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EDITORIAL
Estimados so
ios:En este nuevo número del boletín re
ogemos una veintena de trabajospresentados en la Conferen
ia Interna
ional Non-autonomous and Sto
hasti
Dynami
al Systems and Multidis
iplinary Appli
ations (NSDS'09) 
elebrada enhonor del profesor Peter E. Kloeden, en 
onmemora
ión de su sexagésimo
umpleaños, que tuvo lugar en Sevilla, entre el 22 y el 26 de Junio del pasadoaño 2009.El profesor Kloeden se ha desta
ado por sus 
ontribu
iones en todo tipode e
ua
iones diferen
iales, sistemas dinámi
os y sus apli
a
iones, re
ibiendore
ientemente el premioW. T. and Idalia Reid de la So
iety for Industrial andApplied Mathemati
s (SIAM) por sus 
ontribu
iones fundamentales en teoría yanálisis 
omputa
ional de e
ua
iones diferen
iales.La Conferen
ia, que se 
entró en avan
es re
ientes en métodos topológi
os,teoría ergódi
a y nuevos desarrollos para sistemas dinámi
os no autónomos ysistemas dinámi
os esto
ásti
os, fue organizada por la Universidad de Sevilla y
ontó 
on más de una veintena de 
onferen
iantes invitados y 
asi un 
entenarde parti
ipantes. Queremos agrade
er espe
ialmente a dos de sus organizadores,Ma José Garrido y Pedro Marín, por su ayuda en la re
opila
ión de los trabajosque presentamos aquí.Re
ibid un 
ordial saludo, Grupo Editorboletin.sema�u
lm.es
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ACTAS DEL NSDS09
Pro
eedings of the International Conferen
eNON-AUTONOMOUS AND STOCHASTIC DYNAMICALSYSTEMS AND MULTIDISCIPLINARY APPLICATIONSJune 22nd�26th, 2009Sevilla (SPAIN)In Honor of Peter E. Kloeden on the o
assion of his 60th birthday
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Bol. So
. Esp. Mat. Apl.no51(2010), 9�17PULLBACK ATTRACTOR FOR A NON-AUTONOMOUSREACTION-DIFFUSION EQUATION IN SOME UNBOUNDEDDOMAINSMARÍA ANGUIANODpto. E
ua
iones Diferen
iales y Análisis Numéri
oUniversidad de Sevilla, Apdo. de Correos 1160,41080-Sevilla (Spain)anguiano�us.esAbstra
tThe existen
e of a pullba
k attra
tor in L2(Ω) for the following non-autonomous rea
tion-di�usion equation
8

>

<

>

:

∂u

∂t
−△u = f(u) + h(t), in Ω × (τ, +∞),

u = 0, on ∂Ω × (τ, +∞),
u(x, τ ) = uτ (x), x ∈ Ω, (1)is proved in this paper, when the domain Ω is not ne
essarily bounded butsatisfying the Poin
aré inequality, and h ∈ L2

loc(R; H−1 (Ω)). The main
on
ept used in the proof is the asymptoti
 
ompa
tness of the pro
essgenerated by the problem.Key words: pullba
k attra
tor, asymptoti
 
ompa
tness, evolution pro
ess,non-autonomous rea
tion-di�usion equation.AMS subje
t 
lassi�
ations: 35B41, 35Q35, 35Q30, 35K90, 37L30.1 Introdu
tion and setting of the problemLet Ω ⊂ R
N be an open set, not ne
essarily bounded and suppose that Ωsatis�es the Poin
aré inequality, i.e., there exists a 
onstant λ1 > 0 su
h that
∫

Ω

|u(x)|2 dx ≤ λ−1
1

∫

Ω

|∇u(x)|2 dx, ∀u ∈ H1
0 (Ω) . (2)Let us 
onsider the following problem for a non-autonomous rea
tion-di�usion equation with zero Diri
hlet boundary 
ondition in Ω,





∂u

∂t
−△u = f(u) + h(t), in Ω × (τ,+∞),

u = 0, on ∂Ω × (τ,+∞),
u(x, τ) = uτ (x), x ∈ Ω, (3)9



10 M. Anguianowhere τ ∈ R, uτ ∈ L2 (Ω), h ∈ L2
loc(R;H−1 (Ω)) and f ∈ C(R) satis�es thatthere exist 
onstants α1 > 0, α2 > 0, l ≥ 0, and p > 2 su
h that

−α1 |s|p ≤ f(s)s ≤ −α2 |s|p , (4)
(f(s) − f(r))(s − r) ≤ l(s− r)2 ∀r, s ∈ R. (5)The aim of this paper is to show the existen
e of a pullba
k attra
tor in the phasespa
e L2(Ω) for the problem (3) in the 
ase of open domains not ne
essarilybounded but satisfying the Poin
aré inequality. This, and the fa
t that the non-autonomous h belongs to the spa
e L2

loc(R;H−1 (Ω)), are the main novelties ofour problem.The la
k of 
ompa
tness of the inje
tion H1
0 (Ω) ⊂ L2(Ω) (in the 
ase ofunbounded domains) implies that the standard te
hniques previously used,parti
ularly the one involving the so-
alled �atenning property (see [6℄, [7℄, [12℄,[14℄, amongst others), whi
h have been su

essfully used when Ω is boundedand h ∈ L2

loc(R;L2(Ω)), do not work in our 
ase.Instead, we will use the asymptoti
 
ompa
tness already used in the 
ase ofnon-autonomous 2D-Navier-Stokes (see [1℄ and [2℄, see also [5℄ for a 
lose result),and whi
h was previously used in [11℄ for the autonomous 
ase. We would liketo emphasize that this te
hnique seems to be the only one whi
h allows to provethe main result of this paper (namely Theorem 4) 
on
erning the existen
e ofpullba
k attra
tor for our problem.It is also worth mentioning that our problem has re
eived mu
h attentionover the last years in the 
ase of a bounded domain or for a less general term h(see [3℄, [7℄, [12℄, [14℄).Finally, the reader 
an �nd similar results for several variants of our model inthe referen
es [9℄, [10℄, among others.2 Existen
e and uniqueness of solutionWe state in this se
tion a result on the existen
e and uniqueness of solution ofproblem (3). By |·| we denote the norm in L2 (Ω), by |∇·| the norm in H1
0 (Ω)and by ‖·‖∗ the norm in H−1 (Ω). We will use (·, ·) to denote the s
alar produ
tin L2 (Ω) and we will use 〈·, ·〉 to denote the duality produ
t between H−1 (Ω)and H1

0 (Ω).Theorem 1 Suppose that Ω satis�es (2). Assume that f ∈ C(R) satis�es (4)and (5), and h ∈ L2
loc(R;H−1 (Ω)). Then, for all τ ∈ R, uτ ∈ L2 (Ω), thereexists a unique solution u(t) = u(t; τ, uτ ) of (3) su
h that

u ∈ L2(τ, T ;H1
0 (Ω)) ∩ Lp(τ, T ;Lp (Ω)) ∀T > τ,

d

dt
(u(t), v) − 〈∆u(t), v〉 = 〈f(u(t)), v〉
+ 〈h(t), v〉, in D′(τ,∞), ∀ v ∈ H1

0 (Ω) ∩ Lp (Ω) ,

u(τ) = uτ .



A rea
tion-di�usion equation in some unbounded domains 11Moreover,
u ∈ C([τ,∞);L2 (Ω)),and u satis�es the energy equation,

1

2

d

dt
|u(t)|2 + |∇u(t)|2 = 〈f(u(t)), u(t)〉
+〈h(t), u(t)〉 in D′(τ,∞). (6)Proof . The proof of this Theorem 
an be done by the method of monotony(see [8℄). �3 Preliminaries on the theory of pullba
k attra
torsNow, we will re
all the main points from the theory of pullba
k attra
tors whi
hwill be needed to prove our obje
tive (see [1℄ and [2℄ for more details).Let us 
onsider a pro
ess (also 
alled a two-parameter semigroup) U on ametri
 spa
e X , i.e., a family {U(t, τ); −∞ < τ ≤ t < +∞} of 
ontinuousmappings U(t, τ) : X → X , su
h that U(τ, τ)x = x, and

U(t, τ) = U(t, r)U(r, τ) for all τ ≤ r ≤ t. (7)Suppose that D is a nonempty 
lass of parameterized sets D̂ = {D(t); t ∈ R} ⊂
P(X), where P(X) denotes the family of all nonempty subsets of X .De�nition 1 The pro
ess U(·, ·) is said to be pullba
k D-asymptoti
ally
ompa
t if for any t ∈ R, any D̂ ∈ D, any sequen
e τn → −∞, and any sequen
e
xn ∈ D(τn), the sequen
e {U(t, τn)xn} is relatively 
ompa
t (i.e. pre-
ompa
t)in X.De�nition 2 It is said that B̂ ∈ D is pullba
k D-absorbing for the pro
ess
U(·, ·) if for any t ∈ R and any D̂ ∈ D, there exists a τ0(t, D̂) ≤ t su
h that

U(t, τ)D(τ) ⊂ B(t) for all τ ≤ τ0(t, D̂).De�nition 3 The family Â = {A(t); t ∈ R} ⊂ P(X) is said to be a pullba
k
D-attra
tor for U(·, ·) if1. A(t) is 
ompa
t for all t ∈ R,2. Â is pullba
k D-attra
ting, i.e.,

lim
τ→−∞

dist(U(t, τ)D(τ), A(t)) = 0,for all D̂ ∈ D, and all t ∈ R,3. Â is invariant, i.e.,
U(t, τ)A(τ) = A(t), for −∞ < τ ≤ t < +∞.



12 M. AnguianoWe have the following result (see [2℄ for more details).Theorem 2 Suppose that the pro
ess U(·, ·) is pullba
k D-asymptoti
ally
ompa
t and that B̂ ∈ D is a family of pullba
k D-absorbing sets for U(·, ·).Then, the family Â = {A(t); t ∈ R} ⊂ P(X) de�ned by A(t) = Λ(B̂, t), t ∈
R, where for ea
h D̂ ∈ D

Λ(D̂, t) =
⋂

s≤t



⋃

τ≤s

U(t, τ)D(τ)


 ,is a pullba
k D-attra
tor for U(·, ·) whi
h satis�es in addition that A(t) =

⋃
bD∈D Λ(D̂, t), for t ∈ R. Furthemore, Â is minimal in the sense thatif Ĉ = {C(t); t ∈ R} ⊂ P(X) is a family of 
losed sets su
h that

limτ→−∞ dist(U(t, τ)B(τ), C(t)) = 0, then A(t) ⊂ C(t).4 Existen
e of the pullba
k attra
torNow, we 
an prove our main result in this paper. First, we need a 
ontinuityresult whi
h is established in the next subse
tion.4.1 Weak ContinuityAssume that the fun
tion f ∈ C(R) satis�es (4) and (5), and that h ∈
L2

loc(R;H−1 (Ω)).Thanks to Theorem 1, we 
an de�ne a pro
ess {U(t, τ), τ ≤ t} in L2 (Ω),as
U(t, τ)uτ = u(t; τ, uτ ) ∀uτ ∈ L2 (Ω) , ∀τ ≤ t. (8)From the uniqueness of solution to problem (3), it follows that (8) de�nes apro
ess in L2 (Ω). In addition, it 
an be proved that the pro
ess de�ned by (8)is 
ontinuous in L2 (Ω).Moreover, U is weakly 
ontinuous, and more exa
tly the following resultholds true. We will denote by �⇀� the weak 
onvergen
e in the 
orrespondingindi
ated spa
e, while �→� will denote the strong 
onvergen
e, as usual.Proposition 3 Let {uτn

} ⊂ L2 (Ω) be a sequen
e 
onverging weakly in L2 (Ω)to an element uτ ∈ L2 (Ω). Then, for all T > τ , it follows
U (t, τ) uτn

⇀ U (t, τ)uτ in L2 (Ω) ∀t ≥ τ , (9)
U (·, τ) uτn

⇀ U (·, τ) uτ in L2(τ, T ;H1
0 (Ω)), (10)

U (·, τ) uτn
⇀ U (·, τ) uτ in Lp(τ, T ;Lp (Ω)), (11)

f (U (·, τ)uτn
) ⇀ f (U (·, τ) uτ ) in Lp′(τ, T ;Lp′

(Ω)). (12)If Ω is a bounded set, then
U (·, τ) uτn

−→ U (·, τ) uτ in L2(τ, T ;L2 (Ω)). (13)



A rea
tion-di�usion equation in some unbounded domains 13Proof . This result may be proved in mu
h the same way as Theorem 1, andusing similar arguments to [11℄. �4.2 The existen
e of the global pullba
k attra
torLet Rλ1 be the set of all fun
tions r : R → (0,+∞) su
h that
lim

t→−∞
eλ1tr2(t) = 0,and denote by Dλ1 the 
lass of all families D̂={D(t) : t ∈ R} ⊂ P(L2 (Ω) ) su
hthat D(t) ⊂ B(0, r

bD(t)), for some r
bD ∈ Rλ1 , where B(0, r

bD(t)) denotes the
losed ball in L2 (Ω) 
entered at zero with radius r
bD(t).Now, we 
an prove the following result.Theorem 4 Suppose that Ω satis�es (2), and suppose that f ∈ C(R) satis�es(4) and (5) with l = 0. Let h ∈ L2

loc(R;H−1 (Ω)) be su
h that
∫ t

−∞
eλ1s ‖h(s)‖2

H−1(Ω) ds < +∞ ∀t ∈ R.Then, there exists a unique global pullba
k Dλ1-attra
tor for the pro
ess U , whi
hbelongs to Dλ1 , and is de�ned by (8).Proof. We only give the main ideas of the proof. Let τ ∈ R, and uτ ∈ L2 (Ω)be �xed, and denote
u(t) = u(t; τ, uτ) = U(t, τ)uτ ∀t ≥ τ .Let D̂ ∈ Dλ1 be given. Taking into a

ount (2), (4), the energy equality andintegrating between τ and t,

|U(t, τ)uτ |2 ≤ e−λ1t

∫ t

−∞
eλ1s ‖h(s)‖2

H−1(Ω) ds

+eλ1(τ−t)r2D(τ), (14)for all uτ ∈ D(τ) and for all t ≥ τ .Denote by Rλ1(t) the nonnegative number given for ea
h t ∈ R by
R2

λ1
(t) = e−λ1t

∫ t

−∞
eλ1s ‖h(s)‖2

H−1(Ω) ds+ 1. (15)Observe that Rλ1 ∈ Rλ1 . Now, 
onsider the family B̂λ1 of 
losed balls in L2 (Ω),
B̂λ1 = {Bλ1(t) : t ∈ R} , de�ned by Bλ1(t) =

{
v ∈ L2 (Ω) : |v| ≤ Rλ1(t)

} . It isstraightforward to 
he
k that B̂λ1 ∈ Dλ1 , and moreover, by (14), the family B̂λ1is pullba
k Dλ1 -absorbing for the pro
ess U .A

ording to Theorem 2, to �nish the proof of the theorem we only have toprove that U is pullba
k Dλ1-asymptoti
ally 
ompa
t.



