manteniendo constante el area de
distribucién de materiales. Para valores de 3 = 2, 200 y proporciones de material
0,1, 0,5 y 0,9, se muestra el comportamiento del primer valor propio y de su
derivada con respecto al dominio.

Observamos de los graficos que el valor propio méas pequeno se ubica
distribuyendo el material de conductividad § en el centro. Ademas, el
comportamiento del signo de la derivada con respecto al dominio del primer
valor propio, se condice con el comportamiento de crecimiento del primer valor

propio.
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Figura 1: Discos concéntricos para 3 = 2
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Figura 2: Discos concéntricos para 8 = 200

5 Preguntas Abiertas

Si tenemos un configuraciéon finita de anillos de interior no vacio en los
cuales distribuimos el material de conductividad (3, en caso de tener el valor
de flujo o|Vu| en cada frontera anular, la férmula (16) nos entrega una
direccién de decrecimiento para el primer valor propio. Dicho de otra manera, la
proposicién (4.1) nos permite tener un algoritmo de busqueda de configuraciones
minimizantes para nuestro problema.

Las experiencias numéricas confirman la conjetura, sin embargo, de los
resultado obtenidos no es posible obtener una demostraciéon analitica de este
comportamiento. Algun estudio de minimos locales para el funcional podria
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fortalecer la conjetura. Por otro lado, todavia no es claro si se pueden excluir
soluciones minimizantes que no permitan ser estudiadas con el cédlculo de la
derivada con respecto al dominio. Este el caso de configuraciones que poseen
una cantidad infinita no-numerable de anillos de interior vacio, tales que su
unién es un conjunto de medida positiva. Configuraciones con conjuntos de
nivel radialmente simétricos, con cortes radiales tipo Cantor, pertenecen a
esta configuracién, patologica. Finalmente, invitamos a estudiar la existencia
y caracterizacién de soluciones optimales para otro tipo de simetrias, como por
ejemplo, dominios cuadrados o estrellados.
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Resumen

En esta charla analizamos la aproximacién numérica con elementos
finitos en espacio y diferencias finitas en tiempo de un modelo de
cristales liquidos neméticos (de tipo Eriksen-Leslie) y de un modelo
penalizado de tipo Ginzburg-Landau. Después de describir los principales
antecedentes del tema, se propone un esquema lineal totalmente acoplado
y condicionalmente estable. La convergente (respecto de los pardmetros de
discretizacién y del pardmetro de penalizacién) hacia una solucién débil
del problema de Eriksen-Leslie queda como problema abierto.

Palabras clave: Cristales liquidos, Navier-Stokes, estabilidad, convergencia,
elementos finitos
Clasificacién por materias AMS: 35Q35 65M12 65M60

1 Introduccion

Supongamos 2 C R? un dominio acotado y de frontera I' poliédrica tal que el
problema de Stokes tenga regularidad H?(Q) x L*(Q) en velocidad y presion.
Denotamos Q@ = Q2% (0,7)y X =T'x(0,T), donde [0, T] es el intervalo temporal
de observacién, para T' > 0. Las incégnitas son: u : @Q — R3, el campo de
velocidades, p : @ — R, la presién del fluido, y d : Q — R3, el vector orientacién
de las macromoléculas de cristales liquidos, verificando el problema en derivadas
parciales (de tipo Eriksen-Leslie):

d|=1, 9d+u-Vd-—~vAd—~|VdPd = 0 enQ,

du+u-Vu—vAu+Vp+ AV - ((Vd)'Vd) = 0 enQ,
V-u = 0 en@, (1)

u=0 d = 1 en X,

U|t=0 = U0, d\t:O = dyp en(,

91
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donde ug : Q@ — R? y dy : © — R? son los datos iniciales, I : 02 — R3 es el
dato de Dirichlet para d, v > 0 es una constante dependiente de la viscosidad
del fluido, A > 0 es una constante de elasticidad y v > 0 es una constante del
tiempo de relajacién. (Vd)* denota la matriz traspuesta de Vd = (9;d;); ;.

Para este trabajo se supone el dato de Dirichlet para d independiente del
tiempo y la condicién de compatibilidad dy | oq = U. En principio los argumentos
que desarrollaremos no son validos para el caso dependiente del tiempo.

Este modelo se estudia a través del modelo penalizado, de tipo Ginzburg-
Landau, que se obtiene de (1) relajando la restriccién |d| = 1 por |d| < 1,
y en el sistema para d cambiando el término més no lineal |Vd|?d (que es el
multiplicador de Lagrange asociado a la restriccién |d| = 1) por el término de
penalizacién f_(d) = e~ 2(|d|?> — 1)d, asociado al pardmetro ¢ > 0, llegando al
sistema

d| <1, dd+u-Vd+~v(f.(d)—Ad) = 0 enQ,
dhu+u-Vu—vAu+Vp+ AV - ((Vd)'Vd) = 0 enQ, (2)
V-u = 0 enQ,

junto con las condiciones iniciales y de contorno de (1). Obsérvese que f.(d) =
Va(F.(d)) para cada d € R? con F. la funcién potencial:

F(d) = 5(1df 1)

El problema (2) tiene la siguiente igualdad de energia (usada por F. H. Lin
y C. Liu en [7] para obtener solucién débil de (2)), imponiendo que |dy| = 1 en
Q vy |l] =1 sobre %:

d (1, s Ao
& (31l + 31Vl + 2 [ Fulayie)

+0|[ V|| 1o () + M f-(d) = Adl720) =0,

(3)

que se obtiene eligiendo A(f.(d) — Ad) y u como funciones test en (2), y
(2)p, respectivamente. Esta expresion refleja la relacion entre la energia cinética
%HuH%Z(Q) y la eldstica %HVdH?LQ(Q) + A o, Fe(d) e indica que la energia total
del sistema decrece con el tiempo. Luego, una solucién débil para (1) tendra la
regularidad

dec L0, T; H'(Q), ue L>*(0,T;L*(Q)NL*0,T; H (). (4)

2 Antecedentes

Los primeros autores que tratan desde el punto de vista numérico el modelo
(2) fueron C. Liu y N. J. Walkington en [6]. Proponen un método mixto
para aproximar el sistema de momentos usando un par de elementos finitos
globalmente C° que verifican la condicién de estabilidad de tipo Babuska-
Brezzi, y una aproximacién de elementos finitos globalmente C! para el vector
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de orientacién. Pero resulta que la implementacién de los elementos finitos
globalmente C* es muy complicada.

En un trabajo posterior [9], estos mismos autores construyen un esquema
mixto para el vector de orientacién para evitar los elementos finitos de tipo C*.
Ello lo logran introduciendo una nueva variable w = Vd, la cual incrementa el
numero de grados de libertad a calcular en cada etapa de tiempo.

Ademas, hay que decir que ambos esquemas son no lineales lo cual hacen
aun mas costoso el calculo de la solucion aproximada. Estos esquemas son
analizados usando técnicas de estimaciones de error; suponiendo una solucién
suficientemente regular del problema continuo (2).

En [4], V. Girault y F. Guillén-Gonzélez introducen un esquema (lineal)
con una variable auxiliar w = —Ad para el problema penalizado (2). Dicho
esquema resulta ser incondicionalmente estable, respecto de los pardametros de
discretizacién, y convergente hacia (2); obteniéndose ademds estimaciones de
error 6ptimales y convergencia de métodos iterativos para desacoplar (u,p)
de (w,d) en cada etapa de tiempo ya que éste resulta totalmente acoplado.
Este esquema reduce los grados de libertad a calcular respecto a los esquemas
anteriores de [6] y [9] para (2) lo que implica una coste computacional menor,
ademads de ser un esquema lineal.

En [8], P. Lin y C. Liu presentan dos esquemas numéricos lineales que sélo
usan elementos finitos globalmente C° y localmente P, para la velocidad y el
vector de orientacién, y elementos finitos P; para la presién. El primero de ellos
discretiza la derivada temporal usando diferencias finitas y el segundo con el
método de las caracteristicas. Estos esquemas son justificados observando el
decaimiento de la energia en las experiencias numeéricas.

En [2], se proponen un esquema numérico para (2) y otro para (1),
considerando la condicién frontera para el vector de orientacién de tipo
Neumann. Para construir el esquema de (2) definen la variable auxiliar w =
—Ad + f.(d) reescribiendo el tensor

AV-((Vd)'Vd) = /\V(%|Vd|2+Fs(d))—)\(Vd)t(—Ad+f€(d)) = Vg—\(Vd)'w,

(5)
lo que introduce una presién modificada. La discretizacién de la parte no
lineal de f. se realiza de forma implicita, resultando un esquema no lineal. Se
prueba la estabilidad incondicional, respecto de los parametros de dicretizacién
y penalizacion, y convergencia hacia una solucién débil de (2). A posteriori,
hacen tender a cero el pardmetro de penalizacién obteniendo una soluciéon débil
en el sentido con valores medidas de (1), debido a que no consiguen compacidad
para Vd. Para (1) desarrollan un esquema no lineal cuya idea principal es la
reescritura del término no lineal

—|Vd|*d — Ad = d x (d x Ad) (usando |d| = 1)

y una discretizacién temporal de punto medio para este término no lineal. Este
esquema es condicionalmente estable, pero la convergencia hacia una solucién
débil de (1) queda como problema abierto.
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Destacamos que ninguno de los esquemas anteriormente descritos para el
problema (2) convergen hacia una solucién débil del problema (1), si (h, k,e) —
0.

3 Esquema numérico

En este trabajo aportamos la construccién un esquema lineal para (2) que sea
estable, en el sentido que se tenga una version discreta de la igualdad de energia
(3). Hasta el momento no se sabe pasar al limite en el sistema de momentos hacia
una solucién débil de (1) con la regularidad (4), haciendo tender ¢ a cero junto
con los pardmetros discretos en espacio y tiempo (h, k). La principal dificultad
es la compacidad de Vd en L*(Q).

Denotaremos por (-, -] al producto escalar en L%(Q).

El esquema que proponemos para aproximar las incégnitas (velocidad,
presiéon y vector de orientacién) estd basado en la siguiente formulacién
variacional mixta del problema (2): Va € Hy, w € L?,G € L%, d € H},

3

(8tu,ﬁ) + V(Vu, Vﬁ) + ((u . V)u,ﬁ) - ((Vd)tw,ﬁ) - (p,V -
(8td, w) + ((u - V)d, w) —|—"/(fs(d),ﬂ;) +A,(w,ﬂ; -

(V ‘u,q) =

(Vd, v&) - (w,a =

)

0
0
0
0,

donde hemos usado previamente la igualdad (5) e introducido la variable auxiliar
w=—-Ad+ f.(d).

Suponemos por simplicidad, una particién uniforme de [0, 7] siendo ¢, =
nk, donde k = T/N es el paso de tiempo con N € N. En cada etapa
de tiempo, la velocidad, la presién y el vector de orientacién (u,p,d)
son aproximados en espacios de elementos finitos de funciones globalmente
continuas (X1, Qn, D) C (H3(Q), L2(Q), H'(Q)) y el laplaciano del vector de
orientacién w es aproximado en un espacio de elementos finitos W, ¢ L*(Q).
Los elementos finitos estdn asociados a una familia regular y quasi-uniforme
de triangulaciones {7p}p~o de Q tales que (Xj,Qp) verifican la condicién
inf-sup discreta y (W, Dy,) satisfacen D), C W, Por ejemplo, la siguiente
aproximacion verifica las hipdtesis anteriores:

Py + bubble/ Py para (X,,Qp), v Pi/P1 para (Wp, Dy).

Ademds, suponemos las restricciones (de estabilidad) sobre los pardmetros
(k,h,e):

h
im — =0.
(h,k,e)—0 €2

(S)

Entonces, el algoritmo numérico que presentamos consiste en:

Ii — =0
(h,kl,g):o h2eb Y

Inicializacién: Sea (u),dy)) € (X, D;) determinadas aproximaciones de
(w0, do), con dy)|aq = I, para Ij, una aproximacién frontera de 1.
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Etapa n + 1: Dado (u},d)) € (Xj,Dy) con dplon = I, encontrar
(UZJrl ’wZJFl) (S Xh X Wh y ( nt1 dnJrl) S Qh X Dh (COD dn+1|aQ = lh)
tal que:

’I’LJrl un
(hTh,uh —|—c(uh,uz+1 ﬁh) +V(VuZ+I,Vﬂh)

_/\((Vd") e+l ah) ( ntl g uh) =0 VYa, e Xy, o
(ph,v U”H) =0 Vpne€Qn, (7)
(u’wh>+((uzﬂ.v)dz,wh)—i—v(wzﬂ,wh) —0 Va,eWn, (8)

(Veti ™ Ven )+ (£o(dp). di) = (i dn) =0 ¥di € Do == DuNH}(Q),
(9)

donde hemos introducido la forma trilineal c(-, - ) definida por
1
c(u,v,'w) = ((u . V)v,'w) + 5 (V . uv,'w) Vu,v,w e H(Q),
la cual muestra la propiedad de antisimetria c(u,v,v) = 0 aunque @« no

verifique la condicién de incompresibilidad puntualmente. Notar que dj ' —dj! €
Dy, gracias a que el dato de contorno [ para el vector de orientacién no depende
del tiempo.