14 M. AnguianoLet us �x D̂ ∈ Dλ1 , a sequen
e τn → −∞, a sequen
e uτn
∈ D(τn), and

t ∈ R. We have to prove that from the sequen
e {U(t, τn)uτn
} we 
an extra
t asubsequen
e that 
onverges in L2 (Ω).As the family B̂λ1 is pullba
k Dλ1 -absorbing, by a diagonal pro
edure, it is notdi�
ult to 
on
lude that there exist a subsequen
e {(τn′ , uτn′

)}
⊂ {(τn, uτn

)},and a sequen
e {wk; k ≥ 0} ⊂ L2 (Ω) su
h that for all k ≥ 0, and wk ∈
Bλ1(t− k),

U(t− k, τn′)uτn′ ⇀ wk in L2 (Ω) , (16)and
|w0| ≤ lim inf

n′→∞

∣∣U(t, τn′)uτn′

∣∣ . (17)If we now prove that also
lim sup
n′→∞

∣∣U(t, τn′)uτn′

∣∣ ≤ |w0| , (18)then we will have
lim

n′→∞

∣∣U(t, τn′)uτn′

∣∣ = |w0| .And this, together with the weak 
onvergen
e, will imply the strong 
onvergen
ein L2 (Ω) of U(t, τn′)uτn′ to w0.In order to prove (18), 
onsider [u] := |∇u|2 − λ1

2 |u|2 − 〈f(u), u〉 . Taking intoa

ount (2), (4), the energy equality and integrating between τ and t, it isimmediate that for all k ≥ 0 and all τn′ ≤ t− k,
∣∣U(t, τn′)uτn′

∣∣2 (19)
=
∣∣U(t− k, τn′)uτn′

∣∣2 e−λ1k

+ 2

∫ t

t−k

eλ1(s−t)
〈
h(s), U(s, t− k)U(t− k, τn′)uτn′

〉
ds

− 2

∫ t

t−k

eλ1(s−t)
[
U(s, t− k)U(t− k, τn′)uτn′

]
ds.Now we will prove that

∫ t

t−k

eλ1(s−t) [U(s, t− k)wk] ds (20)
≤ lim inf

n′→∞

∫ t

t−k

eλ1(s−t)
[
U(s, t− k)U(t− k, τn′)uτn′

]
ds.Denote

Jk(v) = J
(1)
k (v) + J

(2)
k (v),where

J
(1)
k (v) =

∫ t

t−k

eλ1(s−t)

(
|∇v(s)|2 − λ1

2
|v(s)|2

)
ds,
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J

(2)
k (v) = −

∫ t

t−k

eλ1(s−t) 〈f(v), v〉 ds,for all v ∈ L2(t− k, t;H1
0 (Ω)) ∩ Lp(t− k, t;Lp (Ω)).We also obtain from (16) and using Proposition 3

lim inf
n′→∞

(J
(1)
k (U(·, t− k)U(t− k, τn′)uτn′ )

≥ J
(1)
k (U(·, t− k)wk). (21)Using (5) with l = 0, from (16) and Proposition 3 we easily obtain

lim
n′→∞

inf
(
J

(2)
k (U(·, t− k)U(t− k, τn′)uτn′ )

)

≥ J
(2)
k (U(·, t− k)wk).Therefore (20) is easily obtained from the last inequality and (21).Then, taking into a

ount that the family B̂λ1 is pullba
k Dλ1 -absorbing, from(16), using Proposition 3 and thanks to (19) and (20), we obtain
lim

n′→∞
sup

∣∣U(t, τn′)uτn′

∣∣2

≤ R2
λ1

(t− k)e−λ1k + |w0|2 ,for all k ≥ 1. Taking into a

ount (15), we easily obtain
lim

n′→∞
sup

∣∣U(t, τn′)uτn′

∣∣2 ≤ |w0|2 .
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ELLIPTIC PROBLEMS IN THIN DOMAINS WITH HIGHLYOSCILLATING BOUNDARIESJOSÉ M. ARRIETA∗ AND MARCONE C. PEREIRA†

∗Dpto. Matemati
a Apli
ada, Universidad Complutense de Madrid28040 Madrid, Spain
†Es
ola de Artes, Cien
ias e HumanidadesUniversidade de São Paulo, São Paulo, Brasilarrieta�mat.u
m.es mar
one�usp.brAbstra
tWe study the Lapla
e operator with Neumann boundary 
onditions ina 2-dimensional thin domain with a higly os
illating boundary. We obtainthe 
orre
t limit problem for the 
ase where the boundary is the graph ofthe os
illating fun
tion ǫGǫ(x) where Gǫ(x) = a(x) + b(x)g(x/ǫ) with gperiodi
 and a and b not ne
essarily 
onstant.Key words: thin domains, os
illations, homogenizationAMS subje
t 
lassi�
ations: 35B27, 74K10.1 Introdu
tionWe are interested in analyzing the behavior of the solutions, as the parameter

ǫ→ 0, of the following linear ellipti
 problem




−∆wǫ + wǫ = f ǫ in Rǫ

∂wǫ

∂N ǫ
= 0 on ∂Rǫ

(1)where the domain Rǫ is a thin domain with a highly os
illating boundary,
f ǫ ∈ L2(Rǫ) and N ǫ = (N ǫ

1 , N
ǫ
2) is the unit outward normal to ∂Rǫ.We de�ne the thin domain as

Rǫ = {(x1, x2) ∈ R
2 | x1 ∈ I, 0 < x2 < ǫGǫ(x1)} (2)

∗Partially supported by: PHB2006-003 PC and PR2009-0027 from MICINN; MTM2006�08262, MTM2009-07540 DGES, Spain and GR58/08, Grupo 920894 (BSCH-UCM, Spain)
†Partially supported by FAPESP 2006/06278-7, CAPES DGU 127/07 and CNPq305210/2008-4. 17



18 J.M. Arrieta, M.C. Pereirawhere I = (0, 1), the fun
tion Gǫ(x) = a(x) + b(x)g(x/ǫ) where g : R 7→ R isan L-periodi
 positive fun
tion of 
lass C1 and the fun
tions a, b : I 7→ R arepie
ewise C1-fun
tions de�ned on I = (0, 1) satisfying
α0 ≤ a(x) ≤ α1 and β0 ≤ b(x) ≤ β1. (3)We also assume that there exist positive 
onstants G0 and G1 su
h that

0 < G0 ≤ Gǫ(x) ≤ G1 on I (4)uniformly in ǫ > 0.
Figure 1: The thin domain RǫIt is known that if the domain does not present os
illations, that is g ≡ 0,the 1-dimensional limiting problem is given by,





− 1

a(x)
(a(x)vx)x + v = f, in (0, 1)

vx(0) = vx(1) = 0

(5)see for instan
e [6, 7, 8℄.Moreover, if we 
onsider g(x/ǫα) for some 0 < α < 1, instead of g(x/ǫ) andif we assume that a(x) + b(x)g(x/ǫα) → h(x) w-L2(0, 1) and 1
a(x)+b(x)g(x/ǫα) →

k(x) w-L2(0, 1) (observe that h(x)k(x) ≥ 1 a.e. and in general it is not truethat h(x)k(x) ≡ 1), then the limit problem is




− 1

h(x)
(

1

k(x)
vx)x + v = f, in (0, 1)

vx(0) = vx(1) = 0

(6)see [1℄.In this note we are interested in addressing the 
ase α = 1, that is
Gǫ(x) = a(x) + b(x)g(x/ǫ), where none of the te
hniques used to solve theprevious two 
ases apply. Observe that this 
ase is very resonant: the height ofthe domain, the amplitude of the os
illations at the boundary and the periodof the os
illations are of the same order ǫ.As a matter of fa
t, we will show that the limit equation is
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{
−∂x(q(x) ∂xw0) + p(x)w0 = p(x)f(x), x ∈ (0, 1)

w′
0(0) = w′

0(1) = 0
(7)where

q(x) =

∫

Y ∗
x

{
1 − ∂Xx

∂y1
(y1, y2)

}
dy1dy2, p(x) = |Y ∗

x |and the 2 dimensional domain Y ∗
x depends on x ∈ (0, 1) and is given by

Y ∗
x = {(y1, y2) ∈ R

2 : 0 < y1 < L, 0 < y2 < a(x) + b(x)g(y1)} (8)and Xx is given by the solution of





−∆Xx = 0 in Y ∗
x

∂Xx

∂N = 0 on Bx
2

∂Xx

∂N = N1 on Bx
1

Xx(0, y2) = Xx(L, y2) on Bx
0∫

Y ∗
x
Xx dy1dy2 = 0.

(9)To obtain the limitting equation (7) we will divide the analysis in three 
ases:(1) the purely periodi
 
ase, that is, a(·) and b(·) 
onstants; (2) the pie
ewiseperiodi
 
ase, that is, a(·) and b(·) are pie
ewise 
onstant and (3) the general
ase, where a and b are smooth fun
tions.2 Basi
 fa
ts and notationTo study the 
onvergen
e of (1) on the thin os
illating domain Rǫ, we 
onsiderthe 
hange of variables (x, y) = (x1, ǫx2) whi
h transform problem (1) into theequivalent linear ellipti
 problem




− ∂2uǫ

∂x1
2 − 1

ǫ2
∂2uǫ

∂x2
2 + uǫ = f ǫ in Ωǫ

∂uǫ

∂x1
N ǫ

1 +
1

ǫ2
∂uǫ

∂x2
N ǫ

2 = 0 on ∂Ωǫ

(10)on the domain Ωǫ ⊂ R
2 given by

Ωǫ = {(x1, x2) ∈ R
2 | x1 ∈ I, 0 < x2 < Gǫ(x1)}. (11)Observe that domain Ωǫ is not thin any more, although the os
illations presentedat the upper boundary are very wild. Nevertheless, the 1

ǫ2 fa
tor in front of thedi�usion in the x2 dire
tion 
ompensate the very wild os
illations at the topboundary.The variational formulation of (10) is �nd uǫ ∈ H1(Ωǫ) su
h that
∫

Ωǫ

{∂uǫ

∂x1

∂ϕ

∂x1
+

1

ǫ2
∂uǫ

∂x2

∂ϕ

∂x2
+uǫϕ

}
dx1dx2 =

∫

Ωǫ

f ǫϕdx1dx2 ∀ϕ ∈ H1(Ωǫ). (12)



20 J.M. Arrieta, M.C. PereiraIn a natural way, we will need to 
onsider the spa
e H1(U) with the followingnorm, that we denote by H1
ǫ (U)

‖w‖2
H1

ǫ (U) = ‖w‖2
L2(U) +

∥∥∥
∂w

∂x1

∥∥∥
2

L2(U)
+

1

ǫ2

∥∥∥
∂w

∂x2

∥∥∥
2

L2(U)given by the inner produ
t
(φ, ϕ)H1

ǫ (U) =

∫

U

{ ∂φ
∂x1

∂ϕ

∂x1
+

1

ǫ2
∂φ

∂x2

∂ϕ

∂x2
+ φϕ

}
dx1dx2where U is an arbitrary open set of R

2.Remark that the solutions uǫ satisfy an uniform a priori estimate on ǫ. Infa
t, we 
an take ϕ = uǫ in the expression (12) and after some easy 
al
ulations,we obtain
‖uǫ‖H1

ǫ (Ωǫ) ≤ ‖f ǫ‖L2(Ωǫ). (13)We also have the following extension operator,Lemma 1 Let O and Oǫ be the domains given by
O = {(x1, x2) ∈ R

2 | x1 ∈ I and 0 < x2 < G1}
Oǫ = {(x1, x2) ∈ R

2 | x1 ∈ I and 0 < x2 < Gǫ(x1)}where I ⊂ R is an open interval, Gǫ : I 7→ R is a C1-fun
tion satisfying
0 < G0 ≤ Gǫ(x1) ≤ G1 for all x ∈ I and ǫ > 0.We have the following general extension operator

Pǫ ∈ L(Lp(Oǫ), Lp(O)) ∩ L(W 1,p(Oǫ),W 1,p(O))and a 
onstant K independent of ǫ and p su
h that
‖Pǫϕ‖Lp(O) ≤ K ‖ϕ‖Lp(Oǫ),

∥∥∥
∂Pǫϕ

∂x2

∥∥∥
Lp(O)

≤ K
∥∥∥
∂ϕ

∂x2

∥∥∥
Lp(Oǫ)

∥∥∥
∂Pǫϕ

∂x1

∥∥∥
Lp(O)

≤ K
{∥∥∥

∂ϕ

∂x1

∥∥∥
Lp(Oǫ)

+ η(ǫ)
∥∥∥
∂ϕ

∂x2

∥∥∥
Lp(Oǫ)

} (14)for all ϕ ∈W 1,p(Oǫ) where 1 ≤ p ≤ ∞ and η(ǫ) = supx∈I{|G′
ǫ(x)|}.Proof . We extend the fun
tions in the verti
al dire
tion by re�e
tion a
rossthe os
illating boundary, see [3℄ for details. �3 The purely periodi
 
aseWith the aid of the multiple s
ale method, we 
an obtain our 
andidate to limitproblem. On
e the limit problem is obtained, we may use the os
illatory testfun
tion method of Tartar to show the 
onvergen
e. The ideas to obtain thisproblem follow very 
losely the arguments of [5, 4℄.



Thin os
illating domains 21We de�ne the basi
 
ell
Y ∗ = {(y, z) ∈ R

2 : 0 < y < L and 0 < z < g(y)} (15)and we 
all B0 the lateral boundary, B1 the upper boundary and B2 the lowerboundary of ∂Y ∗. So that, ∂Y ∗ = B0 ∪B1 ∪B2.In this 
ell we solve the problem,




−∆y,zX(y, z) = 0 in Y ∗

∂X
∂N (y, g(y)) = − g′(y)√

1+(g′(y))2
on B1,

∂X
∂N (y, 0) = 0 on B2

X(0, z) = X(L, z) z ∈ B0,∫
Y ∗ X dy1dy2 = 0and 
onsider

q =

∫

Y ∗

{
1 − ∂X

∂y
(y, z)

}
dydz, p = |Y ∗|.Then, the limitting problem is,





−q d

2w0

dx2
(x) + pw0(x) = pf(x), x ∈ (0, 1)

u′0(0) = u′0(1) = 0.

(16)4 The pie
ewise periodi
 
aseWe 
onsider in this se
tion the 
ase where the fun
tions a and b are lo
ally
onstant fun
tions de�ned on I = (0, 1). That is, we suppose there exists a setof points
0 = x0 < x1 < ... < xN = 1 (17)su
h that the fun
tions a and b are 
onstants, say ai and bi, on ea
h interval

Ii = (xi−1, xi) with 1 ≤ i ≤ N .Considering the weak formulation (12) of problem (10) and using theextension operator from Lemma 1 in ea
h of the intervals (xi, xi+1), we 
anobtain that if we de�ne the family of basi
 
ells
Y ∗

i = {(y1, y2) ∈ R
2 : 0 < y1 < L, 0 < y2 < ai + big(y1)} (18)and if we solve the family of problems in ea
h of the basi
 
ells for i = 1, . . . , n,





−∆Xi = 0 in Y ∗
i

∂Xi

∂N = 0 on Bi
2

∂Xi

∂N = N1 on Bi
1

Xi(0, y2) = Xi(L, y2) on Bi
0∫

Y ∗
i

Xi dy1dy2 = 0

(19)



22 J.M. Arrieta, M.C. Pereirawhere Bi
0 is the lateral boundary, Bi

1 is the upper boundary and Bi
2 is the lowerboundary of ∂Y ∗

i for all i = 1, ..., N and de�ne
qi =

∫

Y ∗
i

{
1 − ∂Xi

∂y1
(y1, y2)

}
dy1dy2, pi = |Y ∗

i |then the variational formulation of the limit problem is
∫ 1

0

q(x)
∂u0

∂x

∂ϕ

∂x
+ p(x)u0ϕ =

∫ 1

0

p(x)fϕ, ∀ϕ ∈ H1(0, 1) (20)where q(x) and p(x) are the pie
ewise 
onstant fun
tion q(x) = qi, p(x) = pifor x ∈ (xi, xi+1), i = 1, . . . , N .As a matter of fa
t, the following result 
an be proved,Proposition 2 For ea
h sequen
e ǫ → 0, there exists a subsequen
e, that wealso denote by ǫ, and a fun
tion f0 ∈ L2(0, 1) su
h that if u0 ∈ H1(0, 1) is theweak solution of (20) then
Pǫu

ǫ ⇀ u0 w −H1((xi, xi+1) × (0, G1)), i = 1, . . . , Nwhere Pǫ is the extension operator given by Lemma 1 and where we assume that
u0 has been extended 
onstantly in the x2 dire
tion.5 The general 
aseWe 
onsider in this se
tion the 
ase where a and b are smooth fun
tions notne
essarily pie
ewise 
onstant. We will obtain the limit equation and the
onvergen
e of the solution of (10) to the solution of the limit problem byapproximating the fun
tions a(·) and b(·) in L∞(0, 1) by pie
ewise 
onstantfun
tions aδ(·), bδ(·), using the results from the previous se
tion and passing tothe limit when δ → 0. Observe that if ‖a−aδ‖L∞(0,1) → 0 and ‖b−bδ‖L∞(0,1) →
0 as δ → 0, then ‖Gǫ −Gδ

ǫ‖ → 0 as δ → 0, uniformly in ǫ. This new parameter
δ introdu
es new di�
ulties in the problem sin
e now we will need to 
onsiderproblem (10) with two parameters, ǫ and δ and the solution u = uǫ

δ. In orderto be able to pass to the limit appropriately, we will prove a result on the
ontinuous dependen
e of the solutions of (10) with respe
t to the fun
tions aand b uniformly in ǫ. This uniformity will allow us to inter
hange the limit andobtain the 
orre
t limit problem.More pre
isely, assume a, â, b and b̂ are real fun
tions uniformly bonded on
I satisfying (3) and 
onsider the asso
iated os
illating domains Ωǫ and Ω̂ǫ givenby

Ωǫ = {(x1, x2) ∈ R
2 | x1 ∈ I, 0 < x2 < Gǫ(x1)},

Ω̂ǫ = {(x1, x2) ∈ R
2 | x1 ∈ I, 0 < x2 < Ĝǫ(x1)}with

Gǫ(x) = a(x) + b(x)g(x/ǫ) Ĝǫ(x) = â(x) + b̂(x)g(x/ǫ)
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illating domains 23satisfying (4).Let uǫ and ûǫ be the solutions of the problem (10) in the os
illating domains
Ωǫ and Ω̂ǫ respe
tively with f ǫ ∈ L2(R2). Then we have the following result:Proposition 3 There exists a positive real fun
tion ρ : [0,∞) 7→ [0,∞) su
hthat

‖uǫ − ûǫ‖2
H1

ǫ (Ωǫ∩Ω̂ǫ)
+ ‖uǫ‖2

H1
ǫ (Ωǫ\Ω̂ǫ)

+ ‖ûǫ‖2
H1

ǫ (Ω̂ǫ\Ωǫ)
≤ ρ(δ) (21)with ρ(δ) → 0 as δ → 0 uniformly for all

• ǫ > 0;
• pie
ewise C1 fun
tions a, b, â, b̂ with ‖a−â‖L∞(0,1) ≤ δ, ‖b− b̂‖L∞(0,1) ≤ δ,and α0 ≤ a(x), â(x) ≤ α1, β0 ≤ b(x), b̂(x) ≤ β1,
• fǫ ∈ L2(R2), ‖fǫ‖L2(R2) ≤ 1.Idea of the proof. We use that uǫ and ûǫ are the minima in H1(Ωǫ) and H1(Ω̂ǫ),respe
tively of the fun
tionals
Vǫ(ϕ) =

1

2

∫

Ωǫ

{ ∂ϕ
∂x1

2

+
1

ǫ2
∂ϕ

∂x2

2

+ ϕ2
}
dx1dx2 −

∫

Ωǫ

f ǫϕdx1dx2

V̂ǫ(ϕ̂) =
1

2

∫

Ω̂ǫ

{ ∂ϕ̂
∂x1

2

+
1

ǫ2
∂ϕ̂

∂x2

2

+ ϕ̂2
}
dx1dx2 −

∫

Ω̂ǫ

f ǫϕ̂dx1dx2.

(22)That is,
Vǫ(u

ǫ) = min
ϕ∈H1(Ωǫ)

Vǫ(ϕ), V̂ǫ(û
ǫ) = min

ϕ̂∈H1(Ω̂ǫ)
V̂ǫ(ϕ̂).To be able to obtain an estimate like (21) we will need to be able to somehowplug the fun
tion uǫ in the minimization problem for ûǫ and also plug ûǫ inthe minimization for uǫ and operate wisely to obtain the estimates. Sin
e thedomains Ωǫ and Ω̂ǫ are di�erent and they do not ne
essarily have any in
lusionrelation, we will need to �extend� the fun
tion uǫ to Ω̂ǫ and vi
eversa, �extend"the fun
tion ûǫ to Ωǫ. But if we use the extension operator de�ned in Lemma1 then the 
onstants involved will depend on the derivative of the fun
tions a, band â, b̂. But this is a serious drawba
k sin
e the fun
tions a, b â, b̂ are notsmooth enough and they do not need to be 
lose in the C1 topology. Therefore,we 
annot use the extension operator from Lemma 1.Instead of this extension operator we de�ne an operator whi
h 
onsists in�stret
hing" a fun
tion de�ned in Ωǫ only in the x2-dire
tion by a fa
tor (1+ η)and restri
t the �stret
hed� fun
tion to the domain Ω̂ǫ. That is, in general, letus de�ne the operator

P1+η : H1(U) 7→ H1(U(1 + η))

(P1+ηϕ)(x1, x2) = ϕ

(
x1,

x2

1 + η

)
(x1, x2) ∈ U

(23)
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U(1 + η) = {(x1, (1 + η)x2) ∈ R

2 | (x1, x2) ∈ U}and U ⊂ R
2 is an arbitrary open set.With this operator, we 
an show that if uǫ is a solution of problem (10) then

‖uǫ‖2
H1

ǫ (Ωǫ\Ωǫ( 1
1+η

)) + ‖P1+ηu
ǫ‖2

H1
ǫ (Ωǫ(1+η)\Ωǫ) + ‖uǫ − P1+ηu

ǫ‖2
H1

ǫ (Ωǫ) ≤ C
√
ηwhere C = C(G1, ‖f ǫ‖L2) independent of ǫ ∈ (0, 1).This last estimate allows us to 
onsider the fun
tion P1+ηuǫ|Ω̂ǫ

as a testfun
tion in the problem in Ω̂ǫ and P1+ηûǫ|Ωǫ
as a test fun
tion in the problemin Ωǫ. The fa
t that ‖a − â‖L∞(0,1), ‖b − b̂‖L∞(0,1) ≤ δ permits us to take ηsmall uniformly in ǫ.With Proposition 3 and using that estimate (21) is uniformly in ǫ, will allowus to show that the limit problem in the general 
ase is given by (7).Referen
es[1℄ J.M. Arrieta; Spe
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aAbstra
tA solution of a nonautonomous ordinary di�erential equation is �nite-time hyperboli
, i.e. hyperboli
 on a 
ompa
t interval of time, if thelinearisation along that solution exhibits a strong exponential di
hotomy.In analogy to 
lassi
al asymptoti
 fa
ts, it is shown that �nite-timehyperboli
ity is robust, that is, it persists under small perturbations.Eigenvalues and -ve
tors may be misleading with regards to hyperboli
ity.This is demonstrated by means of simple examples.Key words: Hyperboli
ity, exponential di
hotomy, �nite-time dynami
s.AMS subje
t 
lassi�
ations: 34A30, 37B55, 37D05.Hyperboli
ity is widely re
ognised as a fundamental notion of dynami
al systemstheory. While extensions and re�nements of the 
lassi
al, that is, asymptoti

on
ept 
ontinue to play a vital role in modern dynami
s, mu
h attention hasre
ently been drawn to the systemati
 study of suitable �nite-time analogues.This note 
ontributes to �nite-time dynami
s a brief dis
ussion of two pra
ti
alaspe
ts of the hyperboli
ity 
on
ept developed and utilised e.g. in [1, 3, 4, 6, 8℄.1 Hyperboli
ity is robustConsider the nonautonomous ordinary di�erential equation

ẋ = f(t, x) , (1)where f : I × U → R
d is C1, I = [t−, t+] with −∞ < t− < t+ < +∞, and

U ⊂ R
d is a non-empty open set. The linearisation of (1) along any solution

µ : I → U is
ẏ = Dxf

(
t, µ(t)

)
y . (2)To quantify growth and de
ay of solutions of (2), arbitrary inner produ
t norms

‖ · ‖Γ =
√
〈·,Γ·〉 are 
onsidered, where Γ ∈ R

d×d is any symmetri
 positivede�nite matrix, i.e. Γ⊤ = Γ > 0, and 〈·, ·〉 is the standard inner produ
t on R
d;25



26 A. Bergerthe symbol ‖ ·‖Γ also denotes the indu
ed norm on R
d×d. Quantities dependingon Γ have their dependen
e made expli
it by a subs
ript whi
h is suppressedonly if Γ equals idd×d, the d× d identity matrix.To de�ne �nite-time hyperboli
ity, instead of (2) 
onsider more generallyany nonautonomous linear equatioṅ

y = A(t)y , (3)where A : I → R
d×d is 
ontinuous. Let Φ : I × I → R

d×d denote the asso
iatedevolution operator, i.e., y : t 7→ Φ(t, s)η is, for any η ∈ R
d, the unique solutionof (3) satisfying y(s) = η. A proje
tion-valued fun
tion P : I → R

d×d is aninvariant proje
tor for (3) if P (t)Φ(t, s) = Φ(t, s)P (s) for all t, s ∈ I. Note that
t 7→ P (t) is 
ontinuous, and rkP (t) is 
onstant, for any invariant proje
tor.De�nition 1 Let Γ⊤ = Γ > 0. Equation (3) is hyperboli
 (on I w.r.t. ‖ · ‖Γ) ifthere exists an invariant proje
tor P for (3), together with 
onstants α, β > 0,su
h that for every y ∈ R

d,
∥∥Φ(t, s)P (s)y

∥∥
Γ
≤ e−α(t−s)

∥∥P (s)y
∥∥

Γ
, ∀t ≥ s , (4)

∥∥Φ(t, s)
(idd×d − P (s)

)
y
∥∥

Γ
≤ eβ(t−s)

∥∥(idd×d − P (s)
)
y
∥∥

Γ
, ∀t ≤ s . (5)A solution µ of (1) is hyperboli
 if the asso
iated linearisation (2) is hyperboli
.The estimates in De�nition 1 in
orporate a �nite-time variant of the 
lassi
alnotion of an exponential di
hotomy that is more restri
tive than the latterbe
ause an arbitrary multipli
ative 
onstant on the right-hand side of (4) or(5) would render the 
on
ept meaningless. Consequently, to establish therobustness of �nite-time hyperboli
ity, 
lassi
al arguments using Gronwall-typeestimates (see e.g. [10℄) do not apply dire
tly. Instead, the alternative argumentpresented in Lemma 2 below makes use of [3, Lem.9℄, restated here asProposition 1 Equation (3) is hyperboli
 on I w.r.t. ‖ · ‖Γ, with invariantproje
tor P and 
onstants α, β > 0, if and only if, for all t ∈ I and y ∈ R

d,
d

dt
‖Φ(t, t−)P (t−)y‖Γ ≤ −α‖Φ(t, t−)P (t−)y‖Γ , (6)as well as

d

dt

∥∥Φ(t, t−)
(
idd×d − P (t−)

)
y
∥∥

Γ
≥ β

∥∥Φ(t, t−)
(
idd×d − P (t−)

)
y
∥∥

Γ
. (7)Lemma 2 Let A, Ã : I → R

d×d be 
ontinuous, and assume (3) is hyperboli
,with 
onstants α, β > 0. Then, given 0 < α̃ < α, 0 < β̃ < β, there exists δ > 0su
h that
ẏ = Ã(t)y (8)is hyperboli
 as well, with 
onstants α̃, β̃, whenever maxt∈I ‖Ã(t)−A(t)‖Γ < δ.



More on �nite-time hyperboli
ity 27Proof . For every 
ontinuous B : I → R
d×d, let ‖B‖∞ := maxt∈I ‖B(t)‖Γ,and denote by Φ and Φ̃ the evolution operators asso
iated with (3) and (8),respe
tively. Also, re
all the trivial estimate

e−|t−s|‖A‖∞‖y‖Γ ≤ ‖Φ(t, s)y‖Γ ≤ e|t−s|‖A‖∞‖y‖Γ , ∀t, s ∈ I , (9)and note that P̃ : t 7→ Φ̃(t, t−)P (t−)Φ̃(t, t−)−1 is an invariant proje
tor for (8).For the latter equation, the variation of 
onstants formula yields
Φ̃(t, t−) − Φ(t, t−) =

∫ t

t−

Φ(t, τ)
(
Ã(τ) −A(τ)

)
Φ̃(τ, t−) dτ ,whi
h together with (9) implies that, for all t ∈ I,

∥∥Φ̃(t, t−) − Φ(t, t−)
∥∥

Γ
≤
∫ t

t−

e(t−τ)‖A‖∞‖Ã−A‖∞e(τ−t−)‖ eA‖∞dτ

≤ e(t−t−)‖A‖∞‖Ã−A‖∞
∫ t

t−

e(τ−t−)‖ eA−A‖∞dτ

≤ e(t−t−)‖A‖∞

(
e(t−t−)‖ eA−A‖∞ − 1

)

≤ 2(t− t−)e(t−t−)‖A‖∞‖Ã−A‖∞ ,provided that ‖Ã − A‖∞ < δ1 := (t+ − t−)−1. Given y ∈ R
d, de�ne the two

C1-fun
tions φ, φ̃ : I → R as
φ : t 7→ 1

2‖Φ(t, t−)P (t−)y‖2
Γ , φ̃ : t 7→ 1

2‖Φ̃(t, t−)P (t−)y‖2
Γ .For notational 
onvenien
e, let η = P (t−)y. It follows from the estimate

∣∣ ˙̃φ− φ̇
∣∣ =

∣∣〈ΓÃΦ̃η, Φ̃η〉 − 〈ΓAΦη,Φη〉
∣∣

≤
∣∣〈Γ(Ã−A)φ̃η, φ̃η〉

∣∣+
∣∣〈ΓAΦ̃η, Φ̃η〉 − 〈ΓAΦη,Φη〉

∣∣

≤ 2‖Ã−A‖∞φ̃+ ‖A‖∞‖(Φ̃ − Φ)η‖Γ(‖Φ̃η‖Γ + ‖Φη‖Γ)

≤ 2‖Ã−A‖∞φ̃+ ‖A‖∞(t+ − t−)e(t+−t−)‖A‖∞‖Ã−A‖∞‖η‖Γ(

√
8φ̃+

√
8φ)

≤ 2‖Ã−A‖∞
(
φ̃+ 2‖A‖∞(t+ − t−)e(t+−t−)(2‖A‖∞+‖ eA−A‖∞)(φ̃+ φ)

)
,whi
h is valid whenever ‖Ã−A‖∞ < δ1, that

∣∣ ˙̃φ(t) − φ̇(t)
∣∣ ≤ C‖Ã−A‖∞

(
φ̃(t) + φ(t)

)
, ∀t ∈ I ,where C depends only on t+ − t− + ‖A‖∞. With Proposition 1, therefore,

˙̃
φ ≤ φ̇+ C‖Ã−A‖∞(φ̃+ φ) ≤ −2αφ+ C‖Ã−A‖∞(φ̃+ φ)

≤ −2(α− C‖Ã−A‖∞)φ̃+ (2α+ C‖Ã−A‖∞)
∣∣φ̃− φ

∣∣ , (10)



28 A. Bergerwhenever ‖Ã−A‖∞ < δ1. Under the latter 
ondition, observe that also
∣∣φ̃− φ

∣∣ ≤ 1
2‖(φ̃− φ)η‖Γ(‖φ̃η‖Γ + ‖φη‖Γ)

≤ (t+ − t−)e(t+−t−)‖A‖∞‖Ã−A‖∞‖η‖Γ

(√
2φ̃+

√
2φ

)

≤ 2(t+ − t−)e(t+−t−)‖A‖∞‖Ã−A‖∞
(
e(t+−t−)‖ eA‖∞ φ̃+ e(t+−t−)‖A‖∞φ

)

≤ 2(t+ − t−)e1+2(t+−t−)‖A‖∞‖Ã−A‖∞(φ̃+ φ)

≤ 2C‖Ã−A‖∞φ̃+ C‖Ã−A‖∞
∣∣φ̃− φ

∣∣ ,whi
h in turn implies that
∣∣φ̃(t) − φ(t)

∣∣ ≤ 4C‖Ã−A‖∞φ̃(t) , ∀t ∈ I , (11)provided that ‖Ã−A‖∞ < δ2 := (2C)−1 < δ1. Combining (10) and (11) yields
˙̃
φ(t) ≤ −2

(
α− 2C(1 + 2α)‖Ã−A‖∞

)
φ̃(t) , ∀t ∈ I ,whenever ‖Ã−A‖∞ < δ2. With δ :=

min(1, α− α̃)

2C(1 + 2α)
> 0 therefore ‖Ã−A‖∞ < δimplies that ˙̃

φ(t) ≤ −2α̃φ̃(t) for all t ∈ I. This establishes (6̃). A 
ompletelyanalogous argument proves (7̃). Overall, ‖Ã − A‖∞ < δ ensures that (8) ishyperboli
 on I w.r.t. ‖ · ‖Γ, with invariant proje
tor P̃ and 
onstants α̃, β̃. �Remark 1 (i) Note that δ in Lemma 2 depends only on α − α̃, β − β̃, and
t+ − t− + ‖A‖∞. Usually, it is not possible to 
hoose α̃ = α or β̃ = β, not evenif (3) and (8) are autonomous.(ii) It was shown in [3, Exp.24℄ that, perhaps somewhat surprisingly,

ẏ =

[
0 1
0 0

]
yis hyperboli
 for every I and Γ. Thus, by Lemma 2,

ẏ =

[
a1 1
a2 a3

]
y (12)is hyperboli
 as well, provided that maxt∈I

∑3
i=1 |ai(t)| is su�
iently small forthe 
ontinuous fun
tions a1, a2, a3 : I → R. If so, even though the (possiblytime-dependent) eigenvalues of (12) may be both positive or negative, the rankof any invariant proje
tor a

ording to De�nition 1 equals one.The desired robustness result is an immediate 
onsequen
e of Lemma 2. Itasserts that hyperboli
ity a

ording to De�nition 1 is robust under variationsof the initial data and C1-small perturbations of the right-hand side in (1).
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ity 29Theorem 3 Assume the solution µ of (1) is hyperboli
 on I w.r.t. ‖·‖Γ. Thenthere exists δ > 0 su
h that for every C1-fun
tion f̃ : I × U → R
d with

supt∈I

(∥∥f̃
(
t, µ(t)

)
− f
(
t, µ(t)

)∥∥
Γ

+
∥∥Dxf̃

(
t, µ(t)

)
−Dxf

(
t, µ(t)

)∥∥
Γ

)
< δ , (13)every solution µ̃ : I → U of

ẋ = f̃(t, x) (14)is hyperboli
 as well, provided that ‖µ̃(t0) − µ(t0)‖Γ < δ for some t0 ∈ I.Proof . Given ε > 0, 
hoose δ1 > 0 so small that
Tδ1 :=

{
(t, x) : t ∈ I, ‖x− µ(t)‖Γ ≤ δ1

}
⊂ I × Uand ‖Dxf̃(t, x)−Dxf̃(t, y)‖Γ <

1
2ε whenever x, y ∈ Tδ1 and ‖x−y‖Γ < δ1. Also,pi
k δ2 > 0 small enough to ensure that maxt∈I ‖f̃

(
t, µ(t)

)
− f

(
t, µ(t)

)
‖Γ < δ2and ‖x0 − µ(t0)‖ < δ2 for some t0 ∈ I imply that the solution of (14) with

x(t0) = x0 exists for all t ∈ I and satis�es maxt∈I ‖x(t) − µ(t)‖Γ < δ1. With
δ := min(1

2ε, δ1, δ2), it follows from (13) that
∥∥Dxf̃

(
t, µ̃(t)

)
−Dxf

(
t, µ(t)

)∥∥
Γ

≤
∥∥Dxf̃

(
t, µ̃(t)

)
−Dxf̃

(
t, µ(t)

)∥∥
Γ

+
∥∥Dxf̃

(
t, µ(t)

)
−Dxf

(
t, µ(t)