4 Estabilidad condicional

En lineas generales, tomando primero u = 2 kuZH en (6), pr = pp ™' en (7),
y luego wy, = 2 )\kw"Jrl en (8) conjuntamente con d;, = d"+1 d; € Dy, en
(9) y usando las 1gualdades

(V) wit uptt) + (wpt - Vg, wp ) =0,

(wit - vy, fo(d) + (Vi Fugdg) =0,
llegamos al siguiente resultado (ver [5] para los detalles). Denotamos por | - | a
la norma en L?(12).

Lema 1 (Desigualdad de energia discreta) Supongamos que eziste una
constante Cq > 0 independiente de (h,k,e) tal que |[u}|?> + \Vd}|?
Cq4. Entonces, existen hg > 0, kg > 0 y g9 > 0 tales que para todo
h < ho, k < ko y e < eo satisfaciendo la hipdtesis (S), la solucion
correspondiente (uZH,dZH wi ™) del problema discreto (6)-(9) wverifica la
siguiente desigualdad:

(|un+1|2 o |UZ|2) + Vk|vun+1|2 + )\(|de+1|2 o |VdZ|2)

10
+2)\/ (Fe(d™h) — Fo(d})) + Myk|wi T2 < 0. (10)
Q
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Por un proceso de induccién sobre la etapa de tiempo [5] se puede acotar

las aproximaciones (uy™, d}™') en los espacios discretos de (4) y w)™ en
L2(0,T; L*(Q)).

5 Compacidad para u y d. Convergencia del sistema en d

Eligiendo como funcién test w;, = Pyw en (8), con w € L*(Q) y P, el proyector
ortogonal en L? sobre W, y usando las estimaciones del Lema 1 y la estabilidad
en L3(Q2) de Py ([3]), obtenemos

n+1 mn
d —d <C.

L3/2(Q)

Como consecuencia de esta estimacion y de las estimaciones de estabilidad del
Lema 1, conseguimos la compacidad de la sucesion (dp ) en L2(0,T; L7(€2))
conl <r<6yl<gqg< oo, dondedyy esla funcién continua y lineal a trozos
tal que dh k 5( ) dn

Para la compamdad de la velocidad discreta {u} ™'} consideramos el espacio
de velocidades de divergencia discreta cero

Vi ={v, e Xy : (V-vh,%) =0Vqn € Qn}

Primero, se llega a las siguientes estimaciones de una derivada fraccionaria para

up ke (la funcién constante a trozos que vale up i (1) = uZJrl en (tn,tni1]):

T—6
/ ||uh7k7€(t+ 0) — uh’k)a(t)H%/;L dt < C&'? V§:0<6<T.
0

Notese que la derivada fraccionaria en tiempo para la velocidad discreta ha sido
acotada en la norma V7, la cual “se mueve” con respecto al pardmetro de espacio
h, por lo que no podemos aplicar los resultados de compacidad dados por J.
Simon en [10]. La siguiente idea es encontrar una norma, que no dependa de los
parametros de discretizacion, donde la derivada fraccionaria en tiempo pueda
ser acotada. Para ello, consideramos el espacio V = {u € H}(Q) : V-u =0}

y la proyeccién ortogonal Ry : Vi, — V' tal que (V(Rhuh — uh),Vv) =
0, Vv € V. Usando este operador Rj se prueba [5] que |Rpuplyv: <
C (h|V Sup| + Huh||V;L) y la estimacién

T—6
/ HRhuh,k,a(t + 5) — Rhuh7k7€(t)||%,, dt < C §1/2 + Ch.
0

Entonces, la convergencia fuerte de una subsucesién (Rpup o) en L?(L?)
se deduce a partir de un resultado obtenido (de compacidad por perturbacién)
por P. Azérad y F. Guillén-Gonzélez [1].

Finalmente, gracias a la aproximacién (externa) de V', a V, se tiene [5] la
convergencia fuerte de (uy, ) en L*(L?(Q)). Con las convergencias obtenidas
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hasta el momento es posible pasar al limite en el sistema (8)-(9) y obtener (u, d)
verificando (1);.

La convergencia para el sistema de momentos discreto queda condicionada
a la compacidad del Vd. Sin embargo, es posible obtener una convergencia mas
débil tal y como se hace en [2].

6 Experiencias numéricas

La siguiente experiencia numérica muestra el comportamiento dindmico de
cristales liquidos en presencia de singularidades (o puntos de defectos).
Consideremos 2 = (—1,1) x (—1,1), una triangulacién uniforme de 2 de talla
h = & y un paso de tiempo k = 555. Los pardmetros son A = v =y =1y
e =0,05.

Tomamos las condiciones iniciales wg = 0 y dy = d/\/|d|? + 0,052,

donde d = (2 + y? — 0,25,y). Obsérvese que el vector orientacién tiene dos

~

singularidades en el tiempo inicial en (£1/2,0) (puntos en los cuales d = (0,0))
como se muestra en la Figura 1. A continuacién, mostramos la evolucion de las
dos singularidades en ¢t = 0, 0.2, 0.3 y 0.4, respectivamente. Su aniquilacién se
produce en torno a t = 0,33.

Figura 1: Vec- Figura 2: Vec- Figura 3: Vec- Figura 4: Vec-
tor orientacién tor orientacién tor orientacién tor orientacién
t=0 t=0.2 t=0.3 t=0.4

En las préximas figuras mostramos el comportamiento de la energia cinética
Eoin = %Huﬁ“ H%Z(Q), la energia eldstica Eejqs = %HVdZ“ ||2L2(Q), la energia de
penalizacién Epe, = % fQ F.( ZH) y la energia total Etot = Egin + Eelas + Epen
que decae con el tiempo tal y como ocurre para la energia continua (3). En
particular, se puede observar el cambio significativo de las energias que se
produce en torno al tiempo de aniquilacién.
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cién y total
Referencias
[1] P. Azérad, F. Guillen-Gonzélez. Mathematical justification of the hidrostatic

2]

[9]

approximation in the primitive equations of geophysical fluid dynamics.
SIAM J. Math. Anal. 33 (2001), no. 4, 847-859.

R. Becker, X. Feng, A. Prohl. Finite element approximations of the Ericksen-
Leslie model for nematic liquid crystal flow. SIAM J. Numer. Anal. 46
(2008), no. 4, 1704-1731.

J. J. Douglas, T. Dupont, L. Wahlbin. The stability in L9 of the L?-projection
into finite element function spaces. Numer. Math. 23 (1974/75), 193-197.

V. Girault, F. Guillén-Gonzilez. Mized formulation, approzimation and
decoupling algorithm for a nematic liquid crystals model. In preparation.

F. Guillén-Gonzélez and J.V. Gutiérrez-Santacreu. In preparation.

C. Liu, N.J. Walkington. Mized methods for the approzimation of liquid
crystal flows. M2AN Math. Model. Numer. Anal. 36 (2002), no. 2, 205-222.

F.H. Lin, C. Liu. Non-parabolic dissipative systems modelling the flow of
liquid crystals. Comm. Pure Appl. Math. 48, (1995), 501-537.

P. Lin, C. Liu. Simulations of singularity dynamics in liquid crystal flows:
A CY finite element approach. Journal of Computational Physics 215 (2006)
348-362.

C. Liu, N.J. Walkington. Approximation of liquid crystal flows. STAM J.
Numer. Anal. 37 (2000), no. 3, 725-741.

[10] J. Simon. Compact sets in LP(0,T; B). Ann. Mat. Pura Appl., sér. IV,

CXLVI (1987), 65-96.



Bol. Soc. Esp. Mat. Apl.
n°47(2009), 99-106

STATIONARY ASYMMETRIC FLUIDS AND HODGE
OPERATOR

IGOR KONDRASHUK!, EDUARDO A. NOTTE-CUELLO?,
MARKO A. ROJAS-MEDAR!

Departamento de Ciencias Bésicas, Universidad del Bio-Bio, Chile.
2Departamento de Matemadticas, Universidad de La Serena, Chile.

igor.kondrashuk@ubiobio.cl, enotte@userena.cl, marko@ueubiobio.cl

Abstract

In this work we study a boundary value problem for a system of
equations modeling the stationary flow of a incompressible asymmetric
fluid. Based on methods of Clifford analysis, we write the system
of asymmetric fluid in the hypercomplex formulation and represent its
solution in Clifford operator terms.
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1 Introduction

In this work we consider a boundary value problem for a system of equations
modeling the stationary flow of a incompressible asymmetric fluid. Based on
methods of Clifford analysis and following the work of P. Cereijeiras and U.
Kéhler [2], where they develop a Clifford operator calculus over unbounded
domains, we write the system of asymmetric fluid in the hypercomplex
formulation and we represent the solutions in term of these Clifford operators.
The main difference between the Navier-stokes equations studied in [2] and the
system of the asymmetric fluid studied in this work is the term curl w*, where
w* is the angular velocity of rotation of the fluid particles respectively. To write
this term in the hypergeometric formulation we use the Hodge star operator.

2 Hodge operator in the Clifford Algebra approach

Let V be a vector space over the real field R of finite dimension, i.e., dimV =
n,n € N. By V* we denote the dual space of V.

We recall that the space of k-tensors (denoted T3 (V*)) are the set of all
k-linear mappings 7, such that

T Vix-- - xV* =R

99
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and a multitensor T of order m € N is an element of T'(V') where

T(V) = g@ & TW(V*)

of the form 7 = > @ 7%, with 7, € Ti(V*), such that all the components

k=0

T € Te(V*) of 7 are null for k& > m. T(V) is called the space of multitensors.

The Clifford algebra CI(V, g) of a metric vector space (V, g) is defined as the
quotient algebra
T(v)

Jg

where J, C T(V) is the bilateral ideal of T'(V') generated by the elements of the
formu@v+v®u—g(u,v), with w,v € V.C T(V). The elements of CI(V, g) are
sometime called Clifford numbers.

Let pg : T(V) — CI(V, g) be the natural projection of T'(V') onto the quotient
algebra CI(V, g). Multiplication in CI(V, g) is called Clifford product and defined
as

Cl(Vv g) =

for all A, B € Cl(V,g). In particular, for u,v € V- C CI(V, g), we have

1 1
u®v:§(u®v—v®u)+g(u,v)+§(u®v+v®u)—g(u,v)
and then
1
pg(u®v)zuv:§(u®v—v®u)+g(u,v):u/\v—i—g(u,v).

From here we get the standard relation characterizing the Clifford algebra
Cl(V,9),
uv + vu = 2g(u, v).
In that follows we take V = R", and we denote by RP'? (n = p + q) the real

vector space R" endowed with a non-degenerated metric g : R"” x R™ — R, such
that, if {e;}, (i = 1,2,...,n) is an orthonormal basis of R”*¢, we have

+1, i=j=1,...,p
gleiej) =gis=gu=4 —1, i=j=p+1,.,ptq=n
0, 1i#jJ.
The Clifford algebra CI(RP?, g) = R, ; = Cl, 4, is the Clifford algebra over R,
generated by 1 and the {e;}, (i = 1,2, ...,n) such that e? = g(e;, e;), e;e; = —eje;
(i #£j), and eq = ejeq---e, # +1.
Therefore the universal Clifford algebra Cl,, has the dimension 2".
Henceforth, each element a € Cl, 4 shall be written in the form

a=>Y asex
A
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where the coefficients a4 are real numbers.

Now, we briefly describe Hodge operator, which will be used throughout
these article. The Hodge star operator (or Hodge dual) is the linear mapping
*x: NV — A"V such that

AN*B = (A- B)1y,
for every A,B € A\"V* and where 7, is the volume element in A\"V*. The
inverse x =1 : A"7"V* — A"V* of the Hodge star operator is given by:
x = (=1 sgn(g)x,
where sgn g = det g/| det g| denotes the sign of the determinant of the matrix
(gij = g(es, e;)). A property of the Hodge star operator is
*A, = AVT_ITg = AVTTg (1)

for any A, € \"V*. Here \"V* denotes the space of k-forms, but the same
results are obtained for k-vectors, for details see [5].