)∥∥
Γ

≤ 1
2ε+ δ < ε ,if only ‖µ̃(t0)− µ(t0)‖Γ < δ for some t0 ∈ I. Sin
e ε > 0 was arbitrary, Lemma2 applies with A(t) = Dxf

(
t, µ(t)

) and Ã(t) = Dxf̃
(
t, µ̃(t)

). �2 How (not) to dete
t hyperboli
ityIf the system (3) is autonomous, then it has a (
lassi
al) exponential di
hotomy ifand only if no eigenvalue of A lies on the imaginary axis. It thus seems natural touse eigenvalues as a tool to dete
t hyperboli
ity: If the eigenvalues and -ve
torsvary su�
iently little over time then, hopefully, some insight 
on
erning �nite-time behaviour 
an be gained from them. In this spirit and for d = 2 and
Γ = id2×2, [6, Thm.1℄ and [9, Thm.1℄ present 
onditions on the spe
tral data of
A that ensure �nite-time hyperboli
ity.Relying on spe
tral data in a �nite-time 
ontext does have its pitfalls,though. This fa
t, already hinted at by Remark 1(ii), is elu
idated furtherthrough the following simple example whi
h is phrased in the terminology of[7℄ so as to make it dire
tly a

essible to readers of that paper. Spe
i�
ally, afamily L = {Lt : t ∈ I} of C1-
urves Lt : R → R

d is referred to as a materialline of (1) if it is invariant in the sense that, for any s, t ∈ I,
x0 ∈ Ls(R) if and only if x(t; s, x0) ∈ Lt(R) ;here x(·; s, x0) denotes the unique solution of (1) with x(s) = x0. The obvious�uid dynami
al interpretation is that, at ea
h time t, the set Lt(R) represents a



30 A. Bergersmooth 
urve of �uid parti
les adve
ted by the velo
ity �eld f . A material line Lis attra
ting if for every solution µ of (1) with µ(t) ∈ Lt(R) for some (and hen
eevery) t ∈ I, there exists α > 0 and a smooth family X of (d − 1)-dimensionalsubspa
es, invariant under the linearisation (2) along µ, i.e. Φ(t, s)X(s) = X(t)for all s, t ∈ I, su
h that X(t) is, for every t ∈ I, transversal to Tµ(t)Lt(R), and
‖Φ(t, s)x‖ ≤ e−α(t−s)‖x‖ , ∀t ≥ s, x ∈ X(s) . (15)For any κ > 0, 
onsider now the autonomous linear equation

ẋ =




−1 6 0

0 −7 0
0 0 κ



x . (16)Sin
e the (x1, x2)-plane and the x3-axis are both invariant under the �owgenerated by (16), 
orresponding respe
tively to two negative and one positiveeigenvalue, it seems plausible that e.g. the x3-axis is an attra
ting material line.In fa
t, Case 1 of [7, Thm.1℄, asserts that every solution of (16) is 
ontained inan attra
ting material line, and hen
e (16) allows for many attra
ting materiallines. Plausible though this may be, it is a
tually not true:Claim 4 No material line of (16) is attra
ting.To verify this 
laim, suppose L was an attra
ting material line of (16) and µa solution in L. Denote by G2,3 the set of all two-dimensional subspa
es of
R

3. It follows from (15) that d
dt

1
2‖Φ(t, s)x‖2

∣∣
t=s

≤ −α‖x‖2 for all x ∈ X(s),where X(s) ∈ G2,3 is transversal to Tµ(s)Ls(R). Note that d
dt

1
2‖Φ(t, s)x‖2

∣∣
t=s

=
〈Cx, x〉 with the symmetri
 matrix

C =




−1 3 0

3 −7 0
0 0 κ



 .Thus Claim 4 will follow immediately on
e it is demonstrated that
maxx∈X,‖x‖=1〈Cx, x〉 ≥ 0 , ∀X ∈ G2,3. (17)To prove (17), �rst re
all the following elementary fa
t from linear algebra.Proposition 5 Let X 6= {0} be a subspa
e of R

d, and C,D ∈ R
d×d symmetri
matri
es with D > 0. Then {〈Cx, x〉 : x ∈ X, 〈Dx, x〉 = 1
}

= [ρ−, ρ+],where ρ+ and ρ− denote, respe
tively, the largest and smallest eigenvalue of
[〈Cbi, bj〉][〈Dbi, bj〉]−1 ∈ R

l×l, and {b1, . . . , bl} is any basis of X.Denote by Xϑ,ϕ ⊂ R
3 the two-dimensional spa
e

Xϑ,ϕ =




cosϑ cosϕ
cosϑ sinϕ

sinϑ




⊥

, 0 ≤ ϑ ≤ 1
2π, 0 ≤ ϕ ≤ 2π ;
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ity 31every X ∈ G2,3 equals Xϑ,ϕ for the appropriate ϑ, ϕ. To apply Proposition5 with D = id3×3 and X = Xϑ,ϕ, dedu
e from a straightforward 
omputationthat [〈Cbi, bj〉][〈Dbi, bj〉]−1 is similar to κ id2×2 + E1E2, where
E1 = −κ id2×2+

[
−1 3

3 −7

]
, E2 =

[
1 − cos2 ϑ cos2 ϕ − cos2 ϑ cosϕ sinϕ
− cos2 ϑ cosϕ sinϕ 1 − cos2 ϑ sin2 ϕ

]
.It follows that the maximum of {〈Cx, x〉 : x ∈ Xϑ,ϕ, ‖x‖ = 1

} is κ+ τ , with τdenoting the largest zero of the quadrati
 fun
tion
pϑ,ϕ : t 7→ t2+

(
2(κ+4)−cos2 ϑ

(
κ+4−3

√
2 sin(2ϕ+ 1

4π)
))
t+(κ2+8κ−2) sin2 ϑ .If 0 < κ ≤ 3

√
2 − 4 then pϑ,ϕ(0) ≤ 0 and hen
e τ ≥ 0. On the other hand,

pϑ,ϕ(3
√

2 − 4 − κ) = 3
√

2(3
√

2 − 4 − κ) cos2 ϑ
(
1 + sin(2ϕ+ 1

4π)
)
≤ 0whenever κ > 3

√
2 − 4, so that κ+ τ ≥ 3

√
2 − 4 in this 
ase. Overall therefore

maxx∈X,‖x‖=1〈Cx, x〉 ≥ min(κ, 3
√

2 − 4) > 0 , ∀X ∈ G2,3 .Clearly, this strengthened form of (17) proves Claim 4.Remark 2 (i) A straightforward 
omputation 
on�rms that (16) is hyperboli
w.r.t. ‖ · ‖ if and only if t+ − t− < 1
6 log 9+4

√
2

7 ≈ 0.1232. In this 
ase, the rankof any invariant proje
tor for (16) a

ording to De�nition 1 equals one, and nottwo as might be expe
ted.(ii) If A is 
onstant and has no eigenvalue on the imaginary axis, then therealways exist un
ountably many Γ = Γ⊤ > 0 su
h that (3) is hyperboli
 w.r.t.
‖·‖Γ on every 
ompa
t interval I, see [1, Rem.2℄ and [2, Thm.2.9℄. For example,(16) is hyperboli
 on every I w.r.t. ‖ · ‖Γ, where

Γ =




1 1 0
1 2 0
0 0 1



 .Moreover, if the de�nition of attra
tivity is adapted in that ‖ · ‖ in (15) isrepla
ed by ‖ · ‖Γ, then every traje
tory of (16) is indeed 
ontained in anattra
ting material line. Not restri
ting oneself to the Eu
lidean norm maythus be bene�
ial even in the most elementary of 
ir
umstan
es.(ii) The reader may wonder exa
tly whi
h part of the alleged proof of [7,Thm.1℄ is problemati
. The answer is simple: As the above example shows,linear 
hanges of 
oordinates do generally not preserve �nite-time hyperboli
ity,not even if they are time-independent. Con
retely, x = My with the appropriatenon-singular matrix M transforms (16) into ẏ = diag [−1,−7, κ], for whi
h e.g.every traje
tory not 
ontained in the (y1, y2)-plane, and hen
e in parti
ular the
y3-axis is an attra
ting material line.(iv) The usage of time-dependent spe
tral data to dete
t �nite-timehyperboli
ity 
an be avoided altogether. Based on a dynami
 partition of



32 A. Bergerthe extended phase spa
e, [1, Cor.9℄ presents a neat 
ondition guaranteeingthat a solution µ of (1) is hyperboli
. The dynami
 partition does not involveeigenvalues or -ve
tors but rather utilises a 
lassi�
ation of the points in I ×Ua

ording to their qualitative instantaneous behaviour. The interested readermay want to 
onsult [1, 2, 5, 6, 8℄ where aspe
ts of this useful 
on
ept aredeveloped in detail.A
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anovas�up
t.esAbstra
tThe aim of this paper is to present some re
ent results 
on
erningnon�autonomous dis
rete systems (non�autonomous order one di�eren
eequations) and state some problems that arise in this �eld.Key words: Non�autonomous dis
rete systems, non�autonomous di�eren
eequations, dynami
al systems, Li�Yorke 
haos.AMS subje
t 
lassi�
ations: 37B40, 37B55, 39A, 37E05, 26A18.1 Introdu
tionLet X be a 
ompa
t metri
 spa
e and 
onsider a sequen
e of 
ontinuous maps

fn : X → X , n ∈ N, denoted by f1,∞ = (fn)∞n=1. This sequen
e de�nesa non�autonomous dis
rete system (X, f1,∞). The orbit of any x ∈ X isgiven by the sequen
e (fn
1 (x)) = Orb(x, f1,∞), where fn

1 = fn ◦ ... ◦ f1 for
n ≥ 1, and f0

1 is the identity map. If fn = f for any n ∈ N, then the pair
(X, f) is an autonomous dis
rete dynami
al system. We point out that allde�nitions that we will introdu
e in this paper for the non�autonomous 
asehave an autonomous well�known equivalent de�nition in the setting of dis
retedynami
al systems.Non�autonomous dis
rete systems where introdu
ed in [20℄, although theyalso have appeared 
onne
ted to some non�autonomous di�eren
e equations(see [14℄ or [15℄). Note that the orbit of x ∈ X is given by the solution of thenon�autonomous di�eren
e equation

{
xn+1 = fn(xn),
x1 = x.It is obvious that, if we do not add any 
ondition on the sequen
e f1,∞, ingeneral we 
annot 
hara
terize the behavior of the orbits of the system. So, we33



34 J. Cánovasare going to present some parti
ular 
ases of non�autonomous dis
rete systemsfor whi
h something 
an be said on this behavior.The set of limit points of an orbit Orb(x, f1,∞) is the ω�limit set of x, whi
his denoted by ω(x, f1,∞). A point x ∈ X is said to be re
urrent if x ∈ ω(x, f1,∞).We denote by Λ(f1,∞) = ∪x∈Xω(x, f1,∞). Finally, x ∈ X is a non�wanderingpoint if for any open neighborhood U of x, there is a positive integer n su
hthat fn
1 (U) ∩ U 6= ∅. Note that

R(f1,∞) ⊆ ω(f1,∞) ⊆ Ω(f1,∞),where R(f1,∞) and Ω(f1,∞) denote the sets of re
urrent and non�wanderingpoints, respe
tively.The paper is organized as follows. In the next se
tion we analyze someresults 
on
erning periodi
 sequen
es of maps. Later on, we study dynami
properties of sequen
es whi
h 
onverge uniformly to 
ontinuous maps. Finally,in the last se
tion we show some results 
on
erning the dynami
al 
omplexityof the last 
lass of sequen
es of maps.2 Periodi
 sequen
esLet us assume the existen
e of a minimal positive integer k su
h that fn+k = fnfor all n ≥ 1, and therefore, the sequen
e f1,∞ is periodi
. The interest for su
hsequen
es 
omes from biologi
al and e
onomi
al s
ien
es. Let us emphasizethat some s
ientists working on population dynami
s use su
h kind of systemsto model the population growth of spe
ies under some periodi
 
hanges in theenvironment (see e.g. [9℄ and [15℄). On the other hand, periodi
 sequen
esof period k = 2 are deeply 
onne
ted to duopoly models. A duopoly is amarket in whi
h two �rms produ
e the same or equivalent goods. Hen
e, thefuture produ
tion are given by the so�
alled rea
tion fun
tions fi, i = 1, 2. Insome 
ases, su
h rea
tion fun
tions have an one dimensional domain and theprodu
tions are given by the systems (f1, f2, f1, f2, ...) and (f2, f1, f2, f1, ...),respe
tively (see e.g. [21℄, [22℄ and [24℄).It is just simple to prove that for any x ∈ X ,
ω(x, f1,∞) = ω(x, fk ◦ ... ◦ f1) ∪ ω(f1(x), f1 ◦ fk ◦ ... ◦ f2)

∪... ∪ ω(fk−1
1 (x), fk−1 ◦ ... ◦ f1 ◦ fk),and hen
e one 
an wonder whether the behavior of f1,∞ 
an be dedu
ed fromthe behavior of the 
ompositions fk ◦ ...◦f1, f1◦fk◦ ...◦f2, ... and fk−1◦ ...f1◦fk.This idea produ
es others positive results. For instan
e, in [20℄ it is proved that

h(f1,∞) =
1

k
h(fk ◦ ... ◦ f1) = ... =

1

k
h(fk−1 ◦ ... ◦ f1 ◦ fk),where h(f1,∞) is the topologi
al entropy of f1,∞, whi
h is a measure of thedynami
al 
omplexity of a system. Additionally, in [10℄, the 
hara
terizationof metri
 attra
tors (roughly speaking sets whi
h are ω�limit sets of almost all
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x ∈ [0, 1]) of periodi
 of order two where the maps have negative S
hwarzianderivative1 have been investigated. The same authors investigate in [11℄ thePit
hfork bifur
ation in these kind of systems. Finally, in [1℄ a 
hara
terizationof periodi
 solutions of one dimensional non�autonomous di�eren
e equationshas been found in terms of the Sharkovsky's result for one dimensional maps(see e.g. [26℄ and for a simple proof see [12℄).However, we must point out that the above 
ompositions may need not havethe same dynami
 properties (see e.g. [4℄ or [8℄). Additionally, some dynami
properties of a sequen
e f1,∞ 
annot be obtained from the above 
ompositions;for instan
e, the existen
e of periodi
 orbits of odd period of a non�autonomoussystem f1,∞ = (f1, f2, f1, f2, ...) de�ned on the unit interval [0, 1] 
annot bededu
ed from the periodi
 orbits of f1 ◦ f2 and f2 ◦ f1 (see [7℄).Even when the 
ompositions of maps f1, ..., fk 
an des
ribe a dynami
alproperty of f1,∞, sometimes it is not good in pra
ti
e. For instan
e, it is well�known that the logisti
 family fµ(x) = µx(1−x), x ∈ [0, 1] and µ ∈ [1, 4], has a�xed point whi
h is an attra
tor for all orbits in (0, 1) in the 
ase that 1 ≤ µ ≤ 3.It is an open question (see [14℄) to 
he
k the 
onditions of the parameters µi,
i = 1, ..., k, su
h that the periodi
 sequen
e (fµ1 , ..., fµk

, ...) has a periodi
 orbitof period k whi
h also is an attra
tor for all traje
tories in (0, 1). Of 
ourse,this periodi
 orbit (x1, x2, ..., xk, ...) has to satisfy
|f ′

µ1
(x1)f

′
µ2

(x2)...f
′
µk

(xk)| < 1,but the family of parameters whi
h makes possible the above equality is verydi�
ult to 
hara
terize in pra
ti
e.A similar problem 
an be found in [23℄, where an e
onomi
 model ispresented. This model is given by a periodi
 sequen
e (f1, ..., fk, ...) and allmaps have the same �xed point, whi
h is usually 
alled the Cournot equilibrium.The lo
al stability of this point is very important in the mi
roe
onomi
 theory.The lo
al equilibrium x0 ∈ R
n will be stable provided the Ja
obian matrix

J(fk ◦ ... ◦ f1)(x0) = J(fk)(x0) · J(fk−1)(x0) · ... · J(f1)(x0)has spe
tral radius smaller than one. But in pra
ti
e this is impossible to verifyfrom J(fi)(x0), i = 1, ..., k, be
ause these matri
es have spe
tral radius at leastone. So, 
he
king the stability of the Cournot equilibrium is a di�
ult te
hni
alproblem.3 Convergent sequen
esNow, assume that the sequen
e f1,∞ 
onverges uniformly to a 
ontinuous map
f . In general, it is not true that an ω�limit set ω(x, f1,∞) is also an ω�limit setof f ; for example, from [16℄ 
an be 
onstru
ted a sequen
e f1,∞, whi
h 
onvergesto the identity on [0, 1], and su
h that there are x ∈ [0, 1] with the propertythat ω(x, f1,∞) = [0, 1], while any ω�limit set of the limit map is a single point.1The S
hwarzian derivative of a good enough map f is Sf(x) =

f ′′′(x)
f ′(x)

−

3
2

“

f ′′(x)
f ′(x)

”2.



36 J. CánovasHowever, we 
an introdu
e some results whi
h 
hara
terize these ω�limit sets.The next one 
an be seen in [19℄.Theorem 1 Let fn : X → X be 
ontinuous su
h that fn 
onverges uniformlyto f . Then:(a) For any x ∈ X, the set ω(x, f1,∞) is 
ompa
t and strongly invariant by f[f(ω(x, f1,∞)) = ω(x, f1,∞))℄.(b) Let X = [0, 1] and assume that every periodi
 orbit of f is a �xed point.Then for any x ∈ I, ω(x, f1,∞) = [a, b] ⊂ F(f), 0 ≤ a ≤ b ≤ 1, , where
F(f) denotes the set of �xed points of f .If we 
onsider additional properties for the limit map f , we 
an improvethe last result. Let δ > 0. A sequen
e xn is a δ�pseudo orbit of f if

d(xn+1, f(xn)) < δ for n ≥ 1. Given ε > 0, we say that Orb(x, f) ε�shadows
xn if d(xn, f

n(x)) < ε for n ≥ 1. The map f has the shadowing property iffor any ε > 0 there is δ > 0 su
h that any δ�pseudo orbit is ε�shadowed by anorbit of f (see [2℄ or [17℄). The map f has the limit shadowing property (see[13℄) if limn→∞ d(xn+1, f(xn)) = 0, whi
h implies that there is x ∈ X su
h that
limn→∞ d(xn, f

n(x)) = 0. With this notation, the following results from [5℄ 
anbe understood.Theorem 2 Assume f1,∞ = (fn), fn : X → X 
ontinuous for all n,
onverges uniformly to f whi
h has the shadowing property. Then any limitpoint of any traje
tory of f1,∞ is in Ω(f). In addition, if f has the limitshadowing property, then for any x ∈ X, there is z ∈ X su
h that ω(x, f1,∞) =
ω(z, f).In the interval 
ase, we 
an state a stronger result.Theorem 3 Assume f1,∞ = (fn) is a sequen
e on 
ontinuous interval maps
onverging uniformly to f , whi
h has the shadowing property. Then for any
x ∈ [0, 1] there is z ∈ [0, 1] su
h that ω(x, f1,∞) = ω(z, f).It is un
lear whether Theorem 3 holds when the phase spa
e is not the
ompa
t interval. We 
onje
ture that it remains true for 
ontinuous tree andgraph maps, but it is false in general for maps de�ned on two�dimensionalspa
es. Finally, it is also interesting to investigate what 
onditions are ne
essaryto get re
urren
e, that is, when is non�empty R(f1,∞)?4 Chaos and related notionsIn the seminal paper [20℄ the following result 
on
erning the topologi
al entropy
h(f1,∞) 
an be found.Theorem 4 Let fn : X → X be 
ontinuous su
h that fn 
onverges uniformlyto f . Then:

h(f1,∞) ≤ h(f).
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e the topologi
al entropy of a map is a measure of the dynami
al
omplexity of su
h map (see e.g. [3℄), the above result suggests the generalidea that if f is simple then f1,∞ is also simple, and the 
omplexity of f1,∞ willimply the 
omplexity of f . As we will see, this idea is false for Li�Yorke 
haos.One of the most well�known de�nition of 
haos in dis
rete dynami
al systemsis due to Li and Yorke (see [25℄). A non�autonomous dis
rete system f1,∞ issaid to be 
haoti
 in the sense of Li�Yorke if there is an un
ountable subset
S ⊂ I su
h that for any x, y ∈ S, x 6= y, it is held that

lim inf
n→∞

|fn
1 (x) − fn

1 (y)| = 0and
lim sup

n→∞
|fn

1 (x) − fn
1 (y)| > 0.The set S is 
alled a s
rambled set of f1,∞. Note that when fn = f , thisde�nition agrees with the 
lassi
al de�nition of Li�Yorke in the 
ase of dis
retedynami
al systems.Let us start with the negative results. It 
an be dedu
ed from [16℄ theexisten
e of a sequen
e f1,∞ 
haoti
 in the sense of Li and Yorke, whi
h
onverges uniformly to the identity. That is, the limit map is simple whilethe non�autonomous system f1,∞ is 
ompli
ated.Continuous interval maps whi
h are not 
haoti
 in the sense of Li�Yorke arein fa
t dynami
ally simple. Re
all that x ∈ I is periodi
 if there is k ∈ N su
hthat fk(x) = x. We say that an orbit Orb(x, f) is approximated by periodi
orbits if for any ǫ > 0 there are n0 ∈ N and a periodi
 point x0 su
h that

|fn(x) − fn(x0)| < ǫ for all n ≥ n0. Then it is proved in [18℄ and [27℄ that aninterval map is either Li�Yorke 
haoti
 or any orbit is approximated by periodi
orbits. We 
an refer the 
omplexity of f1,∞ to the 
omplexity of f as follows(see [6℄).Theorem 5 Let f1,∞ be a sequen
e of surje
tive 
ontinuous interval maps
onverging to a map f .(a) If the map f has positive topologi
al entropy, then f1,∞ is Li�Yorke
haoti
.(b) If the map f has the shadowing property, then f1,∞ is Li�Yorke 
haoti
 ifand only if f is Li�Yorke 
haoti
.Note that Li and Yorke 
haoti
 maps with zero topologi
al entropy have notthe shadowing property (see [17℄). So, does su
h kind of maps satisfy Theorem5? More pre
isely, if f1,∞ 
onverges to a 
haoti
 map f with zero topologi
alentropy, is f1,∞ also 
haoti
 in the Li�Yorke sense?With the shadowing property hypothesis, we 
an state the following, whi
his a di
hotomy between simpli
ity and 
omplexity for this kind of sequen
es.



38 J. CánovasTheorem 6 Assume that the sequen
e of surje
tive 
ontinuous interval maps
f1,∞ 
onverges uniformly to a map f whi
h has the shadowing property. Then
f1,∞ is either Li�Yorke 
haoti
 or for any x ∈ [0, 1] and ǫ > 0 there is a periodi
point y of f , and n0 ∈ N su
h that |fn

1 (x) − fn
1 (y)| < ǫ for any n ≥ n0.Surje
tivity 
ondition in Theorems 5 and 6 is an easy way to avoidthe existen
e of the next 
riti
al example. Consider the sequen
e f1,∞ =

(g, f, f, f, ...) where g(x) = 0 and f(x) = 4x(1 − x) for x ∈ [0, 1]. Then f1,∞
onverges uniformly to f , whi
h is a 
haoti
 map, but all the orbits of f1,∞ areeventually 
onstant to 0. It is an open question to �nd another non�drasti

onditions that guarantee the validity of su
h results.The number of non-equivalent de�nitions of 
haos and simpli
ity for dis
retedynami
al systems is huge (see for example several of them in [3℄). So, it is anatural question to wonder when similar results to Theorems 5 and 6 are truefor these 
haos de�nitions. Additionally, it is also natural to wonder about thesequestion when the sequen
e f1,∞ does not 
onverge uniformly to any 
ontinuouslimit map f .A
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STOCHASTIC PARTIAL DIFFERENTIAL EQUATIONS WITHADDITIVE NOISE ON TIME-VARYING DOMAINSH. CRAUEL∗, P.E. KLOEDEN∗ AND J. REAL†
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tSto
hasti
 partial di�erential equations (SPDE) with additive noiseof the rea
tion-di�usion type are formulated on time-varying domains,where the domains are obtained by a regular temporally dependentspatially di�eomorphi
 transformation of a referen
e domain, whi
h isbounded and has a smooth boundary. The main issue 
onsidered hereis the interpretation of the notions of noise and solution on time-varyingdomains.Key words: Sto
hasti
 partial di�erential equations, time-varying domains,additive noiseAMS subje
t 
lassi�
ations: 35K20, 35R60, 60H151 Introdu
tionDeterministi
 partial di�erential equations on 
ylindri
al or time-varyingdomains have attra
ted 
onsiderable attention, with the fo
us mainly onexisten
e and regularity issues, see [1, 7, 8, 12℄. Only very re
ently have otherissues su
h as 
ontrollability and the existen
e of attra
tors been investigated,see [4, 5, 6℄.The theory of sto
hasti
 partial di�erential equations is now well established[2, 11℄, but to our knowledge, always uses a �xed spatial domain. Here we
onsider a 
lass of su
h equations, with additive noise, on time-varying domainswhi
h are obtained by a regular temporally dependent spatially di�eomorphi
transformation of a referen
e domain, whi
h is bounded and has a smoothboundary. This requires an appropriate interpretation of the notions of noiseand solution, whi
h are given here.Partially supported by the ARC-DAAD and by the Ministerio de Cien
ia e Innova
ión(Spain) grant MTM2008-00088 and Junta de Andalu
ía grant P07-FQM-02468.41



42 H. Crauel, P.E. Kloeden, J. Real2 Paraboli
 PDE on time-varying domainsLet O be a nonempty bounded open subset of R
N with C2 boundary ∂O, and

r = r(y, t) a ve
tor fun
tion
r ∈ C1(O × [0,∞); RN ), (1)su
h that

r(·, t) : O → Ot := r(O, t) is a C2-di�eomorphism for all t ∈ [0,∞). (2)We de�ne
Q :=

⋃

t∈(0,+∞)

Ot × {t},

Σ :=
⋃

t∈(0,+∞)

∂Ot × {t}.The set Q is an open subset of R
N+1, with boundary

∂Q = Σ ∪ (O0 × {0}).We will also assume that the fun
tion r̄ = r̄(x, t), where r̄(·, t) = r−1(·, t)denotes the inverse of r(·, t), satis�es
r̄ ∈ C2,1(Q̄; RN ), (3)i.e., r̄, ∂r̄

∂t
, ∂r̄
∂xi

and ∂2r̄

∂xi∂xj
belong to C(Q̄; RN ), for all 1 6 i, j 6 N.We 
onsider the following initial boundary value problem for anonlinear paraboli
 partial di�erential equation of rea
tion-di�usion type withhomogeneous Diri
hlet boundary 
ondition,





∂u

∂t
− ∆u+ f(u) = 0 in Q,

u = 0 on Σ,

u(x, 0) = u0(x), x ∈ O0,

(4)where u0 : O0 → R and f ∈ C1(R) are given. We will assume that f satis�esthat there exist nonnegative 
onstants α1, α2, β and l, and p > 2, su
h that
−β + α1|s|p 6 f(s)s 6 β + α2|s|p ∀ s ∈ R (5)and

f ′(s) > −l ∀ s ∈ R. (6).
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v(y, t) = u(r(y, t), t) for y ∈ O, t ≥ 0,or, equivalently,
u(x, t) = v(r̄(x, t), t) for x ∈ Ot, t ≥ 0.Then, the PDE (4) 
an be transformed to (see also [5℄)





∂v

∂t
(y, t) −

N∑
k,j=1

∂v

∂yj
(ajk(y, t)

∂v

∂yk
(y, t)) + b(y, t) · ∇yv(y, t) + f(v(y, t)) = 0in O × (0,∞),

v = 0 on ∂O × (0,∞),

v(y, 0) = u0(r(y, 0)), y ∈ O, (7)where · denotes the inner produ
t of R
N ,

ajk(y, t) =
N∑

i=1

∂r̄k
∂xi

(r(y, t), t)
∂r̄j
∂xi

(r(y, t), t), j, k = 1, · · · , N ;and b(y, t) = (b1(y, t), · · · , bN(y, t)) ∈ R
N is de�ned by

bk(y, t) =
∂r̄k
∂t

(r(y, t), t) − ∆xr̄k(r(y, t), t) +

N∑

j=1

∂ajk

∂yj
(y, t), k = 1, 2, · · · , N.The proof of the following result 
an be seen in [5℄.Lemma 1 For any 0 < T < ∞, ajk ∈ C1(O × [0, T ]), bk ∈ C0(O × [0, T ]). Inparti
ular, ajk,

∂ajk

∂yj
, bk ∈ L∞(O × (0, T )), j, k = 1, 2, · · · , N .Moreover, there exists a δ = δ(r, T ) > 0 su
h that for any (y, t) ∈ O× [0, T ],
N∑

j,k=1

ajk(y, t)ξjξk > δ|ξ|2 for all ξ ∈ R
N .The existen
e and uniqueness solutions of the above PDE were establishedin [5℄, see also [4℄.3 A sto
hasti
 pro
ess on variable domainsConsider �xed a probability spa
e (Ω,F , P ) and a sequen
e {βj(t) : t ≥ 0}j≥1of mutually independent normalized real Wiener pro
esses de�ned on it.
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e of fun
tions su
h that
∞∑

j=1

‖φj‖2
L2(O) <∞, (8)and de�ne

ψj(x, t) := φj(r̄(x, t)) x ∈ Ot, t ∈ [0,∞), j = 1, 2, .... (9)Observe that
‖ψj(t)‖2

L2(Ot)
=

∫

Ot

(φj(r̄(x, t)))
2 dx (10)

=

∫

O
(φj(y))

2Jac(r, y, t) dy

≤ Cr,t‖φj‖2
L2(O)for any t ∈ [0,∞), where we have denoted Jac(r, y, t) the absolute value of thedeterminant of the Ja
obi matrix ( ∂ri

∂yj
(y, t)

)

N×N
, and

Cr,t := max
y∈O

Jac(r, y, t).We 
onsider the pro
ess
M(t) :=

∞∑

j=1

βj(t)ψj(t) t ≥ 0. (11)Let us denote by E the expe
tation with respe
t the probability P . Observethat, thanks to the pairwise independen
e of the βj , for any t ≥ 0 and integers
m > n ≥ 1, we have

E

∥∥∥∥∥∥

m∑

j=n

βj(t)ψj(t)

∥∥∥∥∥∥

2

L2(Ot)

= t

m∑

j=n

‖ψj(t)‖2
L2(Ot)

,and therefore, by (8) and (10), the equality (11) de�nes for any t ≥ 0 an element
M(t) ∈ L2(Ot ×Ω) whi
h is Ft-measurable, where Ft is the sub-σ-algebra of Fgenerated by the random variables {βj(s) : s ∈ [0, t], j ≥ 1}.Thus {M(t) : t ≥ 0} 
an be viewed as an Ft-adapted pro
ess with values in
L2(Ot). Observe that

EM(t) = 0
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E‖M(t)‖2

L2(Ot)
= t

∞∑

j=1

‖ψj(t)‖2
L2(Ot)

≤ tCr,t

∞∑

j=1

‖φj‖2
L2(O)for all t ≥ 0.4 A Sto
hasti
 PDE on time-varying domainsWe now 
onsider the additive noise version of (4), i.e., the sto
hasti
 paraboli
PDE with additive noise and homogeneous Diri
hlet boundary 
ondition,






dU(t) = [∆U(t) − f(U(t))] dt+ dM(t) in Q

U = 0 on Σ,

U(x, 0) = u0(x), x ∈ O0.

(12)Here we interpret dM(t) as follows. Assuming enough regularity for the φj ,formally we obtain from (11)
dM(t) =

∞∑

j=1

ψj(t)dβj(t) +

∞∑

j=1

βj(t)
∂ψj

∂t
(t)dt,where

∂ψj

∂t
(x, t) =

∂

∂t
(φj(r̄(x, t)))

= ∇yφj(r̄(x, t)) ·
∂r̄

∂t
(x, t).Thus,

dM(x, t) =
∞∑

j=1

φj(r̄(x, t))dβj(t) +
∞∑

j=1

βj(t)∇yφj(r̄(x, t)) ·
∂r̄

∂t
(x, t)dt. (13)Now, making the 
hange

V (y, t) = U(r(y, t), t) for y ∈ O, t ≥ 0,or, equivalently,
U(x, t) = V (r̄(x, t), t) for x ∈ Ot, t ≥ 0, (14)and using (13), the problem (12) is transformed in the following problem on Q:
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




dV (y, t) =

[
N∑

k,j=1

∂

∂yj
(ajk(y, t)

∂V

∂yk
(y, t) − b(y, t) · ∇yV (y, t)

+f(V (y, t)) +R(y, t)] dt+ dW (y, t)in O × (0,∞),

V = 0 on ∂O × (0,∞),

V (y, 0) = u0(r(y, 0)), y ∈ O,

(15)
where

W (y, t) :=

∞∑

j=1

φj(y)βj(t),and
R(y, t) :=

∞∑

j=1

βj(t)∇yφj(y) ·
∂r̄

∂t
(r(y, t), t).Observe �rst that by (8) and the independen
e of the βj , the pro
ess

W (t) := W (·, t) is a Wiener pro
ess with values in L2(O). For the 
onvergen
eof R(t) := R(·, t) we need some additional assumptions on the φj . More exa
tly,we will assume that
{φj}j≥1 ⊂ H1(O) and ∞∑

j=1

‖φj‖2
H1(O) <∞. (16)Under this assumption, R(t) is a well de�ned pro
ess with values in L2(O),and more exa
tly

E‖R(t)‖2
L2(O) ≤ tmax

y∈O
|∂r̄
∂t

(r(y, t), t)|2
RN

∞∑

j=1

‖φj‖2
H1(O) ∀ t ≥ 0.Thus, R(t) is an Ft-adapted pro
ess belonging to L∞(0, T ;L2(Ω × O) for all

T > 0.Thus, taking into a

ount Lemma 1, from the results for nonlinear monotoneSPDE obtained in [9℄ (see also [10℄) we get existen
e and uniqueness ofvariational solution for problem (15). More exa
tly, we have:Theorem 2 Under the assumptions (1), (2), (3), (5), (6) and (16), for any
u0 ∈ L2(O) there exists a unique Ft-adapted pro
ess
V ∈ L2(Ω × (0, T );H1

0 (O)) ∩ Lp(Ω × (0, T );Lp(O)) ∩ L2(Ω;C([0, T ];L2(O)))