Let © C R™ and I' = 09. Then functions u defined in {2 with values in Cl j,
(p =0 and ¢ = n) are considered. These functions may be written as

u(xz) = > eaua(x), x € Q.
A

Properties such as continuity, differentiability, integrability, and so on, which
are ascribed to u have to be possessed by all components u 4 (z). In this way, the
usual Banach space of these functions are denoted by C*(€2, Clo ), L4(£2, Clo 1)
and WEF(Q, Cly,,) or in abbreviated form C*(), £4(Q2) and WF(Q).

Let us now introduce the Dirac operator by

n 0
D= .
Kzz:lek 8$k

is easy prove that D? = —A, where A is the Laplacian.

We remember that the subspace of Cly, generated by the basic element
e4 with equal length £ is denoted by Cl’gm its elements being called k-vectors.
It follows that Clg,, is isomorphic to R™ (Cl,, ~ R™). In this sense, we can
identify each vector u(x) € R"™ with

u(z) =ur(x)er + -+ + un(x)e, € Clém — Clon.
Then we can calculated Du(x) when u(z) € Clj 3 — Clos, ie., if u(z) =

up(z)er + uz(x)es + ug(x)es

Du(z) = 3 e, 2wz

= ela%l(ul(x)el + us(x)es + ug(x)es)
—|—ega%2(u1(x)el + us(x)es + ug(x)es)

+es g (ur(@)er + ua(@)er + us(w)es),
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now, we can computing term to term the above equation

- 81,61 81,62 8U3 81,62 8U1
Du(z) T T 0m  Om 5—263+61/\62(8—xl ~ 9
Gus 0w Qus _ Duz (2)
ter A 63(8331 8333) teA 63(8332 8333

= —div(u*(z)) + * curl(u*(x))
where u*(z) € R3. Thus, from equation above we have
curl(u*(x)) =+ 1 div(u*(x)) + " Du(x). (3)

Now, we will show that x~*Du(z) = D x~! u(x). From eq. (3) we get (we
remember that x~1 = (—=1)"("""sgn(g)*),

*Du(z) = (—1)" " sgn(g)(— div(u*(z)))er A ez A es + curl(u*(z)).  (4)

On the other hand,

D+ ufw) = (1) sgn(g) D+ u(z) (5)
and
*u(x) = (e3 A ea)ur(z) + (e1 A esz)ua(x) + (e2 A er)ur () (6)
then
3 0
Dxu(z) =5 eka—xk((eg Ae)ur(x) + (er Aezg)ua(x) + (€2 Aer)ugsgn())
k=1
0 0 0
= (e hes hea) g —(ea hes Aer) 52+ (es Aes her) g
8u1 871/2 8u3 5u1 au2 5’113
63(3_x2 - 8_3:1) +e2(3_x1 - 8_3:3) +el(3_x3 - 8_3:2
or

D xu(z) = —div(u*(z))7y — curl(u”(z)) (7)

where 7, = €1 A e3 A e5. Thus from equation above, we have
Dxtu(e) = (=1)"" Dsgn(g)(— div(u*(2)))7
—((=1)7™ sgn(g)) curl(u*(z)) (8)
= (div(u*()))7y + curl(u*(z))

where
(=) =Dsgn(g)) eurl(u*(z)) = — curl(u*())

(=1)""sgn(g)) div(u*(z)) = —div(u*(z))
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Finally, from eqs. (4) and (8) we get that
* 1 Du(x) = Dx u(z) 9)
then, the eq. (3) can be write as
curl(u*(z)) =*"tdiv(u*(x)) + D+ u(x)
(10)
= —Se(Du(x))y + D+t u(z)

Note that the eq.(2) have scalar and bivector part, e.g., the scalar part of
Du, denoted by Sc(Du), is

Qui(z)  Oua(z)  Jus(x)

Sc(Du) = — . 11
C( u) 8!E1 6952 5:E3 ( )
In the same way we obtain Sc(uD) = —g—zi — ‘g—;‘z — ‘g—;‘g.

3 Asymmetric Fluid and Hodge Operator

Now, we consider the stationary incompressible asymmetric fluid with density
constant, a detailed study on this system in bounded domain can be viewed in
[3] (see also [4]) and exterior domains in [1]. Thus, let us denote by u*, w* and
p the velocity field, the angular velocity of rotation of the fluid particles and the
pressure distribution, respectively. The governing equations are the following:

1 20y "
—Au* + L(u* -V)u*+ —Vp= Br ol w* + fi
nly ply h
diva* =0 (12)
1 ! Apir 2ptr
—Aw* + = (u* - V)w* — 2V div w* + Hr iy = Lcurlu*—kgf.
l2 12 l2 l2

For simplicity, they will be completed with the following boundary conditions
u () =0, w"(z)=0 ondQ=T. (13)

In (12) f* and g* are known density functions of external sources for the linear
and the angular momentum of particles, respectively. The positive constants
l1,15 and [3 are given by

L

n+ Cq +Cq Co+ Cq — Cq
= ilo = sl =

P P P
where pu, -, co, ¢q and ¢4 characterize the physical properties of the fluid. Thus,

1 is the usual Newtonian viscosity; u,,co, ¢, and cq are additional viscosities
related to the lack of symmetry of the stress tensor and, consequently, to the
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fact that the field of internal rotation w does not vanish. These constants must
satisfy the inequality
co+cqg > cq-

Now, we can write the system (12,13) in the Clifford formalism with

u(z),w(zx) € 01373 — Clys

as
p 1 _ 20 -1
—Au+ —M(u) + = Dp = ——(Dx"" w — Sc(Du)7y)
'r]ll pt1 ll
ScDu =0

Aw + N w) - LD(Se(Dw)) + Ly = e p 1y
lQ lQ 12 12

u=0, u=0 ondQ=TI.
where we using the eq.(10) and

M(u) = [Sc(uD)lu — f;  N(u,u) = [Sc(uD)]u —g;.

4 Hodge operator and Projections

Now, we recall without proof the theorems and operators introduced in [2]. Let
a fixed point z lying in the complement of the closure of 2, which contains a
non-empty open set. Then we can consider the operator

Tf(y) = [y K. (2, y)f(2)dQ, (15)

with K.(z,y) = G(r —y) — G(x — z), and where G(x) is the so-called
generalized Cauchy kernel, which is left-and right-monogenic function, i.e.,
(DG)(z) = (GD)(z) = 0. This operator is a continuous mapping of W¥(Q2)
in WHL(Q), 1< ¢ <oo, k=0,1,.. and is bounded operator of W, *(Q) in
L4082, 1<g< 0.

Theorem 1 (Borel-Pompeiu’s formula) If f € W}(Q), 1 < ¢ < oo then
we have

Frf = f —TDf,
with _
Frf= prz(xvy)a(m)f(x)drr

where o(x) is the outward pointing normal unit vector to I' at the point x.
Proposition 2 If k € N then the operator
Fr: WEY9T) — WF(Q) Nker D

18 a continuous operator.
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Theorem 3 (Plemelj-Sokhotzki’s formula) If f € W;([), 1 < ¢ <
00,1l > 0, then we have

_ 1 1~
trivf = §f + §5Ff,

whereby
Srf =2 K.(z,y)a(z)f(x)dl,

is the singular integral operator of Cauchy type over the boundary.

Theorem 4 The space L4(Q), 1 < ¢ < oo, allows the direct decomposition

L,(Q) =ker D(Q) N Ly(Q) B D(V?/;(Q))
The above theorem allows get the projections
P:L,(Q) = ker D(Q) N Ly(N)
and .
Q: L4(Q) — DWW,y (),
for q = 2 these projections are orthoprojections. Moreover, in [2] show that
Qf =DA;'Df

where Aal, is the solution operator of the Dirichlet problem of the Poisson
equation with homogeneous boundary data

—Au = f inQ,
u =0 onl

forfEWq_l(Q),l<q<oo.

Theorem 5 Suppose f,,g, € W;l(Q), p € Ly(Q,R), 1 < g < oo; then any
solution of the system (14) has the representation

20y
1

u+ L TQTM(u) + LTQp =

nih o (TQ+! w = TQT(Se(Dw))ry)

4p
ly

w + %TQTN(u, w) — ?TQ(SC(D'LU)) + L TQTw = 2lﬂr TQ+ ' u
2 2 2

20y

l

2y
I

Scn%QfM(u) + Se-LQp = Sc=LQT (x1w) — Se
1

oh QT(SCD’LU)TQ

Proof. Recall that Qf = DAalDf and fo(y) = f(y), and the Borel-
Pompeiu’s formula

- - 0!
TDu =u— Fru = u, ue W, ()
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we can write
TQTDDu = T(DA;'D)TDDu = TDA;*DDu = TDu =u.  (16)
On the other hand,

TQT(D ' w — Se(Dw)ry) =TQTD » ' w —TQT(Sc(Dw))7g
(17)
= TQ+ ' w — TQT(Sc(Dw)),,

then by applying the TQT operator to system (14) and using the formulas (16)
and (17) we obtain the expected result. O

Acknowledgments

I. Kondrashuk was supported by Fondecyt (Chile) grants #1040368, #1050512
and by DIUBB grant (UBB, Chile) #082609. E.A. Notte-Cuello was supported
by Direccién de Investigaciéon de la Universidad de La Serena, DIULS. M.A.
Rojas-Medar was partially supported by DGI-MEC (Spain) Grant MTM2006-
07932 and Fondecyt Grant #1080628.

References

[1] Durdn, M.; Ortega-Torres, E.; Rojas-Medar, M. Stationary solutions of
magneto-micropolar fluid equations in exterior domains. Proyecciones 22
(2003), no. 1, 63-79.

[2] P. Cerejeiras and U. Kahler: Math. Meth. Appl.Sci., 23, 81-101, (2000).

[3] G. Lukaszewicz, On stationary flows of asymmetric fluids, Volume XII,
Rend. Accad. Naz. Sci. detta dei XL, 106, 1988, 35-44.

[4] G. Lukaszewicz Micropolar Fluids. Theory and Applications, Modeling and
Simulation in Science, Engineering and Thecnology, Birkhauser, Boston
(1999).

[5] W. A. Rodrigues, Jr. and E. Capelas Oliveira: The Many Faces of Mazwell,
Dirac and Finstein Equations. A Clifford Bundle Approach, Lecture Notes
in Physics 722, Springer, New York, (2007).



Bol. Soc. Esp. Mat. Apl.

Je
n°47(2009), 107135 PREMIO SeMA JOVEN INVESTIGADOR

NUMERICAL ANALYSIS OF SOME EXTERIOR PROBLEMS,
MIXED METHODS AND A POSTERIORI ERROR ANALYSIS
IN FLUID MECHANICS AND ELASTICITY

MAR{A GONZALEZ TABOADA

Departamento de Matematicas
Universidad de A Corufnia

mgtaboad@udc.es

Abstract

This paper contains a brief description of various problems in the field
of numerical analysis of partial differential equations. First, some results
concerning the numerical analysis of boundary value problems in exterior
domains of the plane are reviewed. Then, the derivation of dual-dual
mixed variational formulations in fluid mechanics is explored. Finally,
some results related to a posteriori error analysis in linear elasticity and
a new augmented formulation in elasticity are discussed.
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1 Introduction

The aim of our research is to design and analyze efficient numerical methods that
could be used to solve boundary value problems for partial differential equations
in practice. We have dealt with problems in exterior domains, including linear
and nonlinear elliptic and parabolic-elliptic equations and some problems in
elasticity. We also coped with some models from fluid mechanics and elasticity
in bounded domains.

The numerical solution of boundary value problems in exterior domains
combining boundary elements and finite elements present several difficulties
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in practice.  Indeed, these methods lead to ill-conditioned and badly
structured systems of equations, and the computation of the boundary terms
is cumbersome when the coupling boundary is a polygonal curve. Moreover,
in this case we do not know how to control the effect of numerical quadratures
on convergence. These facts motivated the work described in section 2. We
present there a parametrized version of the standard symmetric method of
coupling boundary elements and finite elements. This technique offers some
advantages to solve a class of problems posed in exterior domains of the plane
and has been applied to several nonlinear problems and to the elasticity system
(cf. [43, 58, 57, 44]).

Later, we became interested in the derivation of mixed methods in fluids
mechanics when the constitutive law cannot be inverted explicitly. Dual-dual
methods are of special interest in this situation since no inversion process is
required in their derivation. They had been applied to some linear and nonlinear
problems in potential theory and elasticity (cf. [32, 35, 3, 40]). In [29] we derived
a low-order mixed finite element method based on a dual-dual formulation for
a class of quasi-Newtonian Stokes flows. In particular, we obtained, as a by-
product, a new mixed finite element method for the usual Stokes problem. We
carried out an a posteriori error analysis, based on local problems, and obtained
fully explicit and reliable a posteriori error estimates of the accuracy of the
computed numerical solution (see [30]). Then, we applied the approach from
[29] to derive a low-order mixed finite element method for the generalized Stokes
problem and developed the corresponding a posteriori error analysis (see [11]).
In section 3, we review the derivation of dual-dual mixed formulations for quasi-
Newtonian Stokes flows and for the generalized Stokes problem.