SPDE on time varying domains 47for all T > 0, variational solution of (15), i.e., su
h that
V (ω, y, t) = u0(r(y, 0)) +W (ω, y, t)

+

∫ t

0




N∑

k,j=1

∂

∂yj
(ajk(y, s)

∂V

∂yk
(ω, y, s) − b(y, s) · ∇yV (ω, y, s)

+f(V (ω, y, s)) +R(ω, y, s)] dsfor all t ≥ 0, P -a.s. in Ω, where the equality must be understood in the sense of
H−1(O) + Lp′

(O).Then, the pro
ess U given by (14) 
an be interpreted as the unique solutionof (12).Existen
e of random attra
tors (as in [3℄) will be 
onsidered elsewhere.Referen
es[1℄ S. Bona

orsi and G. Guatteri, A variational approa
h to evolution problemswith variable domains. J. Di�erential Equations, 175 (2001), 51�70.[2℄ G. Da Prato and J. Zab
zyk, Sto
hasti
 equations in in�nite dimensions,Cambridge University Press, Cambridge 1992.[3℄ P.E. Kloeden and J.A. Langa, Flattening, squeezing and the existen
e ofrandom attra
tors. Pro
. Roy. So
. London A, 463 (2007), 163�181.[4℄ P.E. Kloeden, P. Marín-Rubio and J. Real, Pullba
k attra
tors for asemilinear heat equation in a non-
ylindri
al domain. J. Di�erentialEquations, 244 (2008), 2062�2090.[5℄ P.E. Kloeden, J. Real and Chunyou Sun, Pullba
k attra
tors for a semilinearheat equation on time-varying domains. J. Di�erential Equations, 246(2009), 4702�4730.[6℄ J. Líma
o, L.A. Medeiros and E. Zuazua, Existen
e, uniqueness and
ontrollability for paraboli
 equations in non-
ylindri
al domains. Mat.Contemp., 23 (2002), 49�70.[7℄ G.M. Lieberman, Se
ond order paraboli
 di�erential equations. WorldS
ienti�
, Singapore 1996.[8℄ J.L. Lions, Quelques méthodes de résolution des problèmes aux limites nonlinéaires. Dunod, Paris 1969.[9℄ E. Pardoux, Équations aux dérivées partielles sto
hastiques non linéairesmonotones. Thèse, Université Paris XI, 1975.[10℄ E. Pardoux, Sto
hasti
 partial di�erential equations and �ltering ofdi�usion pro
esses. Sto
hasti
s 3 (1979), 2, 127�167.
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GENERALIZATION OF THE FUCIK-KUFNER RESULT WITHAPPLICATIONS TO OBSTACLE PROBLEMSTHOMAS EKHOLM, SªAWOMIR JAGODZI�SKI,ANNA OLEK AND KUBA SZCZEPANIAKLund University, Box 117, S-221 00 Lund, SwedenCentre of Mathemati
s and Physi
s, Te
hni
al University of �ód¹al. Polite
hniki 11, 90-924 �ód¹, Polandslawjago�p.lodz.plAbstra
tIn this paper we present an extension of the Fu
ik-Kufner result [3℄ to the
ase of n-variational inequalities in a Hilbert spa
e. Then we adapt thatextension to simplify derivation of useful inequalities 
on
erning solutionsof various types of ellipti
 obsta
le problems.Key words: Variational inequality, obsta
le problems.AMS subje
t 
lassi�
ations: 49J401 Introdu
tionIn the 1970's there was 
onsiderable interest in the analysis of obsta
le problems.This was 
onne
ted with the development of resear
h on variational inequalitiesand has been studied by many authors (see [7℄, [10℄ and referen
es therein).The majority of results 
on
entrated on, natural from a mathemati
al point ofview, problems of existen
e and uniqueness of the solutions. However, in 
ase ofvariational inequalities 
orresponding to obsta
le problems additional questionsregarding e.g. the regularity of the solutions ([5℄, [6℄) or 
onvergen
e of thesolutions ([4℄, [9℄) or 
omparing of the solutions 
an be posed. These problemsseem to be interesting due to possible appli
ations.Comparison theorems for the solutions of the global obsta
le problems wereintrodu
ed by H. Brezis [1℄, G. Duvant, J. Lions [2℄ and U. Mos
o [8℄. Howeverthose results allowed the 
omparison of the di�erent solutions of obsta
leproblems of the same type.Fu
ik-Kufner theorem [7℄ des
ribes the 
onstru
tive approa
h for the
omparison of the two solutions of di�erent variational inequalities.The generalization presented here seems to represent a very simple, uni�edand straightforward method for 
omparing solutions of various types of obsta
leproblems simultaneously. 49
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zepaniak2 Comparison theoremFirstly, we arti
ulate and prove the following result representing thegeneralization of the Fu
ik-Kufner theorem [7℄ for the 
ase of n variationalinequalities.Theorem 1 Let {Ki}n
i=1 be nonempty, 
losed, 
onvex subset of a Hilbertspa
e H, f be a fun
tional in the dual spa
e H∗, a(·, ·) a 
oer
ive, bilinearform de�ned on H ×H and ui ∈ Ki be the solution of the variational problem:Find u su
h that

a(u, v − u) ≥ 〈f, v − u〉 for any v ∈ Ki, (1)Let wi ∈ Ki for i = 1, 2, . . . , n su
h that
w1 + w2 + . . .+ wn = u1 + u2 + . . .+ unand

n∑

i=1,i6=k

a(uk − wi, ui − wi) = 0,for some k, then wi = ui for i = 1, 2, . . . , n.Proof . Put v = wi in (1)




a(u1, w1 − u1) ≥ 〈f, w1 − u1〉
a(u2, w2 − u2) ≥ 〈f, w2 − u2〉... ...
a(un, wn − un) ≥ 〈f, wn − un〉Let us sum

n∑

i=1

a(ui, wi − ui) ≥ 〈f, w1 + . . .+ wn − u1 − . . .− un〉 = 〈f, 0〉 = 0,sin
e f is a linear fun
tional. We 
al
ulate as follows
0 ≤

n∑

i=1

a(ui, wi − ui) =

n∑

i=1,i6=k

a(ui, wi − ui) + a(uk, wk − uk)

=

n∑

i=1,i6=k

a(ui, wi − ui) + a(uk,

n∑

i=1,i6=k

(ui − wi))

=
n∑

i=1,i6=k

a(ui, wi − ui) +
n∑

i=1,i6=k

a(uk, ui − wi)

=

n∑

i=1,i6=k

a(uk − ui, ui − wi) =

n∑

i=1,i6=k

a(uk − wi + wi − ui, ui − wi)
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=

n∑

i=1,i6=k

a(uk − wi, ui − wi) +

n∑

i=1,i6=k

a(wi − ui, ui − wi)

= −
n∑

i=1,i6=k

a(wi − ui, wi − ui) ≤ −
n∑

i=1,i6=k

µ ‖ ui − wi ‖2,where µ > 0 is the 
onstant of 
oer
iveness. This means that every norm mustbe zero, hen
e
w1 = u1, w2 = u2, . . . , wn = un.

�In the next 
hapter we present an appli
ation of the above result, wherewe 
ompare solutions of three di�erent types of obsta
le problems. It is worthpointing out that due to this result it will be possible to obtain su
h 
omparisonssimultaneously.3 Appli
ationWe start with introdu
ing some basi
 notations 
onne
ted with obsta
leproblems.Let Ω ⊂ R
n be an open, bounded set with the boundary ∂Ω of C1,1 
lass,L is an ellipti
 operator

L = −
n∑

i,j=1

∂

∂xj
(aij(x)

∂

∂xi
)with 
oe�
ients aij : Ω → R, aij ∈ C1(Ω) for 1 ≤ i, j ≤ n, whi
h satisfy theellipti
ity 
ondition i.e. there exists a positive 
onstant µ su
h that

n∑

i,j=1

aij(x)ξiξj ≥ µ|ξ|2 for x ∈ Ω, ξ ∈ R
n.The operator L for u, v ∈ H1

0 (Ω) determines (see [7℄) the bilinear, 
ontinuousand 
oer
ive form on H1
0 (Ω), in the following way

〈Lu, v〉 = a(u, v) =

n∑

i,j=1

∫

Ω

aij(x)uxi
(x)vxj

(x)dx.One version of an obsta
le problem is to �nd the solution to the variationalinequality
a(u, v − u) ≥ 〈f, v − u〉 , ∀v ∈ K,where f ∈ H−1(Ω) and K is a so-
alled admissible set whose de�nition dependson the type of the obsta
le problem 
onsidered.
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zepaniakLet ψ, ϕ ∈ H1,p(Ω), ψ ≤ ϕ on Ω, ψ ≤ 0 on ∂Ω and ϕ ≥ 0 on ∂Ω. We de�nethe sets
K1 = {v ∈ H1

0 (Ω) : ψ ≤ v in Ω},
K2 = {v ∈ H1

0 (Ω) : ψ ≤ v ≤ ϕ in Ω},
K3 = {v ∈ H1

0 (Ω) : v ≤ ϕ in Ω}.It is well known (see [10℄) that there exist the unique solutions of obsta
leproblems with the admissible set K1, K2 or K3, respe
tively.Now we show some relations between solutions of the above obsta
leproblems. Let us de�ne
w1 = max(u1, u2),

w2 = u1 + u2 + u3 − w1 − w3,

w3 = min(u2, u3).We see that u1 + u2 + u3 = w1 + w2 + w3 and
a(u2 − w1, u1 − w1)+a(u2 − w3, u3 − w3)

=a(u2 − max(u1, u2), u1 − max(u1, u2))+a(u2 − min(u2, u3), u3 − min(u2, u3))

=a(min(u2 − u1, 0),min(0, u1 − u2))+a(max(0, u2 − u3),max(u3 − u2, 0))

=a(max(u1 − u2, 0),−min(u1 − u2, 0)+a(max(u2 − u3, 0),−min(u2 − u3, 0))

=a
(
(u1 − u2)

+, (u1 − u2)
−)+a

(
(u2 − u3)

+, (u2 − u3)
−)

=

∫

Ω

n∑

i,j=1

aij(x)(u1 − u2)
+
xi

(u1 − u2)
−
xj
dx

+

∫

Ω

n∑

i,j=1

aij(x)(u2 − u3)
+
xi

(u2 − u3)
−
xj
dx = 0.Finally we must show that wi ∈ Ki for i = 1, 2, 3. One 
an noti
e that

w1 =

{
u1 ≥ ψ, if u1 ≥ u2

u2 ≥ ψ, if u1 < u2,thus, w1 ∈ K1.
w2 =






u1 , if u2 > u1 and u2 ≥ u3 ⇒ ψ ≤ u1 < u2 ≤ ϕ

u1 + u3 − u2 , if u3 > u2 > u1 ⇒ ψ ≤ u1 < u1 + u3 − u2 < u3 ≤ ϕ

u2 , if u1 ≥ u2 ≥ u3 ⇒ ψ ≤ u2 ≤ ϕ

u3 , if u1 ≥ u2 and u3 > u2 ⇒ ψ ≤ u2 < u3 ≤ ϕ,thus, w2 ∈ K2.
w3 =

{
u2 ≤ ϕ, if u2 < u3

u3 ≤ ϕ, if u2 ≥ u3,
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ik-Kufner result 53thus, w3 ∈ K3.Theorem 1 indi
ates that w1 = max(u1, u2) = u1 and w3 = min(u2, u3) =
u3, so we 
an dedu
e the following relations

u1 ≥ u2 ≥ u3.One 
an observe that the pro
edure 
onne
ted with 
omparing the solutionsof variational inequalities is not 
ompli
ated and the result is stri
tly followingthe intuitive approa
h.The advantage of the method relies on 
omparing n di�erent problemssimultaneously instead of performing n− 1 repetitions of the similar te
hniques
onne
ted with �nding the relations between di�erent pairs of solutions.Referen
es[1℄ H.Brezis, Problems unilatreaux, J. Math. Pures Appl., 151 (1972), p. 1�168,[2℄ G.Duvant, J.Lions Inequalities in Me
hani
s and Physi
s, Springer-Verlag1975,[3℄ S.Fu
ik, A.Kufner, Nonlinear di�erential equations, Elsevier 1984,[4℄ S.Jagodzi«ski, A.Olek, K.Sz
zepaniak, Inner obsta
le problem: 
onvergen
eof the solutions for impediments with varying domains, InternationalJournal of Pure and Applied Mathemati
s, 24 (2005), p. 265�270,[5℄ S.Jagodzi«ski, A.Olek, K.Sz
zepaniak, Lips
hitz 
hara
ter of solutions tothe inner obsta
le problems, Irish Math. So
. Bulletin, 61 (2008), p. 15�27,[6℄ S.Jagodzi«ski, A.Olek, K.Sz
zepaniak, Regularity of the solutions to theinner obsta
le problems, identi�
ation of the inner obsta
les with theDiri
hlet boundary problems, Int. Journal of Math. Analysis, 21 (2009),3, p. 1003�1010,[7℄ D.Kinderlehrer, G.Stampa

hia, An Introdu
tions to Variational Inequali-ties and their Appli
ations, A
ademi
 Press, 1980,[8℄ U. Mos
o, Introdu
tion to variational and quasivariational inequalities,Control theory and topi
s in fundamental analysis, Vienna 1976,[9℄ A. Olek, K. Sz
zepaniak, Continuous dependen
e on obsta
le in dou-ble global obsta
le problems, Annales A
ademiæ S
ientiarum Fenni
æMathemati
a, 28 (2003), p. 89�97,[10℄ G.Stampa

hia, Regularity of solutions of some variational inequalities,Pro
. of Sym. Pure Math., 18 (1970), p. 550�560.





Bol. So
. Esp. Mat. Apl.no51(2010), 55�63PLANAR BIMODAL PIECEWISE LINEAR SYSTEMS.BIFURCATION DIAGRAMSJ. FERRER, M. D. MAGRET, J. R. PACHA AND M. PEÑADept. de Matemàti
a Apli
ada I, UPCAv. Diagonal, 647 08028, Bar
elona{josep.ferrer,m.dolors.magret,juan.ramon.pa
ha,marta.penya}�up
.eduAbstra
tThe set of planar bimodal linear 
ontrol systems is partitioned intoa �nite number of di�erentiable strata, ea
h of them 
onsisting ofthose systems having 
anoni
al forms (for the equivalen
e relation whi
h
orresponds to admissible 
hanges of basis) di�ering only in the valuesof the 
ontinuous invariants. Bifur
ation diagrams with regard to thisstrati�
ation are derived.Key words: Canoni
al form, strati�
ation, bifur
ation diagram.AMS subje
t 
lassi�
ations: 93B10, 93B27, 93C101 Introdu
tionPie
ewise linear systems have attra
ted the interest of resear
hers be
ause oftheir interesting dynami
al properties and the wide range of appli
ations. Themost 
ommon pie
ewise linear systems found in pra
ti
e are in two or threedimensions. See for example [3℄, [4℄, [5℄.In this paper, we ta
kle bifur
ation diagrams for planar bimodal pie
ewise
ontrol systems. We 
onsider 2D 
ontrol linear systems a
ting on 
omple-mentary half-planes and the equivalen
e relation de�ned by basis 
hanges,preserving 
ontinuity along a given line (�admissible basis 
hanges�). Asthe set of equivalen
e 
lasses is not lo
ally �nite, we 
onsider the union ofequivalen
e 
lasses di�ering only in the 
ontinuous invariants in the 
anoni
alform under this equivalen
e relation found in [6℄. There are a �nite number ofsets in this partition, ea
h of them is proved to be a di�erentiable manifold,therefore 
onstitutes a �nite strati�
ation of the spa
e of systems. This is thestarting point to obtain bifur
ation diagrams, with regard to this 
lassi�
ation.Moreover, 
anoni
al forms 
an be applied to study 
ontrollability and otherdynami
al properties in ea
h stratum.In se
tion 2, we state the de�nitions of bimodal pie
ewise linear systems andadmissible basis 
hanges. In se
tion 3, we re
all the 
anoni
al forms for ordertwo bimodal systems. In se
tion 4, we stratify the set of triples of matri
es55



56 J. Ferrer, M. D. Magret, J. R. Pa
ha, M. Peñade�ning order two bimodal systems. Finally, in se
tion 5, we show a bifur
ationdiagram.Throughout the paper, R will denote the set of real numbers, Mn×m(R)the set of matri
es with m rows and n 
olumns (in the parti
ular 
ase where
m = n we will denote the set simply byMn(R)), Gln(R) the set of all invertiblematri
es in Mn(R) and by(e1, . . . , en) the natural basis of the Eu
lidian spa
e
R

n.2 Bimodal Pie
ewise Linear SystemsBimodal pie
ewise linear systems 
onsist of two linear dynami
s a
ting onea
h side of a given hyperplane. Most of elementary non-linear 
ir
uits foundin pra
ti
e may be modeled with two linear regions separated by parallelboundaries hyperplanes, with two or three state variables. See [3℄, [4℄, [7℄,[8℄, where di�erent topi
s about these systems are studied.Bimodal (pie
ewise) linear systems 
an be de�ned by two 
ontrol linearsystems:
{