More recently, we turned our attention to an augmented mixed finite element
method proposed in [27] for the linear elasticity system in the plane. We
developed a residual-based a posteriori error analysis (see [4, 5]), combining a
technique used in mixed finite element schemes with the usual procedure applied
to primal finite element methods, and obtained a posteriori error estimators of
residual type that are both efficient and reliable. In the last section, we outline
the proof in the case of pure homogeneous Dirichlet boundary conditions.

2 Symmetric coupling of boundary elements and finite elements for
solving exterior problems in 2D

Many physical and engineering problems are naturally posed in the exterior
of a bounded domain; typical applications arise in electromagnetism and
acoustics. The finite element method (FEM) can be used to solve nonlinear
and nonhomogeneous boundary value problems; however, it can only be applied
in bounded regions. On the other hand, the boundary element method
(BEM) is well suited to solve problems in unbounded domains since it is
based on the idea of reducing the partial differential equation to an integral
equation on the boundary, yet it has the drawback that the equation must be
linear, homogeneous and with constant coefficients. BEM-FEM methods were
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conceived with the aim of making the most of both techniques to solve boundary
value problems in exterior domains (cf. for instance [74, 75]).

When a boundary value problem in an exterior domain is solved using a
BEM-FEM method, an artificial boundary —called the coupling boundary— is
introduced in order to divide the domain of the original problem in two regions:
a bounded interior region and an unbounded exterior one, so that the equation
is linear, homogeneous and with constant coefficients in the latter. Then, the
problem can be written equivalently as a transmission problem, demanding that
the solution satisfy appropriate conditions on the coupling boundary. Next, the
BEM is applied in the unbounded region and the problem there is reduced to an
integral equation on the coupling boundary. Then, the original problem reduces
to a problem in the bounded region with non-local boundary conditions on the
coupling boundary, and can be solved using the FEM. Finally, the solution in
the exterior region is recovered through the integral representation formula.

To fix ideas, let us consider the Poisson problem in an exterior domain of R2.
Let ©, C R? be a bounded domain. We assume, for simplicity, that Ty := 08 is
a polygonal curve, and denote by Q/, := R?\ Q,. Given f € L%(Q), of compact
support, we look for a function u: €, — R such that

—Au = f in Q,
u = 0 on FO) (]‘)
u = 0O(1) as  |x| — +o0.

Let T be a simple closed curve such that the support of f and the domain €,
are contained in the region bounded by I'. The coupling boundary I" divides the
domain of the original problem, ), in two regions: a bounded interior region,
that we denote Q~, and the unbounded region exterior to I', that we denote Q.
The limit or trace over I' of a function v defined in QF (resp., 27) is denoted

Figure 1: Domain of the transmission problem

by v* (resp., v™). Finally, n denotes the unit normal vector to I', pointing from
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Q™ to QF, and t denotes the tangent vector.
Then, problem (1) is equivalent to a transmission problem, which consists
of a problem posed in 27:

{—Au = f in Q7

u = 0 on Iy,

(2)

and an homogeneous problem in QF:

—-Au = 0 in QF, 3)
u = O1) as |x|— +oo,

coupled by means of transmission conditions on the coupling boundary I':

u~  OuT
_ + v _ov
On On (4)

The variational formulation of problem (2) reads: find w € V' such that

a(u,v) — F% voo= Qifv Yv eV, (5)

where V := {v € HY(Q7) : v|r, = 0} and a(u,v) : / Vu-Vu.

On the other hand, Green’s formula applied in Q7 to the solution to
problem (3) and the fundamental solution of the bidimensional Laplacian,
G(x,y) = —% log |x — y|, yields the following integral representation formula
for u in Q* (cf. for instance [19]):

o) = [ ut <y>6G"y o [ 6ty o ) doy +uw YxeQb (6)

The first integral in (6) stands for the double layer potential with density u™
whereas the second integral represents the single layer potential with density
%Jr. The constant u, accounts for the asymptotic behavior of w at infinity
and can be computed from the trace of u and its normal derivative on I' (see
[64]).

We remark that, once we know u* and %Jr, the solution to problem (3) can
be computed in any point of QT using (6). Therefore, taking into account the
transmission conditions (4), to solve problem (1) it is enough to determine the
solution in the bounded domain Q~ and its normal derivative 2 I - We need an
additional condition relating these two unknowns. A usual choice is to consider
the integral equation derived from (6) as x tends to I' (cf. [19]):

u:lau—V—n+uoo on T, (7)

where K and V denote, respectively, the double layer and the single layer
operators, formally defined as the corresponding potentials. On the other hand,
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the asymptotic behavior of u at infinity and (6) imply that [, g—g do = 0. Then,
the integral equation (7) can be tested with functions of zero mean on T, so
that the constant u, disappears (it can be recovered testing (7) with a constant
function).

Equations (5) and (7) are the basis of the BEM-FEM method analyzed in [48]
by C. Johnson and J.-C. Nédélec. Until very recently (see [65]), it was thought
that this method only worked well if the double layer operator K was compact.
As a result, the choice of a smooth coupling boundary I' was mandatory for
the Laplace equation. In other applications, such as linear elasticity (where
the double layer operator is never compact), this formulation is not used. In
addition, this procedure leads to nonsymmetric systems of linear equations. For
these reasons, M. Costabel [21] and H.D. Han [46] introduced the symmetric
method of coupling boundary elements and finite elements. This method is
based on adding a second integral equation on the coupling boundary:

10u —~  ~,0u

§%=—WU—K8—H OHF,
where W is the hypersingular operator and C* is the adjoint of the double layer
operator. We recall from [49] that, for the Laplacian, the hypersingular operator
can be expressed in terms of the single layer operator as follows:

In the symmetric method, the compactness of the double layer operator does
not play any role. Then, it is possible to choose a polygonal curve as coupling
boundary and this is, in fact, what all the authors do. However, this choice
leads to additional difficulties in the approximation of the boundary terms,
that include integrals with singular kernels. Moreover, in this case we do not
know how to analyze the effect of numerical quadrature on convergence.

In [43], we followed [56] and choose a smooth coupling boundary I'. Using
a parametrization of I', we obtain a new version of the symmetric method
for exterior boundary value problems in the plane. The new formulation is
equivalent to the standard symmetric method introduced in [21, 46], but allows
to approximate the singular integrals from the boundary element method using
only low order quadrature formulas. In addition, with this approach it is possible
to analyze the effect of numerical quadrature on convergence, which is in fact
the main contribution in [43].

In what follows, we assume that I' is of class C> and let «: R — R? be a
1-periodic parametrization of I'. We consider the 1-periodic Sobolev space of
index 1/2, defined by

2= {oe L20,1] ; i (1+m?)/2 |g(m) 2 < oo},

where ¢(m) = fol ¢(s)e=2™ms ds for m € Z, are the Fourier coefficients of ¢.
We denote by H~'/? the dual space of H'/?, and by (-,-) the duality product
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between H~/2 and H'/2. We consider parametrized versions, V and K, of
the single and double layer operators (cf. [43, Section 1.2]), that inherit the
properties of the standard ones. Indeed, V: H='/2 — H'/? is continuous and
elliptic on Ho_l/2 ={n € H'? . (n,1) = 0}, and K: H/? — HY? is
compact.

Then, introducing the parametrization @ in the integrals over I" that appear
in the symmetric method, we derive a new continuous BEM-FEM formulation,
equivalent to the one introduced in [21, 46]:

find u € V and & € H, '/* such that
a‘(uv U) + d(ua ’U) - C(U7 5) = (fa U)LQ(Q_) VveV (8)
c(u,n) +b(Emn) = 0 Vi€ Hy 2

where, for simplicity, we substitute the unknown %Jr by £ := |x/| (g—ng o x),
and for any &,n € H™'/? and w,v € HY(Q"), define b(&,n) = (n,VE),
d(u, v) == b(y(u)’,7(v)") and

6@m%=<m<%I—K)%W),

where v : H'(Q~) — H'/? is the parametrized trace, that extends the map
u — y(u) := u|pr o ®. Existence and uniqueness of a solution to (8) are a
consequence of Lax—Milgram’s Lemma and the properties of the single and
double layer operators.

In [43] the discrete problem is defined using a regular family of exact
triangulations {7, }, of the bounded domain Q= (cf. [73]), that contains
straight triangles and triangles with exactly one curved side (the one that fits
the coupling boundary). The corresponding finite element subspaces, Vj, C V,
are defined using Lagrange curved finite elements of order one on the curved
triangles combined with Lagrange finite elements of the same order over the
straight triangles, so that global finite element functions are continuous in Q.
To approximate the unknown &, a family of subspaces H), C H; 1/2 consisting
of 1-periodic splines of order one over a uniform partition of the real line,
s; :=th, i € Z, are used. Using interpolation error bounds on curved triangles
and an approximation result from [68] we derive optimal error estimates. We
remark that this method can be generalized without any difficulty to higher
order approximations. It is also possible to consider different approximating
functions on an independent mesh of the boundary; for instance, we could use
trigonometric polynomials (see [59, 60]). On the other hand, the use of ideal
triangles could be avoided (see [64]).

In practice, it is not possible to compute exactly some coefficients of the
linear system obtained from the discretization process and it is necessary the
use of quadrature formulas. We describe next the quadrature formulas used to
approximate the integrals of the discrete problem:
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o Integrals over a triangle T € T, . We consider a quadrature formula of
order zero over a reference (straight) triangle and define the corresponding
formula over a triangle T' € 7, through a change of variables. In this way,
we define approximations ay (-, ) and [, (+) of the bilinear form a(-,) and
the linear form I(-) := (f,-)z2(q-), respectively.

o Approximation of the bilinear form b(-,-). The single layer operator, V,
shows a singularity of logarithmic type. Then, to approximate the
associated bilinear form, b(-,-), we decompose the integrand as in
G.C. Hsiao et al. [47], so that it can be written as a sum of a C* function,

=(s) — ()
F(S, t) — IOg W if s 7& t,
log |2/ (s)]? if s =t,

and a term that can be computed exactly. Let 5 be a quadrature formula
of order one on the unit square. Then, the bilinear form by, : Hp x H, — R
is defined by

b (& 1n) - Z Enl(si—rs0) Ml (siers0)li Y Enamn € Ha,

i,j=1

where, for i,7=1,..., N,

bij = _E h? (o(F(si—1 + h+,sj-1 + h-)) +logh® + B;_;),

with
(i, 7) if i —j| < N/2,
(4,§) =4 (G,j+N) if i—j5>N/2,
(i,j— N) if j—i> N/2,

and By = —3, By = 4log(2) — 3 and for k > 2,

- 1 1
B = 2log(k) - Zl n(n+1)(2n+1) k2

o Approximation of the bilinear form d(-,-). We define the bilinear form
dh: Vh XVh—>Rby

n(wn,vn) E yu(si)yu(s;) dij Y up, v € Vi,
3,j=1

where, fOI‘ Z,j = 1, ceey N, di’j = (b@j — Bi,j+1 — BH‘Lj =+ 61'4_17]‘4_1)/]7,2.
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e Approximation of the bilinear form c¢(-,-). Let v, € V},, and n, € Hy,. We
remark that v(vp,) € T, where

Ty := {nn € C(R) ; ny 1-periodic and  np|(s,_, s,) €P1 Vi € Z}.

Let {I;}}¥, be the nodal basis of T},. We compute (ns,yvp) exactly, so
that it only remains to approximate the coefficients

S
Cij *= /
5

j— Si—1

Si+1
( K(s,t)l;(t) dt) ds i,j=1,...,N,

where K (-,-) is the kernel of the double layer operator K. Since K (-, ) is
a function of class C*°, we can use {5 to define the approximations

51'7]' = hzéz (K(Sj_1+h', 5i—1+h')l¢(Si—1+h')+K(Sj_1+h', SH—h)lZ(SZ—f—h)),
Then, we define the bilinear form ¢ : Vj, x Hp, — R by

N
h
cn(vn,mr) == ZZ (vo(sj—1) + yv(s;)) Z Ny (8:)Ci j -

7,j=1

We proved in [43] that the fully discrete scheme based on these
approximations:

find uj, € V3 and & € Hj, such that

lh(Uh) Yo € Vp (9)
0 Vnh S Hh

an(uy,,vn) + dn(uj, vn) — cn(vn, &)

cn(uy,nn) + bu(&h s mn)

is well posed for h sufficiently small and derived optimal error estimates. More
precisely, if f € W1 (Q~) and u € H?(27), then there exists a constant C' > 0,
independent of h, such that

lu —upll -y + 1€ = Ehll =172 < Ch <||U||H2(Q) + |f|W1~°°(Q))-

The fully discrete scheme (9) can be implemented in the computer directly.
However, this method leads to a system of equations of the form:

("e” 5 () =), (10

where A and B are symmetric and positive definite matrices, and D is symmetric
and semidefinite; moreover, A is a sparse matrix whereas B, C' and D are dense
matrices. Therefore, one has to solve a symmetric indefinite linear system of
equations which, in addition, is ill-conditioned and badly structured. The use
of an efficient iterative solver is then necessary.
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We proposed an algorithm based on a preconditioning technique due to
J.H. Bramble and J.E. Pasciak [7]. The idea is to transform the original
system (10) into an equivalent one, with a symmetric and positive definite
matrix in a certain inner product. Indeed, let R be a preconditioner of matrix A.
Then, the system of linear equations

R~YA+ D) R-IC! w\ [ R "
CRYA+D)-C B+Cr'ct)\¢& )~ \Cr )" (11)

is equivalent to system (10). We proved that the matrix of the linear system (11)
is symmetric and positive definite in the inner product

KZ:) ’ (Uh)] = ((A+ D — R)un,vn)r2(a-) + (§nsh)-

Mh

Therefore, (11) can be solved by a preconditioned conjugate gradient method
in the inner product [-,-]. Moreover, using Theorem 1 in [7], we showed that
(11) can be preconditioned easily using only a preconditioner P of B (cf. [43]
for more details).

This technique allows to uncouple the problem, since in each iteration we
solve independently a problem using BEM and another problem using FEM.
The method requires two preconditioners, one for the FEM stiffness matrix A
and another one for the matrix associated with the single layer operator, B.
Numerical experiments confirm the theoretical results and show that the algo-
rithm is optimal in the sense that the number of iterations is independent of
the discretization parameter.

Extension to nonlinear elliptic problems. The standard symmetric
method was applied successfully to nonlinear boundary value problems that
become homogeneous and linear with constant coefficients outside a bounded
region (cf. [23, 37]). In these extensions, the error analysis is done assuming that
the nonlinear operator is strongly monotone and Lipschitz-continuous, since in
this case a Céa-type estimate is available. The parametrized version of the
symmetric method can be extended fairly straightforward to this case (cf. [43]).
The analysis of the continuous problem follows [37] and is based on the theory
of monotone operators and Banach Fixed Point Theorem. The analysis of the
discrete problem, based on a Céa type estimate, required to prove a technical
result on the approximation in Sobolev spaces of non-integer index (which is
a generalization of a result given in [70]). In addition, we analyzed a fully
discrete scheme defined using only low order quadrature formulas. The analysis
relies on a Strang-type inequality and on the analysis of the effect of numerical
quadratures in the FEM for a nonlinear equation (cf. [25]).

On the other hand, J. Xu [71] introduced a technique to carry out the nu-
merical analysis of nonlinear problems in bounded domains without using a
Céa estimate. The idea is to linearize the nonlinear partial differential equa-
tion around an isolated solution and consider the finite element discretization of
the linearized problem. In [58] we extended this technique to analyze exterior
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nonlinear problems without using discrete Green functions, at the expense of
certain restrictions in the type of nonlinearity. We cannot deal with the general
case because we do not know bounds for discrete Green functions associated
with BEM-FEM formulations. Existence of a solution to the discrete problem
and error estimates are derived applying Brouwer’s Fixed Point Theorem; lo-
cal uniqueness is also proved. The main contribution is the analysis of a fully
discrete nonlinear BEM-FEM formulation without using Strang’s lemma. We
proved that the method described in [71] can be completed in this case to study
the effect of numerical quadratures on convergence. This question remained
open even in the bounded case and still is for a general nonlinear equation.

Nonlinear parabolic-elliptic problems. In [22], M. Costabel et al. applied
the symmetric method to an exterior linear parabolic-elliptic problem. They
used the Crank—Nicolson method for the time discretization and proved conver-
gence of the solutions to the discrete schemes and theoretical error estimates.
In [44], we applied the parametrized version of the symmetric method to a non-
linear parabolic-elliptic problem in the plane. This kind of problems appears in
the modeling of quasi-stationary electromagnetic fields. The discrete problem is
defined using the backward Euler method for the time discretization and an ex-
act triangulation of the bounded domain. The analysis follows essentially [72]:
existence, uniqueness, convergence of the discrete solutions and optimal error
estimates are derived assuming that the nonlinear operator is strongly mono-
tone and Lipschitz-continuous. In addition, we proposed a fully discrete scheme
using only quadrature formulas of low order and, under some additional condi-
tions on the nonlinear operator, proved that the order of convergence is optimal.

Extensions to elasticity. In [23, 36|, the symmetric method was applied to a
problem of three-dimensional elasticity theory, where an elastoplastic material
is embedded into a linear elastic material. In two dimensions, this problem
was analyzed in [16]. In [57] we generalized the parametrized version of the
symmetric method to study an homogeneous isotropic linear elastic material in
an exterior domain of the plane. In this case, the solution in the exterior region
is given by Betti-Somigliana’s formula (cf. [19]), and can be computed once we
know the values of the solution and its traction on the coupling boundary. We
solved the difficulties that result from the singularities of the integral operators
and proposed a fully discrete scheme based on the use of quadrature formulas of
low order. Optimal error estimates are derived and a preconditioning technique
based on that of [7] is suggested to solve the corresponding linear systems. In
[43] we showed that this technique can also be applied to the problem considered
in [16] and proposed a fully discrete scheme that entails a great computational
saving.
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3 Dual-dual mixed methods in fluid mechanics

In this section we recall a dual-dual mixed finite element method to solve
a class of quasi-Newtonian Stokes flows and discuss its application to the
generalized Stokes problem. Mixed finite element methods are widely used to
solve boundary value problems because they allow to approximate unknowns of
physical interest directly. The standard mixed finite element method introduces
the flux as an additional unknown; then, the gradient is expressed in terms of
the flux and an integration by parts is done (cf. for instance [8, 42]).

When the constitutive law cannot be inverted explicitly, two basic strategies
are available to obtain a mixed formulation. One possibility consists in inverting
the constitutive law using the implicit function theorem (cf. [61, 62, 51]).
The other strategy is based on introducing additional unknowns (preferably of
physical interest) and rewriting the problem as a twofold saddle point operator
equation, that is, the left-hand-side of the operator equation shows the following

structure:
<g %) with A= (gi %1), (12)

where B and B; are linear bounded operators and A; is a nonlinear operator.
This kind of formulations are called dual-dual formulations. It is important
to emphasize that no inversion process is required in their derivation, which
constitutes one of their main advantages.

Although the structure of (12) is very similar to the standard one, results
from [52, 53, 66] cannot be applied. Fortunately, the standard theory of
Babuska-Brezzi was generalized in [26] to deal with this kind of problems (see
also [35]). On the other hand, this type of formulations leads to the solution
of linear systems with a twofold saddle point structure, which are symmetric,
indefinite and ill-conditioned. Efficient iterative solvers are already available
(see [34, 32, 33]).

Dual-dual formulations were introduced in the context of coupling mixed
finite elements and boundary elements (cf. [31, 39, 33, 26]). The first dual-dual
method for a finite element discretization was analyzed in [32], where a linear
second-order elliptic equation in divergence form is considered and, besides the
scalar unknown u and the flux, the gradient Vu is introduced as a third explicit
unknown!. Then, this technique was applied in [35] to obtain a fully discrete
dual-dual formulation of a nonlinear elliptic problem in divergence form. Dual-
dual formulations were also used in nonlinear elasticity, where the strain tensor
is introduced as additional unknown (cf. [3] for a dual-dual formulation of a
hyperelastic material and [40] for the incompressible case).

Concerning the derivation of dual-dual formulations in fluid mechanics, we
considered in [29] a class of quasi-Newtonian Stokes flows, and extended the

IThe idea of introducing the gradient as an additional unknown was suggested by
G.N. Gatica and W.L. Wendland [41] in the context of coupling mixed finite elements and
boundary elements. It was also used in T. Arbogast et al. [1] and in Z. Chen [17, 18], where
it was called expanded mized finite element method. Additional variables are also used in
least-squares finite element methods (see, e.g. [13]).
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procedure in [11] to the generalized Stokes problem. The mixed finite element
methods proposed in [29, 11] simply rely on the introduction of the flux and the
tensor gradient of the velocity as additional unknowns. Then, the variational
formulation is written as a twofold saddle point operator equation, so that the
abstract theory developed in [26] can be applied to prove that the continuous
and discrete schemes are well posed. In particular, we showed that the stability
of the Galerkin schemes can be ensured using only low-order finite element
subspaces. We remark that the usual Stokes equations are included in the class
of problems considered in [29], so that we obtained, as a by-product, a new
mixed finite element method for the Stokes problem.

Next we describe the derivation of a low-order mixed FEM based on a dual-
dual formulation for quasi-Newtonian Stokes flows. We let €2 be a bounded
domain in R? with a Lipschitz-continuous boundary I, and consider a nonlinear
Stokes fluid occupying the region {2 under the action of an external force. Let
1 : RT — RT be the nonlinear kinematic viscosity function of the fluid. Given
f € [L?(Q)]? and g € [H'/%(I")]?, we look for the velocity u := (u1,u2)* and the
pressure p such that:

—div(¢¥(|Vu|)Vu — pI) = f in €,
diviu) = 0 in Q, (13)
u = g onT.

We recall that the Dirichlet datum g must satisfy the compatibility condition

/Fg-nds:O, (14)

where n is the unit outward normal to I'.

This kind of nonlinear Stokes problem arises in the modeling of a large
class of non-Newtonian fluids (biological fluids, lubricants, paints and polymeric
fluids among others). In particular, the Ladyzhenskaya law for fluids with large
stresses (see [50]), the power law used to model many polimeric solutions and
melts (see [45]), and the Carreau law, used to model viscoplastic flows and
creeping flow of metals (see, e.g. [54, 67]), are included in this framework.
For the nonlinear model satisfying the power law, a dual-mixed variational
formulation based on inverting the relation & = (|Vu|)Vu to obtain Vu as
an explicit function of & was studied in [55]. However, this procedure cannot
be applied to the Carreau law since in this case such explicit inversion formula
is not available.

To derive a dual-dual mixed variational formulation for the boundary value
problem (13), we introduce the flux, o := ¥(|Vu|) Vu — pI, and the tensor
gradient of the velocity, t := Vu, as additional unknowns. Let us denote by
P(r) := (Y(|r|) 745), for all r € R?*2. Then, the nonlinear constitutive law and
the equilibrium equation become, respectively,

oc=vy({t) —pI and —div(o)="f in Q. (15)

In addition, since div(u) = tr(Vu), the incompressibility condition can be
rewritten as tr(t) = 0 in Q. Multiplying the relation t = Vu by a tensor
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T, integrating by parts, using that u = g on I' and testing appropriately the
equations in (15) and the incompressibility condition, we obtain the following
mixed variational formulation of (13): find (t,0,p,u,§) € [L?(Q)]**? x
H(div; Q) x L?(Q) x [L?(2)]?> x R such that

/Qw(t):s—/ﬂcr:s—/ﬂptf(s) = 0,
_/QT;t_/thr(t)—/Qu-div(r)—i—é/ﬂtr(r) —(tn,g)r, (16)

_/Qv-div(o)Jrn/Qtr(o) = /Qf'va

for all (s,7,q,v,n) € [L*(Q)]*>*? x H(div;Q) x L?(Q) x [L*(Q)]*> x R. We
introduce in (16) the additional unknown &, which is a Lagrange multiplier
associated with the restriction [,tr(e) = 0, added to ensure uniqueness
(see [8]). Actually, we know in advance that £ = 0, but we keep this artificial
unknown to ensure the symmetry of the whole formulation.

Next, we remark that (16) has a twofold saddle point structure. Indeed,
let us introduce the spaces X; := [L%(Q)]**2, My := H(div;Q) x L?(Q) and
M :=[L*(2)]* x R, and define the operators A; : X1 — X|, By : X1 — M] and
B : M, — M’ as follows:

)5 [ ww)s, Bl [ 7= [ qu)

Bﬁﬂﬂmmk=—/

Q

vediv(r) + 1 [ ().