ẋ(t) = A1x(t) +B1,

y(t) = Cx(t),
if y(t) ≤ 0,

{
ẋ(t) = A2x(t) +B2,

y(t) = Cx(t),
if y(t) ≥ 0where A1, A2 ∈ Mn(R); B1, B2 ∈ Mn×1(R); C ∈ M1×n(R), being thedynami
s 
ontinuous along a separating hyperplane Cx = 0 for some matrix

C ∈ M1×n(R). For simpli
ity, we will 
onsider C = (1 0 . . . 0) ∈ M1×n(R) andthat the dynami
s is 
ontinuous along the hyperplane H = {x ∈ R
n : Cx = 0},and hen
e: H = {x ∈ R

n : x1 = 0}.Then 
ontinuity along H is equivalent to:
B2 = B1, A2ei = A1ei, 2 ≤ i ≤ n.We will simply write B = B1 = B2. Thus any bimodal pie
ewise linearsystem 
an be de�ned by a triple of matri
es (A1, A2, B), where A1, A2 di�eronly in the �rst 
olumn.Notation Throughout the paper, X will denote the set of triples of matri
esde�ning bimodal pie
ewise linear systems,

X = {(A1, A2, B) ∈Mn(R) ×Mn(R) ×Mn×1(R) | A2ei = A1ei, 2 ≤ i ≤ n}whi
h is obviously a di�erentiable manifold (of dimension n2 + 2n).As in [6℄, we 
onsider basis 
hanges preserving the hiperplanes x1(t) = k inorder to allow the results below to be also applied in the 
ases where a separatinghyperplane x1(t) = δ, δ 6= 0, are 
onsidered (see, for example, [3℄).De�nition 1 Basis 
hanges in the state variables spa
e preserving thehyperplanes x1(t) = k will be 
alled admissible basis 
hanges. Thus, they arebasis 
hanges given by a matrix S ∈ Gln(R),
S =

(
1 0
U T

)
, T ∈ Gln−1(R).
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ations Diagrams 57Let us denote by S the Lie subgroup of Gln(R)

S :=

{
S ∈ Gln(R)

∣∣∣∣S =

(
1 0
U T

)
, T ∈ Gln−1(R)

}We 
onsider the equivalen
e relation in the set of matri
es X whi
h 
orrespondsto admissible basis 
hanges.De�nition 2 Two triples of matri
es (A1, A2, B), (A′
1, A

′
2, B

′) ∈ X are saidto be equivalent if there exists a matrix S ∈ S (representing an admissible basis
hange) su
h that (A′
1, A

′
2, B

′) = (S−1A1S, S
−1A2S, S

−1B).This equivalen
e relation partitions X into �ner equivalen
e 
lasses than thesimilarity equivalen
e relation.3 Canoni
al forms for n = 2A 
anoni
al form is a representative in ea
h equivalen
e 
lass whi
h is easier todeal with, and therefore 
al
ulations be
ome simpler using it. In [3℄, 
anoni
alforms were obtained, assuming observability. In [6℄ 
anoni
al forms in the non-observable 
ase are obtained, in the 
ase where the observability matrix of thesystem rank equal to n − 1. In parti
ular, in the 
ase n = 2 these 
anoni
alforms and the matri
es S whi
h 
orrespond to admissible basis 
hanges arelisted below. We will use (CFN), N = 1, 2, . . . to label them.Let us 
onsider a triple of matri
es de�ning an order two bimodal system
((

a1 a3

a2 a4

)
,

(
γ1 a3

γ2 a4

)
,

(
b1
b2

))
.Let us assume that the system is observable (a3 6= 0). Then (see [3℄),the 
orresponding 
anoni
al forms Ac

1, A
c
2, B

c for the matri
es A1, A2 and Brespe
tively, are:
• Case 0: a3 6= 0,

Ac
1 =

(
a1 + a4 1

a2a3 − a1a4 0

)
=

( trA1 1
det A1 0

)
,

Ac
2 =

(
γ1 + a4 1

a3γ2 − a4γ1 0

)
=

( trA2 1
det A2 0

)
,

Bc =

(
b1

a3b2 − a4b1

)
;S =

(
1 0
a4

a3

1
a3

)
. (CF1)From now on, we will assume that the system is unobservable: a3 = 0. Wedistinguish several 
ases.

• Case 1: a3 = 0, a1 6= a4, γ1 6= a4.



58 J. Ferrer, M. D. Magret, J. R. Pa
ha, M. Peña� If γ2 = a2
a4−γ1

a4−a1
, b2 +

a2b1
a4 − a1

= 0,
Ac

1 =

(
a1 0
0 a4

)
, Ac

2 =

(
γ1 0
0 a4

)
, Bc =

(
b1
0

)
;

S =

(
1 0

− a2

a4−a1
t

)
, for any t 6= 0. (CF2)� If γ2 = a2

a4−γ1

a4−a1
, b2 + a2b1

a4−a1
6= 0,

Ac
1 =

(
a1 0
0 a4

)
, Ac

2 =

(
γ1 0
0 a4

)
, Bc =

(
b1
1

)
;

S =

(
1 0

− a2

a4−a1
b2 + b1

a2

a4−a1

)
. (CF3)� If γ2 6= a2

a4−γ1

a4−a1
,

Ac
1 =

(
a1 0
0 a4

)
, Ac

2 =

(
γ1 0
1 a4

)
, Bc =




b1
b2+b1

a2

a4−a1

γ2−a2
a4−γ1
a4−a1


 ;

S =

(
1 0

− a2

a4−a1
γ2 − a2

a4−γ1

a4−a1

)
. (CF4)

• Case 2: a3 = 0, a1 = a4, γ1 6= a4.� If a2 = 0, b2 + γ2b1
a4−γ1

= 0,
Ac

1 =

(
a4 0
0 a4

)
, Ac

2 =

(
γ1 0
0 a4

)
, Bc =

(
b1
0

)
;

S =

(
1 0

− γ2

a4−γ1
t

) for any t 6= 0. (CF5)� If a2 = 0, b2 + γ2b1
a4−γ1

6= 0,
Ac

1 =

(
a4 0
0 a4

)
, Ac

2 =

(
γ1 0
0 a4

)
, Bc =

(
b1
1

)
;

S =

(
1 0

− γ2

a4−γ1
b2 + b1

γ2

a4−γ1

)
. (CF6)� If a2 6= 0,

Ac
1 =

(
a4 0
1 a4

)
, Ac

2 =

(
γ1 0
0 a4

)
, Bc =

(
b1

1
a2

[
b2 + b1

γ2

a4−γ1

]
)

;

S =

(
1 0

− γ2

a4−γ1
a2

)
. (CF7)
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• Case 3: a3 = 0, a1 6= a4, γ1 = a4.� If γ2 = 0, b2 = 0,

Ac
1 =

(
a1 0
0 a4

)
, Ac

2 =

(
a4 0
0 a4

)
, Bc =

(
b1
0

)
;

S =

(
1 0

− a2

a4−a1
t

)
, for any t 6= 0. (CF8)� If a2 = 0, b2 6= 0,

Ac
1 =

(
a1 0
0 a4

)
, Ac

2 =

(
a4 0
0 a4

)
, Bc =

(
b1
1

)
;

S =

(
1 0

− a2

a4−a1
b2

)
. (CF9)� If a2 6= 0,

Ac
1 =

(
a1 0
0 a4

)
, Ac

2 =

(
a4 0
1 a4

)
, Bc =

(
b1

1
γ2

[
b2 + b1

a2

a4−a1

]
)

;

S =

(
1 0

− a2

a4−a1
γ2

)
. (CF10)

• Case 4: a3 = 0, a1 = a4 = γ1.� If a2 = 0, γ2 = 0, b1 6= 0,
Ac

1 =

(
a4 0
0 a4

)
, Ac

2 =

(
a4 0
0 a4

)
, Bc =

(
b1
0

)
;

S =

(
1 0
b2
b1

t

) for any t 6= 0. (CF11)� If a2 = 0, γ2 = 0, b1 = 0, b2 = 0,
Ac

1 =

(
a4 0
0 a4

)
, Ac

2 =

(
a4 0
0 a4

)
, Bc =

(
0
0

)
;

S =

(
1 0
u t

)
, for any t 6= 0, u. (CF12)� If a2 = 0, γ2 = 0, b1 = 0, b2 6= 0,

Ac
1 =

(
a4 0
0 a4

)
, Ac

2 =

(
a4 0
0 a4

)
, Bc =

(
0
1

)
;

S =

(
1 0
u b2

) for any u. (CF13)
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ha, M. Peña� If a2 = 0, γ2 6= 0, b1 6= 0,
Ac

1 =

(
a4 0
0 a4

)
, Ac

2 =

(
a4 0
1 a4

)
, Bc =

(
b1
0

)
;

S =

(
1 0
b2
b1

γ2

)
. (CF14)� If a2 = 0, γ2 6= 0, b1 = 0,

Ac
1 =

(
a4 0
0 a4

)
, Ac

2 =

(
a4 0
1 a4

)
, Bc =

(
0
b2
γ2

)
;

S =

(
1 0
u γ2

) for any u. (CF15)� If a2 6= 0, b1 6= 0,
Ac

1 =

(
a4 0
1 a4

)
, Ac

2 =

(
a4 0
γ2

a2
a4

)
, Bc =

(
b1
0

)

S =

(
1 0
b2
b1

a2

)
. (CF16)� If a2 6= 0, b1 = 0,

Ac
1 =

(
a4 0
1 a4

)
, Ac

2 =

(
a4 0
γ2

a2
a4

)
, Bc =

(
0
b2
a2

)
;

S =

(
1 0
u a2

)
, for any u. (CF17)4 Strati�
ationA �nite partition of the di�erentiable manifold X may be dedu
ed from that inequivalen
e 
lasses: 
onsider the sets 
onsisting of all equivalen
e 
lasses with
anoni
al forms of the �same type�, but with di�erent values for the parameters.The sets thus obtained are disjoint sets and, as we will show, di�erentiablemanifolds. Therefore, they 
onstitute a strati�
ation of X .In order to use Arnold's te
hniques (see [1℄), the starting point is thatequivalen
e 
lasses are the orbits of the Lie group a
tion of S on X de�nedby α(S, (A1, A2, B)) = (S−1A1S, S

−1A2S, S
−1B).Given (A1, A2, B) ∈ X , we will denote byO(A1, A2, B) its orbit and 
onsiderthe partition of X into sets, ea
h of them 
orresponding to the union of orbits orequivalen
e 
lasses having asso
iated a 
anoni
al form of the same type; namely,

E1 is the set of all triples of matri
es having 
anoni
al form of type CF1, E2the set of all those having 
anoni
al form of type CF2, and so on. Note thatthese orbits are di�erentiable manifolds (see [9℄).Theorem 1 The sets Ei, i = 1, . . . , 17 are di�erentiable manifolds.
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ations Diagrams 61Proof . Ei, i 6= 2, 5, 8 are open sets of linear varieties. E2, E5 and E8 arede�ned by quadrati
 equations, giving rise to impli
it manifolds with no singularpoints. Thus they all are di�erentiable manifolds. �Corollary 2 X =

(
17⋃

i=1

Ei

) is a �nite strati�
ation of X .Proof . Clearly, these sets are disjoint sets and 
onstitute a partition of X .From Theorem 1 they are di�erentiable manifolds, thus a strati�
ation of X .
�Next Table shows the dimensions of the strata above.Stratum Dimension Stratum Dimension Stratum Dimension

E1 8 E2 5 E3 6
E4 7 E5 5 E6 5
E7 6 E8 5 E9 4
E10 6 E11 3 E12 1
E13 3 E14 4 E15 3
E16 5 E17 45 Bifur
ation diagramsA bifur
ation diagram of a family of bimodal systems,

Λ : R
d −→Mn(R) ×Mn(R) ×Mn×1(R)is a partition of the parameter spa
e R

d a

ording to the 
anoni
al form of thetriple of matri
es, and indu
ed by the strati�
ation whi
h was given in Se
tion 4.In parti
ular, this strati�
ation provides the information about whi
h 
anoni
alforms are near ea
h other in the sense of lo
al perturbations.Let us show as an example about how a bifur
ation diagram may beobtained.Example 1 Consider the triple of matri
es ((2 0
1 3

)
,

(
1 0
−2 3

)
,

(
1
−1

)) andthe e�e
t of a perturbation on it:
((

2 ε1
1 + ε2 3 + ε3

)
,

(
1 ε1
−2 3 + ε3

)
,

(
1
−1

))
, for small ε1, ε2, ε3.If ε1 = ε2 = ε3 = 0, we obtain the initial triple, whi
h belongs to E2. If

ε1 = 0, ε3 6= 0, we obtain a triple in E4. If ε1 = ε3 = 0, ε2 6= 0, we obtain atriple in E3. Finally, in the 
ase where ε1 6= 0, we obtain a triple in E1.Referen
es[1℄ V. I. Arnold, On matri
es depending on parameters. Uspekhi Mat. Nauk.,26 (1971).
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DIFFERENCE COMBINATION PARAMETRIC RESONANCE;APPLICATION TO THE GARDEN HOSE PROBLEM.JORGE GALÁN VIOQUE∗, A. R. CHAMPNEYS† AND M. TRUMAN†

∗Departmento de Matemáti
a Apli
ada IIInstituto de Matemáti
as de la Universidad de Sevilla (IMUS)
†Department of Engineering Mathemati
s. University of Bristol.jgv�us.esAbstra
tThis paper dis
usses 
ombination resonan
e phenomena in parametri
systems of two or more degrees of freedom starting from a theoreti
alresult by Mailybayev & Seyranian. We present, to the best of ourknowledge, the �rst example of di�eren
e 
ombination resonan
e in ame
hani
al system. That is, where the system may exhibit signi�
antresponse when for
ed with an external frequen
y that is the di�eren
ebetween its two internal resonant frequen
ies. The model system studiedis a double pendulum with a follower load, a non-
onservative for
e thatwould be des
ribed for example by an os
illating jet of �uid, like anidealized garden hose. For this example, after the in
lussion of gravity, thedi�eren
e 
ombination frequen
y may be lower than the two individualresonant frequen
ies, a surprising e�e
t that should be taken into a

ountwhen analyzing the stability of other high-dimensional systems.Key words: 
ombination resonan
e, follower pendulum, parametri
allyex
ited dynami
al systemsAMS subje
t 
lassi�
ations: 37B55, 70K281 Introdu
tionDynami
s systems subje
t to a parametri
 ex
itation are su
h that thefor
ing terms appear as (usually periodi
) time-varying 
oe�
ients of the statevariables. The 
anoni
al example is the Mathieu equation, whi
h 
an be writtenin dimensionless form

ẍ+ (a+ b cos(t))x = 0 , (1)in whi
h the period of ex
itation is s
aled to 2π. Here the parameter b representsthe strength of the applied parametri
 for
ing (s
aled by the square of thefrequen
y) and a is the square of the ratio of natural frequen
y to for
ingfrequen
y. The shape and properties of the instability tongues are well known,as are their properties if one adds a small amount of damping, see e.g. [3, 6, 1℄.63



64 J. Galán Vioque, A.R. Champneys, M. TrumanIn parti
ular, for small for
ing and damping harmoni
 instabilities (whi
h
orrespond to pit
hfork bifur
ations of the trivial solution) o

ur in thin tonguesthat originate from every value of a that is equal to the square of an integer; andsub-harmoni
 (period-doubling) instability tongues originate from point every
a = (2n− 1/2)2, n = 1, 2, . . ..For example, the Mathieu equation arises if one looks for instabilities ofthe trivial solution to a simple pendulum whose support is subje
t to periodi
a

eleration equal to ∆cos(Ωt). The equations of motion of su
h a system inthe presen
e of small linear damping 
an be written in the form

θ̈ + cθ̇ + [κ+ δ cos(Ωt)] sin(θ) = 0 , (2)where c is the damping 
oe�
ient, κ = g/l, g is a

eleration due to gravity, l isthe length of the pendulum and δ = ∆/l.This paper 
on
erns a di�erent phenomenon for multi-degree-of-freedomsystems, namely that of 
ombination resonan
e, where an instability o

ursfor the trivial solution when the parametri
 ex
itation frequen
y Ω is 
lose tothe sum or di�eren
e of two of the natural frequen
ies of the system ω1 ± ω2.There are many examples of su
h 
ombination resonan
es in the literature.For example, the book by Nayfeh [7℄ 
onsiders many su
h 
ases, espe
ially ofme
hani
al systems where the two modes are derived from a Galerkin redu
tionof a 
ontinuum system su
h as a plate or beam. In all these examples, though,it is a sum 
ombination resonan
e that is ex
ited Ω ≈ ω1 + ω2. However,there do not seem to be any 
on
rete examples of di�eren
e resonan
es in theliterature. In fa
t, su
h a me
hani
al devi
e might be somewhat strange. Ifwe had ω1 ≈ ω2, then Ω = ω1 − ω2 would be small, perhaps several orders ofmagnitude smaller. So a di�eren
e 
ombination resonan
e would give a responseat a high frequen
y from low frequen
y ex
itation. This would be like makinga drum vibrate by sending it up and down in an elevator!This paper presents an example of a system that has just su
h a property.Based on some theoreti
al results by Mailybayev and Seyranian [4℄ (summarizedin the next se
tion) we show in Se
tion 3, that a di�eren
e 
ombinationresonan
e may o

ur in theory in a simpli�ed model of a hose with time varying�ow, namely a double pendulum with a 
ombination of purely follower and
onstant-dire
tional loads. Se
tion 4 then 
arries out a preliminary numeri
alparameter sweep to verify that this e�e
t is indeed seen in pra
ti
e. Finallyse
tion 5 draws 
on
lusions and points to future work.2 A Parametri
 resonan
e theoremConsider a linear m-degree-of-freedom linear system (m ≥ 2) with periodi

oe�
ients that 
an be written in matrix form as
Mÿ + γDẏ + (C + δB(Ωt))y = 0 . (3)Here M,D and C are symmetri
, positive de�nite matri
es, B(τ) is a pie
ewise-
ontinuous 2π-periodi
 matrix fun
tion of Ωt that 
ontains the parametri