Q

for all r,s € Xy, (7,q9) € M; and (v,n) € M, where [,-] stands for the
duality pairing induced by the corresponding operators. Then, with the previous
definitions for Ay, By and B, (16) can be written as an operator equation with a
matrix operator of the form (12). Under suitable assumptions on the nonlinear
kinematic viscosity function v (see equations (1.2) and (1.3) in [29]), we proved
that the continuous formulation (16) is well posed. The proof reduces to show
that the hypotheses of Theorem 2.4 in [26] are satisfied.

In order to define the corresponding mixed finite element scheme, we assume
for simplicity that ' is a polygonal curve, and let {7} },~0 be a regular family
of triangulations of (2 by triangles T' of diameter hy such that h := max{ hr :
TeTytand Q =U{T : T € T,}. Foreach T € T, we let RTo(T) be the
local Raviart-Thomas space of lowest order and, for any non-negative integer
k, we denote by Pg(T") the space of polynomials defined on T of degree < k.
Then, we introduce the following finite element subspaces:

Xip={s € [L*Q)** : s|p € [Po(T)]*** VT €T},
M7, = {7 = (mi;) € H(div;Q) : (1i12 72)*|r € RTo(T) i =1,2, VT € Tp},
M, ={qe L*(Q) : qlr € Po(T) VT €Ty},



120 Marfa Gonzdlez Taboada

MP = {ve[l*(Q) : v|r € [Po(T))? VT €T}

We showed that the corresponding Galerkin scheme has a unique solution
(th,Oh,ph,un, &n) € Xip X th X M{”h x M* x R. Furthermore, using a
Céa estimate and the approximation properties of the subspaces X 3, Mg .
Mﬁ n and M, that follow from classical error estimates for projection and
equilibrium interpolation operators (see e.g. [63]), we obtained the following
rate of convergence. If t € [H'(Q)]**%, o € [HY(Q)]**?, div(o) € [H(Q))?,
p € HY(Q) and u € [H*(Q)]?, then there exists C' > 0, independent of h, such
that

(b0, p,10,€) = (60,0 2o was )| < Ch (s e+

Hlo iz @zxz + [div(o)| a2 + [Pl a @) + ||uH[H1(Q)]2)-

Recently, V.J. Ervin et al. [24] recasted the formulation introduced in [29]
in appropriate Sobolev spaces, providing tighter error estimates for the
approximate solution and showing that higher-order approximating spaces can
be used.

On the other hand, the application of adaptive algorithms based on
a posteriori error estimates usually guarantees the quasi-optimal rate of
convergence of the finite element solution to a boundary value problem. These
techniques are specially useful for nonlinear problems, where no a priori hints on
how to build suitable meshes are available. As shown in [3, 40], the combination
of the usual Bank-Weiser approach from [2] with the analysis from [9] and [10]
allows to derive fully explicit and reliable a posteriori error estimates for dual-
dual variational formulations. In [30] we followed [3] and obtained reliable and
quasi-efficient a posteriori error estimators for the nonlinear Stokes problems
analyzed in [29]. Numerical experiments illustrate the performance of the mixed
finite element scheme and confirm the reliability and quasi-efficiency of the
a posteriori error estimators. They also show that the associated adaptive
algorithm is much more efficient than a uniform refinement procedure.

As we mentioned before, in [11] we applied the approach from [29] to
derive a low-order mixed FEM for the generalized Stokes problem. The
generalized Stokes problem is a Stokes-like linear system with a dominating
zeroth order term. This problem arises naturally in the time discretization
of the corresponding non-steady equations and hence, plays a fundamental
role in the numerical simulation of viscous incompressible flows (laminar and
turbulent). Indeed, the most expensive part of the solution procedure for the
time-dependent Navier-Stokes equations reduces to solve the generalized Stokes
problem at each nonlinear iteration. Given f € [L%(Q)]? and g € [HY/%(I")]?,
we look for the velocity u := (u1,u2)* and the pressure p of a fluid occupying
the region €2, and such that

au—vAu+Vp = f in Q,
div(u) = 0 in Q, (17)
u = g onT.
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where v > 0 is the kinematic viscosity of the fluid, that we assume constant,
and « is a positive parameter proportional to the inverse of the time-step (we
may assume, without loss of generality, that « > v). We recall that, due
to the incompressibility of the fluid, the Dirichlet datum g must satisfy the
compatibility condition (14).

Now, we proceed as in [29] and introduce the tensor gradient of the velocity
t := Vu and the flux o := vVu — pI as additional unknowns in 2. In
this way, we obtain a mixed variational formulation of problem (17) that
shows a twofold saddle point structure (see (12)). Indeed, let us define the
spaces X1 = [L?(Q)]**% x [L3(Q))?, My = H(div;Q), X := X; x M; and
M := L*(Q) x R, and the operators A; : X; — X, By : X1 — M/ and
B : X — M as follows:

[A1(s, V), (r,w)] :ZZ//QSII‘—FOé/QV'W,

Bis.v).r)i= = [ ros— [ divir).
(Bs.v.7), (@)= = [ ats)+1 [ u(n),

for all (s,v),(r,w) € Xy, 7 € M; and (¢,n) € M. Then, the variational
formulation of (17) can be set equivalently as: find ((t,u,o),(p,§)) € X x M

such that .
(5 5) (%) - (5), "

where A is defined as in (12) and [F,(s,v, )] := [,f-v — (tn,g)r. Using
the abstract theory from [26], we proved that problem (18) has a unique
solution ((t,u,o),(p,£)) € X x M, and that there exists a positive constant

Cla,v) = O(-22) such that

(6, w,0), (0, )l xxar < Clasv) (Ifllzece) + lIgllmzwy) . (19)

The corresponding Galerkin scheme is defined using the same finite element
subspaces as in [29] for the unknowns u, o and p. However, to guarantee
stability, the approximating space of the tensor gradient of the velocity, t, has
to be suitably enriched. Indeed, we have to include the deviator of the vector
Raviart-Thomas space of lowest order, that is, we define

Xt = {s € L2122 : sjr € Ay(T) VT €T},

where

am) = o e ({ (522 (G )1

We proved that the discrete scheme is well-posed and derived the corresponding

rate of convergence, in which a constant C(a,v) = O(%) is involved.
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Theoretical results suggest that the rate of convergence is affected by large
values of «, which, nevertheless, is not too severe in the numerical experiments
(see [11]). Further, since « is proportional to the inverse of the time-step,
At, the estimates also lead us to think that the convergence of time-dependent
solutions should deteriorate as At decreases.

We followed [3, 30] and developed an a posteriori error analysis based
on local problems. In this way, we obtained reliable and quasi-efficient
a posteriori error estimators, that depend on the choice of two auxiliary
functions. Numerical experiments confirm the reliability and quasi-efficiency
of the estimators and illustrate the ability of the associated adaptive algorithm
to localize the boundary layers, inner layers and singularities of the solution.
Moreover, according to the theory, one would expect effectivity indexes between
O(a™!) and (’)(%3) However, we observe in practice that they all lie on
ranges much tighter than that, they do not deteriorate as the number of
degrees of freedom increases and, in addition, they improve from uniform to
adaptive refinements. The above observations yield the conjecture that these
constants are overestimated. To conclude, this mixed method is perhaps not so
competitive for extremely large values of a;, but constitutes a good alternative
for moderately large values of this parameter. Numerical experiments show that
the adaptive algorithm is much more efficient than a uniform refinement when
solving the discrete scheme.

Most approaches to the problems considered in [29, 11] deal with the usual
pressure-velocity formulation, in which the velocity lives in [H'()]?. This
means, in particular, that the finite element subspace for the velocity needs to
be a subset of the continuous functions. In addition, the Dirichlet boundary
condition, being essential and non-homogeneous, cannot be incorporated either
in the continuous and discrete formulations or in the definitions of the spaces
involved, and therefore one is necessarily led to a non-conforming Galerkin
scheme (certainly, we refer to the theoretical analysis of the method, since the
interpolation of essential boundary conditions does not cause any difficulty
in practice). In turn, in a dual-mixed setting the velocity becomes an
unknown in [L?(2)]?, which gives more flexibility to choose the associated
finite element subspace (for instance, piecewise constant functions are a feasible
choice). Furthermore, the Dirichlet boundary condition, being now natural, is
incorporated directly into the right hand sides of the continuous and discrete
formulations and hence, we avoid the error analysis of a non-conforming scheme.

Another important advantage of using dual-mixed methods, already pointed
out, is the possibility of introducing further unknowns of physical interest
(like the flux). These unknowns are then approximated directly, avoiding any
numerical postprocessing that could yield additional sources of error. Moreover,
the conservativity properties are transferred to some of these unknowns (for
instance, continuity of the normal components of the flux), which, as we have
seen, can be approximated with finite elements of very low order as well. Finally,
we recall that the derivation of finite element subspaces guaranteeing unique
solvability and stability of the Galerkin schemes for dual-dual formulations in
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elasticity and fluid mechanics was unified in [12].

4 A posteriori error analysis of augmented mixed finite element
methods in elasticity

In this section we consider the augmented mixed finite element method
introduced in [27] for the linear elasticity system in the plane and outline a
residual-based a posteriori error analysis developed in [4] in the case of pure
homogeneous Dirichlet boundary conditions. The analysis in the case of mixed
boundary conditions can be found in [5].

Let Q be a simply connected domain in R?. We assume, for simplicity, that
Q has a polygonal boundary I'. Given a volume force f € [L?()]?, we consider
the problem of computing the displacements u and the stress tensor o of a
linear elastic material occupying the region €2 and such that

o = Ce(u) in Q,

—div(e) = f in Q, (20)
u = 0 onI'.
Hereafter, e(u) := % (Vu + (Vu)*) is the strain tensor of small deformations

and C is the elasticity tensor determined by Hooke’s law:
CC = A(Q)L + 2u¢ V¢ € [LAQP2, (21)

where A, © > 0 are the Lamé constants.

Recently, a new stabilized mixed finite element method for plane linear
elasticity was presented and analyzed in [27]. The approach is based on
the introduction of suitable Galerkin least-squares terms arising from the
constitutive and equilibrium equations, and from the relation defining the
rotation 4 in terms of the displacement, v := 1(Vu — (Vu)*). In
particular, given positive parameters, k1, ko and k3, independent of A, the
following augmented variational formulation for problem (20) is proposed: find
(o,u,~) € Hy := Hy x [HN(Q)]? x [L2(Q))2%2 such that

skew

A((aﬂua'Y)?(T?an)) = F(TaVﬂ?) V(Tvvvn) € I:Io, (22)

where [LA(Q)J52 = { m € [LA@)2 - n+n* =0},

Hy = {‘r € H(div;Q) : /tr(‘r) = 0},
Q

and the bilinear form A : ﬁo X ﬁo — R and the functional F' : ﬁo — R are
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defined by

A((O’, u;'Y), (T,V,’r])) =

::/C_10:T+/u-div(T)—i—/'y:T—/v-div(a)—/n:a
Q Q Q Q Q
+ K1 / (e(w)—C o) :(e(v)+C'7) + kKo / div(o) - div(7)
Q Q
1 1
+ K3 / (’y — §(Vu — (Vu)t)) : (n + §(Vv — (Vv)t)) 7
Q
and
F(r,v,n) = / f (v — kadiv(r)) .
Q
We recall that it is easy to see from (21) that the inverse tensor C~! reduces to

1 A
Sy P

Assume that (k1, ke, k3) is independent of A and such that

6714' .

=3, tr(()I V¢ € [LA(Q))**2

0< kg <K <2p and 0 < ka. (23)

Then, the bilinear form A(-, -) is strongly coercive and continuous, and therefore,
problem (22) is well-posed (see Theorems 3.1 and 3.2 in [27]). In particular, if
1

we take ko = % ( — ﬂ), then the stability constant depends only on p, —
L

2p
and .

The augmented variational formulation (22), being strongly coercive, allows
to use arbitrary finite element subspaces to define the corresponding discrete
scheme. This constitutes one of its main advantages, as compared with
the traditional mixed finite element schemes for the linear elasticity problem
(see [8]). Indeed, given a finite element subspace Ho,j, := HE, x H' )y, % Ha/h C
Hy, the Galerkin scheme associated to (22) reads: find (o, un,~,) € Hon
such that

A((Uha up, ’7h)7 (Tha Vh, nh)) = F(Th7 Vh, T]h) v (Tha Vh, nh) € I:onh' (24)

If the parameters k1, ko and k3 satisfy (23), then the discrete problem (24)
is well-posed for any arbitrary choice of the subspace H'Oyh. In particular, it
is possible to use Raviart-Thomas spaces of lowest order to approximate the
stress tensor o, piecewise linear elements for the displacement u, and piecewise
constants for the rotation «. The rate of convergence of (24) for this specific
finite element subspace is given in Theorem 4.2 in [27].

As compared with more traditional mixed methods, such as PEERS and
BDM, and besides the fact of being able to choose any finite element subspace,
the augmented approach presents other important advantages. Indeed, it
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becomes a much cheaper alternative since the global number of degrees of
freedom in terms of the number of triangles is much smaller (see [4, Section 5]).
In addition, if we choose the finite element subspace of the lowest order, the
augmented scheme (24) yields simpler computations.

The competitive character of the augmented mixed finite element method
(24) motivated the derivation of a posteriori error estimators for this scheme.
We need to introduce some notations. Let {7,}n>0 be a regular family of
triangulations of 0 by triangles T of diameter hy such that h := max{hr :
TeT,}and Q=U{T : T €7y, }. Given T € Tp,, we let E(T) be the set of its
edges and let Ej,(2) be the set of all interior edges of the triangulation 7. In
what follows, h. stands for the length of edge e. Further, given 7 € [L?(Q)]?*2
(such that 7|r € C(T) on each T € 7,), an edge e € E(T) N E,(2) and the unit
tangential vector t along e, we denote by J[rt] the tangential jump across e,
that is, J[7t] := (7|7 — T|77)|ct, where T7 € T}, is such that TNT' = e. We
recall that t := (—ng,n1)%, where n := (n1,n2)" is the unit outward normal to
OT. The normal jumps J[rn| are defined analogously.

Then, if (o,u,vy) € Hy and (oh,un,v,) € ﬁo,h are, respectively, the
solutions to the continuous and discrete formulations, (22) and (24), we define
the error indicator O, for any T' € 7;, as follows:

9% = If + div(o'h)H[Qy(T)p +llon — O'ZH[QLz(T)]zxz
Fllv, = 3 (Vay, — (Vuh)t)H[Zp(T)Pw +h% || eurl(C oy, + ’Yh)||[2L2(T)]2

+ > he |JC o = Vup + )t 1Pz o2
ecE(T)
+h7 | eurl(C~ (e(un) — C'on)) 1Pz 1y

+ Y hellJIC (e(un) = C o))t e e

ecE(T)

+h% ”div(e(uh) - %(Cilah + (Cilah)t))H[zL%T)]Q

L, -
O ke Wl — 5(€ e+ (€ ) )l
ecE(T)NERL(Q)
+h% ||div('7h - %(vuh - (vuh)t))H[zL2(T)]2

1
+ > he | (v, — g(vuh — (V) ®))n]|[F2 (o2 -
e€E(T)NEL(Q)

The residual character of each term involved in the definition of 61 is quite
clear. In addition, we observe that some of these terms are known from residual
estimators for the usual (non-augmented) mixed finite element method in linear
elasticity (see, e.g. [15]). However, most of them are new since they arise from
the new Galerkin least-squares terms introduced in (22). Finally, we remark
that when op|r € [RTO(T)t]Q, u,|r € [Pl(T)]Q and v,|r € [Po(T)]QXQ, some
of the terms in the definition of #7 vanish.
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1/2
As usual, 0 := ( Z 9%) is used as the global residual error estimator.
TE,Z’h
We proved in [4] that the a posteriori error estimator 6 is reliable and efficient,
that is, there exist Cess, Cre1 > 0, independent of h and A, such that

Cets 0 < |[(0 —op,u—up, vy —v)llg, < Creaf. (25)
Reliability (upper bound in (25)) ensures that we obtain a numerical solution
with an accuracy below a prescribed tolerance. Local lower bounds are necessary
to ensure that the mesh is correctly refined so that one obtains a numerical
solution with a prescribed tolerance using a (nearly) minimal number of nodes.
To prove that 6 is reliable, we combined a technique used in mixed finite
element schemes (see, e.g. [14, 15]) with the usual procedure applied to primal
finite element methods (see [69]). It is important to remark that just one of these
approaches by itself would not be enough in this case. Up to our knowledge,
this combined analysis seems to be applied in [4] for the first time. We provide
next a sketch of the proof.
We consider the following auxiliary problem: find z € [H{(2)]? such that

—div(e(z)) = f+div(oy) in Q, (26)
z = 0 on I,
and define o* := e(z), where z is the unique solution to problem (26). It

follows that o* € Hy and, because of the continuous dependence result, there
exists ¢ > 0 such that

ol geaivio) < c If +div(en)lz2a)2- (27)
In addition, it is easy to see that div(e — o, —o*) = 0 in . Then, using the
triangle inequality, that A is coercive and bounded, and (27), we obtain that

there exists C' > 0, independent of h and A, such that

Cl(o—onu—uny—v)lg < If+divien) |z )2 +

+ sup A((O’—O'h,u—uh,’)’—’)’h),(T,V,'l’])) ) (28)
075(7-"/7,,7)61510 ||(T,V,’I’])Hf[0
div(T)=0

It remains to bound the second term on the right hand side of (28). To
this end, we make use of the well-known Clément interpolation operator,
Iy, : HY(Q) — X}, where X}, is the space of continuous piecewise linear functions
on 75, which satisfies the standard local approximation properties stated in [20].
We recall that I, (v) € X, N H () for all v € HZ ().

Now, let (7,v,n) € Hoy, (r,v,n) # 0, be such that div(r) = 0 in Q.
Since we assume the domain 2 to be simply connected, there exists a stream
function ¢ := (¢1,92) € [H'(Q)]* such that [,¢; = 0, for i = 1,2, and
7 = curl(y). Then, we define ¢, = (911, 92.4), With @i = In(p;) for
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i=1,2, and Tj := curl(y,). Note that we can write 7, = 71,0 + dj, I, where

Tho € HY), and dj, = fﬂ;‘rgl-h) eR.

On the other hand, an immediate consequence of (22) and (24) is the
Galerkin orthogonality:

A((e = opu—1p,y—7,), (Th, vim) =0 Y (T, va,my,) € Hop. (29)

Let vy = (In(v1),In(v2)) € Hp' be the vector Clément interpolant of
v = (v1,v2) € [H}(2)]%. Then, it follows from (29) that
A((O’ —Oh,U—Up,7 — 7h)7 (T7V7n)) =
(30)
= A((o —on,u—un,y —=7,), (T = Tho, V= Vn,n)).

Since fQ tr(ec —op) =0 and u—uy, = 0 on I', using the orthogonality between
symmetric and skew-symmetric tensors, we obtain that

Ao —op,u—up,y —7;),(dn1,0,0)) = 0.
Hence, from (30) and (22) we deduce that
Ao —opu—up,y —7,). (T.v,n)) =
= F(r—7n,v—=vnn) — A((on unv,), (T = Th, V= Vi, 1))

According to the definitions of the forms A(-,-) and F(-), taking into account
that div(T — 75,) = div(curl(¢ — ¢;,)) = 0 and using again (29), we find
(after some algebraic manipulations) that

Alle —onu—w.y =), (rovom) = [ (£ +divian) - (v=w)

+§/Q(ah—az>:n—ﬁg/ﬂ@h—%(wh—(wmt)) n

= [ (€t = Tun ) + e elun) <o) ) (r -7 (31)
[ <e<uh> S leon <cloh>t>) V(v —w)

[ (0= 5T = (Fw) Vv - v

The rest of the proof of reliability consists in deriving suitable upper bounds
for each one of the terms appearing on the right hand side of (31); we omit the
details and refer the reader to Section 3 in [4].

On the other hand, to show that the a posteriori error estimator 6 is
efficient (lower bound in (25)), we proceed as in [14] and [15] and apply inverse
inequalities and the localization technique introduced in [69], which is based on
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triangle-bubble and edge-bubble functions (see Section 4 in [4] for more details).
We remark that, because of the new terms in the definition of 6 (those involving
the curl and div operators and the normal and tangential jumps across the
edges of the triangulation), we needed to establish more general versions of
some technical lemmas concerning inverse estimates and piecewise polynomials
(see Lemmas 4.3-4.6 in [4]). The generality of these results allows to eventually
apply them not only in the present context, but also in the a posteriori error
analysis of other primal and mixed finite element methods.

We proposed the following adaptive algorithm, based on the a posteriori
error estimator 0, to compute the solutions of (24) (cf. [69]):

1. Start with a coarse mesh 7j,.
Solve the Galerkin scheme (24) for the current mesh 7.
Compute 07 for each triangle T' € 7},.

Consider stopping criterion and decide to finish or go to next step.

AT R

Use blue-green procedure to refine each element T” € 7j, such that

1
oL, > = Or.
=5 ren T

6. Define resulting mesh as the new 7, and go to step 2.

Numerical experiments underline the reliability and efficiency of the a posteriori
error estimator 6 and strongly demonstrate that the associated adaptive
algorithm is much more suitable than a uniform discretization procedure when
solving problems with non-smooth solutions. The robustness of # with respect
to the Poisson ratio and the ability of the adaptive algorithm to localize the
singularities and large stress regions of the solution are also illustrated.

We recognize that 6 is certainly more expensive than, for instance, the
error indicator introduced in [6]. However, it is clear that the reliability and
efficiency of # become more advantageous features than the sole reliability of the
estimator from [6]. Finally, in connection with the residual-based a posteriori
error estimator developed in [15] for PEERS and BDM, which is also reliable and
efficient, we point out that the advantage of 8, though a bit more expensive,
is still the freedom to choose the finite element subspaces in the augmented
scheme (24).

Finally, we mention that we have introduced an augmented primal-mixed
method for the linear elasticity problem in the plane (see [28]) that involves
four unknowns, namely: the displacement, the stress tensor, the strain tensor
of small deformations and the pressure. This new variational formulation relies
on the Hu-Washizu principle and was obtained by adding a least-squares term
that involves the strain tensor of small deformations. We established sufficient
conditions for the well-posedness of the corresponding Galerkin scheme and
described a way to obtain stable finite element subspaces from any stable pair
for the Stokes problem. Error estimates are also provided.
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Resumen:

El objetivo cientifico de esta Tesis Doctoral ha sido el estudio matemético
y numérico de problemas complejos que surgen de la termohidrodindmica de
cojinentes sometidos a procesos de lubricacion. Este tipo de dispositivo mecénico
ha sido y continia siendo utilizado en una gran variedad de maquinaria debido
a su simplicidad de construccién y a las buenas propiedades de comportamiento
que presenta.

En concreto, en el Capitulo 1 se realiza una exposiciéon de los modelos
matematicos que seran empleados en el andlisis y resolucion numérica del
problema termohidrodindmico en el par eje—cojinete, tanto para el caso
estacionario como el transitorio. Se plantean las ecuaciones en derivadas
parciales (EDP) que rigen los distintos fenémenos involucrados y sus condiciones
de contorno. Se describen las variables, parametros y coeficientes que intervienen
en las mismas, y los acoplamientos entre las ecuaciones térmica e hidrodinamica.
En este Capitulo se aporta un anélisis riguroso de la acotacién de los coeficientes
viscosos en la ecuacién de Reynolds. Esta acotaciéon es fundamental para
obtener el resultado de existencia de solucién del problema hidrodinamico,
estimaciones de la misma y su posterior resoluciéon numérica. Asimismo, se
obtienen estimaciones de la derivada de la presion en el caso unidimensional.

En el Capitulo 2 se expone detalladamente el método numérico utilizado
en la resolucién del problema hidrodinamico con el modelo de cavitacién de
Elrod-Adams. Este es un problema de frontera libre, para el que existen
diferentes estrategias numeéricas de resolucién . La eleccién que se considera
aqui utiliza métodos de dominio fijo conjuntamente con métodos upwind para los
términos convectivos, y métodos de dualidad para tratar las nolinealidades. La
combinacién de métodos de caracteristicas con métodos de dualidad se justifica
por haber sido utilizados con gran éxito en problemas similares de flujo de gases,
cambios de fase y, también, en lubricacién . Aunque el esquema es ya conocido,
en este Capitulo se analiza la convergencia de la presién en el modelo Elrod-
Adams para la cavitacién a partir de una solucién exacta para el caso 1-D. Se
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analizan también las influencias de la temperatura y condiciones de alimentacién
sobre la solucién obtenida.

El Capitulo 3 se dedica al método de resolucion del problema térmico en el
fluido. La aplicacién de un método cell-vertex para la resolucién de la ecuacién
de la energia constituye una de las aportaciones mas novedosas e interesantes
de la Tesis. La aplicacion del método a la resolucién del problema térmico en el
fluido se expone en detalle, comprobando que permite una sencilla construccién
del sistema de ecuaciones a resolver; similar a los ensamblados de los métodos
de elementos finitos. Se demuestra que presenta una convergencia de segundo
orden, superior a la de otros esquemas habituales. Esto permite lograr mejores
aproximaciones con mallas menos refinadas.

El Capitulo 4 estd dedicado al problema acoplado termohidrodindmico
(THD), en el que se deben resolver simultdneamente la ecuacién de Reynolds
con el modelo de cavitacion de Elrod-Adams y el problema térmico en el
fluido, el eje y el cojinete. En este Capitulo se propone una forma novedosa
de abordar el problema térmico en el cojinete consistente en el empleo de
elementos de contorno (MEC). Este procedimiento elimina la necesidad de crear
una malla para el cojinete, resuelve la temperatura inicamente en las fronteras
del mismo y con ello reduce el niimero de incégnitas y el coste computacional.
El procedimiento de construccion del sistema de ecuaciones asociado al MEC se
expone en detalle, pudiendo comprobarse que la simetria del problema facilita de
forma importante los cdlculos. También se realiza un estudio para comprobar
que se trata de un método de orden dos. Dentro de este mismo Capitulo se
presentan los resultados correspondientes a la resolucién del problema THD
con diferentes condiciones de trabajo y de frontera.

En el Capitulo 5 se realizan las extensiones de los métodos al caso
termohidrodinamico transitorio. Es de especial interés el estudio realizado
para extender el método de resolucién del problema térmico en el cojiente
mediante los elementos de contorno (MEC) al caso temporal, lo que supone
otra aportacion importante de la Tesis. En concreto, la utilizacién del método
de reciprocidad dual (MRD), que obliga al calculo de la temperatura en puntos
internos al dominio y da lugar a una convergencia de orden menor que dos.

Finalmente, el Capitulo 6 esta dedicado al estudio de la estabilidad dindmica
del sistema eje-cojinete. En este Capitulo se presenta una novedosa solucién
analitica del problema 1-D con modelo de cavitaciéon del Elrod-Adams y se
estudia su rango de estabilidad, comparando los resultados con los de los
modelos de cojinete corto e infinitamente largo, habituales en estudios de
estabilidad de estos dispositivos. Ademas, se propone un nuevo procedimiento
para el andlisis de la estabilidad que consiste en resolver el acoplamiento de
la dindmica del eje con la hidrodinamica del fluido lubricante mediante un
método de Euler implicito. A cada paso temporal del método de Euler, se calcula
la solucién de un sistema de ecuaciones no lineales mediante un método de
Broyden, empleando la técnica de Armijo-Goldstein para la eleccién del paso de
descenso. Se presentan los resultados del analisis de estabilidad con este nuevo
método para distintas presiones de alimentacién y situaciones geométricas de
la ranura de alimentacién. Finalmente, se analiza también la influencia de los
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aspectos térmicos en las curvas de estabilidad del dispositivo.
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Director/es: Henar Herrero Sanz, Ana Maria Mancho Sanchez.
Defensa: 14 de abril de 2009, Universidad de Castilla-La
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Calificacién: Sobresaliente cum laude por unanimidad..

Resumen:

En el presente trabajo estudiamos el problema de conveccién de Rayleigh-
Bénard con viscosidad variable, dependiente de la temperatura, como una
primera aproximacién a la conveccién en el manto terrestre o planetario.
En los resultados numéricos la viscosidad tiene un perfil exponencial con la
temperatura en el término de la divergencia de las ecuaciones del movimiento. El
problema sera resuelto en tres geometrias cartesianas distintas. En primer lugar
consideramos un dominio tridimensional (3D) en el que el fluido se encuentra
entre dos planos paralelos no acotados. El fluido es calentando uniformemente
desde abajo y nos planteamos el problema de estabilidad lineal de la solucién
conductiva. Se demuestra que la soluciéon conductiva pierde su estabilidad por
medio de una bifurcacién estacionaria. Se obtienen las curvas de estabilidad
marginales para distintos perfiles de viscosidad y condiciones de contorno:
rigidas en ambos planos y por otro lado, rigidas en el plano inferior y libres
en el superior. Los niimeros de Rayleigh criticos son calculados. En segundo
lugar estudiamos la estabilidad de la solucién estacionaria en un dominio
bidimensional (2D) acotado. El fluido es calentado uniformemente desde la
pared inferior y se consideran condiciones de contorno rigidas para la velocidad
en el plano inferior y libres en el resto. Las respectivas curvas de estabilidad
marginales estan en funcion de la relacién de aspecto de la celda 2D. A través de
la teoria de bifurcacién, encontramos distintas soluciones que pueden coexistir
bajo un mismo régimen de pardmetros. Los diagramas de bifurcacién presentan
diagramas saddle-node y subcriticos en el caso de viscosidad variable y de tipo
doble-pitchfork en el caso de viscosidad constante. Esto puede sugerir que la
evolucién térmica en los planetas no solo depende de los componentes quimicos
o geofisicos sino de su tamano. El método numérico utilizado estd basado en
un método de Chebyshev de colocacién. Finalmente, se estudia la estabilidad
lineal del estado basico en un dominio 3D no acotado segin uno de los ejes y
con gradiente horizontal de temperatura en el plano inferior. El movimiento del
fluido tiende a localizarse en las paredes mas calientes y se obtienen estructuras
en la direccién no acotada del dominio mientras que con calentamiento uniforme
las soluciones no suelen presentar una estructura 3D. En las tres geometrias
se observa que grandes contrastes de viscosidad favorece la inestabilidad del
sistema y el movimiento del fluido se concentra en el plano inferior.
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Métodos numéricos
para la Fisica
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Luis Vazquez
Salvador Jiménez
Carlos Aguirre
Pedro José Pascual

Por Miguel A. F. Sanjudn

(Otro libro mas de métodos numéricos?
Muy bien podria ser la pregunta que uno
podria hacerse ante esta nueva aportacion
a la literatura de los profesores Luis
Viézquez, Salvador Jiménez, Carlos Aguirre
y Pedro José Pascual. La cuestién es que
si bien se trata de otro libro de métodos
numéricos, sus caracteristicas son tales que
lo hacen especial, especialmente debido a la
formacién de sus autores, ya que ademads
de su experiencia docente de anos en estas
materias, a ello se une su extensa actividad
de investigacion en simulaciéon numérica de
problemas de ciencia y tecnologia.

Los contenidos del libro abarcan desde
temas sencillos a otros més avanzados y bien
puede considerarse como un buen manual
util para la ensenanza de métodos numéricos
a estudiantes de ciencias fisicas o ingenieria.

Los primeros capitulos contienen muchos aspectos practicos que suelen ser de
gran utilidad para el principiante a fin de hacerle comprender la naturaleza de
los errores en el cdlculo numérico, aportando numerosos ejemplos y ejercicios al
final. Le siguen los métodos para calcular los ceros de una funcion, ilustrandose
con algunos ejemplos de facil comprension. Posteriormente los métodos de
integraciéon y derivacién numérica, para pasar a continuacion a los métodos
de aproximacién de funciones, donde se incluyen los métodos de trazadores
(splines). El capitulo que se dedica a los sistemas de ecuaciones lineales,
autovalores y autovectores es muy extenso cubriendo los aspectos bésicos y
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otros mas avanzados. Un parte muy importante del libro es el dedicado a
las ecuaciones diferenciales, tanto ordinarias como en derivadas parciales dada
su importancia en las aplicaciones en la Fisica y la Ingenieria. Se describen
numerosos ejemplos de aplicaciones con ejemplos de sistemas dindmicos no
lineales.

Dado el caracter enormemente practico del libro, se incluye un capitulo
dedicado a ciertos tratamientos de problemas de Fisica como el dedicado al
movimiento de una particula cldsica, donde se introducen nociones béasicas de
mecénica cldsica y métodos de discretizacion de las ecuaciones del movimiento
de una particula, usando esquemas tanto conservativos, como disipativos e
ilustrandose mediante el uso de modelos de osciladores no lineales como el
oscilador de Duffing. En este contexto resulta muy interesante y ademds
constituye un aspecto original de este libro el estudio que se presenta acerca
de la particula cargada en un campo electromagnético.

Por dltimo se hace un estudio pormenorizado de la ecuacién de ondas,
introduciendo el método de las diferencias finitas y de las ecuaciones de ondas no
lineales como la ecuacién de Klein—Gordon, ecuaciones de ondas disipativas con
soluciones tipo soliton. Las ecuaciones en derivadas parciales, tanto parabdlicas,
como la ecuacién de difusion, tanto lineal como no lineal, como las elipticas,
como las de Laplace y Poisson merecen un capitulo especial de especial interés
por sus aplicaciones.

Para terminar se incluye un capitulo de especial importancia, que es el
dedicado a las ecuaciones de Maxwell y a la ecuacién de Schrodinger, con un
tratamiento especial a la ecuacién de Schrodinger no lineal, con soluciones tipo
soliton. Aqui queda de manifiesto la experiencia en investigacion de los autores,
donde también se incluye una bibliografia muy extensa. En este contexto de
aplicaciones de métodos numéricos a problemas de Fisica e Ingenieria, hubiera
estado bien haber incluido un tratamiento de métodos numeéricos aplicados a la
Mecanica de Fluidos.

En conjunto se trata de una novedad que puede ser de gran utilidad para
la ensenanza de métodos numéricos para estudiantes de Fisica e Ingenieria,
y asimismo constituye una buena introduccién para el aprendizaje de la
fundamentacién matematica de métodos numéricos que puede ser necesario para
estudiante de doctorado.
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Ficha de Inscripcion Individual‘

Sociedad Espanola de Matematica Aplicada SEMA

Remitir a: Inigo Arregui, Dpto de Mateméticas, Fac. de Informatica,
Universidad de A Coruna. Campus de Elvina, s/n. 15071 A Coruna.
CIF: G-80581911

Datos Personales

© ApPEllidoS: ...t

e CP: ............ Poblaciom: ...
e Teléfono: ...................... ... DNI/CIF: ... ..o

e Fecha de inscripciOn: ...

Datos Profesionales
o Departamento: . .........oiii i e
e Facultad o Escuela: ... ...
e Universidad o Institucion: ........... ... i
® DomicCilio: ...
e CP: ............ Poblacion: ...
e Teléfono: ........... ... ... ..., Fax: oo
e Correo electrOniCO: .. ...t
o Pagina web: http:// ..o
e Categoria Profesional: ... ... .. . i

e Lineas de Investigacion: ...... ...

Direccién para la correspondencia: [ Profesional [J Personal

Cuota anual para el ano 2009

O Socio ordinario: 30€ [ Socio de reciprocidad con la RSME: 12€
O Socio estudiante: 15€



Datos bancarios

Muy Sres. Mios:

Ruego a Uds. que los recibos que emitan a mi cargo en concepto de cuotas
de inscripcién y posteriores cuotas anuales de SEMA (Sociedad Espafola de
Matemédtica Aplicada) sean pasados al cobro en la cuenta cuyos datos figuran
a continuacion

Entidad Oficina D.C. Numero de cuenta
(4 digitos) | (4 digitos) | (2 digitos) (10 digitos)

e Entidad bancaria: ....... ...
o Domicilio: ...
e CP.: ............ Poblacion: .......

Con esta fecha, doy instrucciones a dicha entidad bancaria para que obren
en consecuencia.
Atentamente,

Muy Sres. Mios:

Ruego a Uds. que los recibos que emitan a mi cargo en concepto
de cuotas de inscripcién y posteriores cuotas anuales de SEMA (Sociedad
Espanola de Matemética Aplicada) sean cargados a mi cuenta corriente/libreta
................................ en esa Agencia Urbana y transferidas a

SEMA: 0128 - 0380 - 03 - 0100034244
Bankinter

C/ Hernan Cortés, 63

39003 Santander

Atentamente,



Ficha de Inscripcion Institucional‘

Sociedad Espanola de Matematica Aplicada SEMA

Remitir a: Inigo Arregui, Dpto de Matemadticas, Fac. de Informaética,
Universidad de A Coruna. Campus de Elvifia, s/n. 15071 A Coruna.
CIF: G-80581911

Datos de la Institucién

o Departamento: . ... e
e Facultad o Escuela: ... ... .
e Universidad o Institucion: .......... .. .. i i i
© DomicCilio: ...
e CP: ............ Poblacion: .........
e Teléfono: .....................L. DNI/CIF: ...
e Correo electrOniCO: ... ...t
o Pdgina web: http:// «oorini

e Fecha de InSCripCiOn: . ...t e

Forma de pago

La cuota anual para el ano 2009 como Socio Institucional es de 150€.
El pago se realiza mediante transferencia bancaria a

SEMA: 0128 - 0380 - 03 - 0100034244
Bankinter

C/ Hernan Cortés, 63

39003 Santander