Di�eren
e 
ombination parametri
 resonan
e 65ex
itation terms, y is an m-dimensional ve
tor of generalized 
oordinates and
γ and δ are small parameters.Let ωi and ωj be two normal modes frequen
ies (that is natural frequen
iesof the problem when δ = γ = 0). Then we de�ne:Fundamental resonan
es to o

ur when Ω = 2ωj/k with j = 1, . . . ,mand k = 1, 2, . . . . If k is even then these are equivalent to the harmoni
(pit
hfork) bifur
ations of the Mathieu equation. If k is odd these are thesub-harmoni
 (period-doubling) bifur
ations.Combination resonan
es: Ω = (ωi ± ωj)/k with ωi > ωj and k = 1, 2, . . . .The sign `+' 
orresponds to sum 
ombination resonan
es, and `−' todi�eren
e 
ombination resonan
es.Theorem 1 ([4℄) If B(τ) is symmetri
, then the system may be subje
tedonly to fundamental and sum 
ombination resonan
es.If B(τ) = φ(τ)B0 one obtains fundamental resonan
es and, 
ombinationresonan
es for Ω = ω1sign(cij)ω2, where

cij = uT
i B0uju

T
j B0ui ,where uj are the eigenve
tors of the 
onservative system

Mÿ + Cy = 0To explain this result, it is su�
ient to 
onsider (3) in the 
ase m = 2, γ = 0and whereB(t) is a 
onstant matrix times a sinusoidal fun
tion, B = B0 cos(Ωt).Suppose further that we 
hange 
oordinates so that the system with δ = 0 iswritten in diagonal form, and �nally that time has been res
aled so that Ω = 1.Hen
e we obtain a system of the form
(
ẍ1

ẍ2

)
+

[(
α1 0
0 α2

)
+ δ

(
b11 b12
b21 b22

)
cos(t)

](
x1

x2

)
= 0, (4)where α1 = ω2

1/Ω
2, α2 = ω2

2/Ω
2 and the matrix B̂ = {bij} is the original
onstant matrix B0 written in the transformed 
oordinates. Re
alling how one
omputes stability 
urves for the Mathieu equation using Floquet theory, seee.g [3℄, we 
an look for solutions to (4) in the form

x1 =

∞∑

n=−∞
cne

int/
√

2, x2 = ±
∞∑

n=−∞
cne

inst/
√

2,where s = ±1 and cn are the Fourier 
oe�
ients. We �nd an in�nite systemof algebrai
 equations. It is straightforward to see that in the 
ase δ = 0,there is a non-trivial solution with cn = 0 for all n 6= k and ck 6= 0, whenever
α1 + sα2 = k2. This would suggest that both sum and di�eren
e 
ombinationresonan
es are possible. However, when looking at the 
onditions for the
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Figure 1: S
hemati
 diagram of a planar double pendulum with sti� joints, anda (non-
onservative) follower for
e and a (
onservative) parametri
 for
e a
tingat the free end of the devi
e. Here α ∈ [0, 1] represents the relative 
ontributionof these two end-for
es. The dimensionless equations of motion are given in (6).If g > 0 then gravity is assumed to be a
ting in the verti
ally upwards dire
tion.bifur
ation equations to have a real solution for nonzero δ, one �nds the following
ondition
c12 = sign(b12b21) = s. (5)That is, to ex
ite a sum resonan
e, the o�-diagonal entries of B0 must be ofthe same sign, and to ex
ite a di�eren
e resonan
e these diagonal entries mustbe of opposite sign. In parti
ular, if B̂ is symmetri
 matrix (as is the 
asein many me
hani
al appli
ations) then only sum 
ombinations 
an be ex
ited.In fa
t, it 
an be argued (see referen
es in [4℄) that pure Hamiltonian systems
an never ex
ite di�eren
e 
ombination resonan
e; in other words, if di�eren
eparametri
 resonan
e is possible at all, then the matrix B(Ωt) must 
ontainnon-
onservative terms.3 The follower pendulumCanoni
al examples of me
hani
al systems that 
ontain non-
onservative for
esare those that involve �uid-stru
ture intera
tion [5℄. The simplest form of su
hsystems arise in models for hose pipes or stru
tures with atta
hed jets, wherethe �uid inside the me
hanism is only modelled via a so-
alled �follower for
e�that is aligned with the end of the me
hanism. A parti
ular simple example isthat of a pendulum with a follower for
e, whi
h is represented in Fig. 1.Following [2℄ (see also [8℄) the equations of motion of su
h a devi
e 
an be
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e 67written in dimensionless form as
(1 +m)θ̈1 + cos(θ1 − θ2)θ̈2 + 2cθ̇1 − cθ̇2 + 2θ1 − θ2 + θ̇22 sin(θ1 − θ2)

= p(Ωt)(1 − α) sin θ1 + α sin(θ1 − θ2) − g(1 +m) sin(θ1) (6)
cos(θ1 − θ2)θ̈1 + θ̈2 + c(θ̇1 − θ̇2) − θ1 + θ2 + θ̇21 sin(θ1 − θ2)

= p(Ωt)(1 − α) sin θ2 − g sin(θ2) .Here it is assumed that the two joints have equal sti�ness and damping,
m = m2/m1 represents the ratio between the moments of inertia of the twopendulums, c ≪ 1 is a dimensionless damping 
oe�
ient and we assumethat the for
ing term p(Ωt) is assumed to be a 2π-periodi
 fun
tion of itsargument (spe
i�
ally for the numeri
al 
omputations in the next se
tion wetake p(t) = δ cos(Ωt)). The original motivation for in
luding the parameter αwas to introdu
e a homotopy that enables one to pass from a purely 
onservativesystem (if c = 0 also) when α = 0 to a non-
onservative system when α = 1.The new ingredient here is to additionally in
lude the e�e
ts of gravity via theterms proportional to g whi
h represents the ratio of gravitational to sti�nessfor
es.Taking the 
ase g = 0, after linearization about the trivial equilibriumposition θ1 = θ2 = 0, a straightforward 
al
ulation for (6) reveals that for
α = 0

c12 = −1

4
(1 +m)2 > 0,whereas for α = 1,

c12 = −1.Thus, sin
e c12 is a 
ontinuous fun
tion of α, we 
on
lude that for su�
ientlylarge follow for
es, the system is indeed of the right form to ex
ite di�eren
e
ombination resonan
es.A detailed two-times
ale perturbation expansion was 
arried out in [9℄ for
g = 0, α = 1, in whi
h it was found that for small c and p the di�eren
e
ombination resonan
e does indeed lead to nontrivial responses of the system for(6). Rather than reprodu
e this lengthy, but standard, analysis, we turn insteadto numeri
al results to illustrate the o

urren
e of the di�eren
e 
ombinationresonan
e.4 Numeri
al 
omputationsThe response of the systems has been 
omputed as the time averaged norm ofthe position and velo
ities after 200 time units staring from small amplituderandom initial 
onditions. The resonan
es will be dete
ted as an in
rease ofthis response fun
tion as we sweep in frequen
y. To illustrate the validityand di�
ulties of this dete
tion method we plot in Figure 2 the behavior ofthe response fun
tion for the Mathieu equation (2). We would expe
t somestru
ture for Ω ∼ 1 and Ω ∼ 2 (
orresponding to 
rossing of the bran
hing
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Figure 2: (Left) Response of the Mathieu system as a fun
tion of the frequen
y
Ω for δ = 0.5, c = 10−5 and a small amplitude random initial position. (Right)A zoom around the frequen
y 1 displays a mu
h weaker resonan
e.point (BP) and period doubling (PD) 
urves in the typi
al Mathieu tonguesdiagram). A strong resonan
e stru
ture around the period doubling frequen
yis 
learly visible inidi
ating that the system is in the highly nonlinear region.The BP resonan
e is only visible after a zoom pro
ess and is shown in the rightpanel of Figure 2.Performing a similar numeri
al 
omputation for the follower pendulumsystem (6), we obtain the response fun
tion shown in Figure 3 and 4 for the
ases of zero gravity (double pendulum in an horizontal table) and non vanishinggravity (hanging double pendulum).In agreement with the theoreti
al predi
tion the sum 
ombination resonan
eis present for the purely 
onservative 
ase (α = 0) whereas the di�eren
e
ombination resonan
es is only possible for the purely follower situation (α = 1).The transition from one 
ase to the other and the intera
tion with the otherfundamental resonan
es visible in the numeri
al experiments will be subje
t offuture study.It is worth noting that the presen
e of a di�eren
e 
ombination resonan
e inthe latter 
ase (with gravity) o

urs for frequen
ies mu
h lower than any of theinternal frequen
ies of the system (normal modes). This unexpe
ted results mayhave relevant impli
ations while evaluating the stability of analogous stru
turesor, in the positive side, to take advantage of the in
rease of response at or 
loseto the resonan
e in a "energy harvesting" devi
e.5 Con
lusionThis paper has produ
ed as far as we are aware the �rst physi
ally realizableexample of a system that 
an ex
ite di�eren
e 
ombination resonan
es. The
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Figure 3: Response of the follower pendulum without gravity for α = 0 (left)and α = 1. The verti
al lines are a guide for the eye to lo
ate the position ofthe predi
ted fundamental and 
ombination resonan
es.reason why su
h systems have previously not been observed appears to bebe
ause of the requirement (5) with s = −1, namely that the appropriateportion of the parametri
 for
ing matrix must have skew-symmetri
 terms. Inrotating systems it is well known that su
h skew symmetri
 terms 
an arisein sti�ness and interia matri
es M and A due to Coriolis for
es or gyros
opi
e�e
ts, and indeed 
an give rise to Hopf bifur
ations. However, it seems hardto imagine a me
hani
al system for whi
h the unfor
ed system does not havethese rotational e�e
ts but the parametri
 ex
itation terms do. Instead, wehave found an example of me
hani
al systems with follower for
es where wehave been able to show the required 
ondition (5) is satis�ed with s = −1.This paper presents just a preliminary study of the di�eren
e parametri
resonan
e phenomenon. Future work will present detailed numeri
al
ontinuation results that map out in the parameter spa
e of (6) regions inwhi
h di�eren
e 
ombination resonan
e 
an arise, and in parti
ular to sear
hfor regions in whi
h ω1 ≈ ω2 so that the di�eren
e resonan
e 
an exist forfrequen
ies way below the two fundamental resonan
es. We will also 
onsiderthe impli
ations for the nonlinear dynami
s of the system.Referen
es[1℄ A. R. Champneys, Dynami
s of parametri
 ex
itation In En
ylopediaof Complexity and Systems S
ien
e, Ed. R. A. Meyers. Springer (2009)p. 2323-2345.
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Figure 4: Response fun
tion with gravity for α = 0 (left) and α = 1.[2℄ J. S. Jensen, Non-linear dynami
s of the follower-loaded pendulum witadded support-ex
itation. J. of Sound and Vibration 215 (1998), p. 125�142.[3℄ D. W. Jordan and P. Smith, Nonlinear Ordinary Di�erential Equations.An introdu
tion for S
ientists and Engineers. Oxford University Press.Fourth Edition (2007).[4℄ A. A. Mailybayev and A. P. Seyranian, Parametri
 resonan
es in systemswith small dissipation. J. Appl. Maths Me
hs, 65 (2001), 5, p. 755�767.[5℄ M. P. Païdoussis and G. X. Li Pipes 
onveying �uid: a model dynami
alproblem, J. Fluids Stru
tures 7 (1993) 137-204.[6℄ A. H. Nayfeh and D. T. Mook, Nonlinear Os
illations. (1995) Wiley.[7℄ A. H. Nayfeh, Nonlinear Intera
tions: Analyti
al, Computational andExperimental Methods, (2000) Wiley.[8℄ J. J. Thomsen, Chaoti
 dynami
s of the partially follower-loaded elasti
double pendulum. Journal of Sound and Vibration 188 (1995) 3, p. 385�405.[9℄ M. Truman, MEMS Power Generators. M.S
. Thesis in Advan
edDynami
s Engineering, University of Bristol (2006).
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hmalfuss�uni-paderborn.deAbstra
tIn this paper we 
onsider a 
lass of nonlinear sto
hasti
 partialdi�erential equations (SPDEs) driven by a fra
tional Brownian motionwith the Hurst parameter bigger than 1/2. We show that these SPDEsgenerate random dynami
al systems.Key words: Fra
tional Brownian motions, Random dynami
al systems,Sto
hasti
 di�erential equations.AMS subje
t 
lassi�
ations: 60H15, 37H10, 60H05.1 Introdu
tionA 
entral mathemati
al obje
t in Sto
hasti
s and Sto
hasti
 Pro
esses isthe Ito integral. It plays an important role in many areas of pure andapplied mathemati
s in
luding mathemati
al �nan
e, population dynami
s,�uid dynami
s, statisti
s, signal pro
essing, 
ontrol, parti
le systems, to namea few. The integrator of su
h an integral is often 
hosen to be the Brownianmotion (the Wiener pro
ess) or its semimartingale generalizations. Theserandom fun
tions are of unbounded total variation, so that their Stieltjesintegrals do not exist. Spe
ial properties of the integrators and the integrandsare ne
essary to generalize the de�nition of the Stieltjes integral to the Itointegral, and enable the de�nition of solutions of di�erential equations drivenby Brownian motion.A property of paramount importan
e to this e�e
t for Brownian motion isthe independen
e of its in
rements. To move beyond integrals and pro
esses
onstru
ted using this property is one of the most important tasks in thetheory of Sto
hasti
s. We are most interested in using the fra
tional Brownianmotion (fBm) pro
ess BH where H ∈ (0, 1) is �xed. It is a type of sto
hasti
pro
ess whi
h deviates signi�
antly from Brownian motion and semimartingales.71
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hmalfuÿAs a 
entered Gaussian pro
ess, it is 
hara
terized by the stationarity of itsin
rements and a medium- or long-memory property whi
h is in sharp 
ontrastwith martingales and Markov pro
esses. It also exhibits power s
aling and pathregularity properties with Holder parameter H , whi
h are very distin
t fromBrownian motion (note that the Brownian motion is in
luded in this family ofmodels when 
onsidering H = 1/2). Fra
tional Brownian motion has be
omea popular 
hoi
e of late for appli
ations where 
lassi
al pro
esses 
annot modelthese non-trivial properties; for instan
e long memory, whi
h is also knownas persisten
e, and 
orresponds to the 
ase H ∈ (1/2, 1), is of fundamentalimportan
e for �nan
ial data and in internet tra�
, see [12℄, [16℄ . Fra
tionalBrownian motion is also a good 
andidate to model random long time in�uen
esin 
limate systems, see [15℄.Ever sin
e the pioneering works of Zähle [17℄, De
reusefond and Üstünel[5℄, and Lyons [11℄, the main thrust has been to understand how to performsto
hasti
 integration with respe
t to fBm in a way whi
h is 
onsistent withsome properties of the 
lassi
al Ito theory for Brownian motion. In the 
ase ofhigher regularity (H > 1/2), simple traje
torial methods, labelled as pathwise,
an be used whi
h make it easy to translate one integration theory into another,as fra
tional derivatives allow a pathwise estimate of the integrals in terms ofintegrand and integrator using spe
ial norms. Pathwise integrals histori
allygave the �rst 
ases where adequate solutions to sto
hasti
 di�erential equations(SDEs) were established, e.g. Nualart and Ras
anu [14℄; in�nite-dimensionalequations have been treated with the same su

ess as �nite-dimensional ones,e.g. Nualart and Maslowski [13℄, Garrido-Atienza et al. [6℄.In this paper, we aim to investigate the equations' asymptoti
s. There aretwo theories dealing with the asymptoti
 qualitative behavior for general SDEs:the theory of random dynami
al systems (RDS) and the theory of existen
eand uniqueness of invariant measures for the asso
iated Markov semigroup.However, similarly to fBm itself, equations driven by fBm do not generate aMarkov pro
ess; this pre
ludes the study of invariant measures using 
lassi
altools for fBm-driven systems. This motivates our plan to 
on
entrate on thestudy of fBm-driven SDEs as RDS.The theory of RDS, developed by L. Arnold and 
oworkers, see [1℄, 
an beused to des
ribe the asymptoti
al and qualitative behavior of systems of randomand sto
hasti
 di�erential/di�eren
e equation in terms of stability, Lyapunovexponents, invariant manifolds, and attra
tors.As we have said, 
onsidering fBm instead of Brownian motion has someadvantages be
ause of the ni
e properties that the fBm enjoys and the Brownianmotion does not. Another 
ru
ial advantage is the following: for manyBrownian-driven SPDEs with non�trivial di�usion 
oe�
ients, it is not known ifthese equations generate a RDS. The reason is that usually sto
hasti
 di�erentialequations are only de�ned almost surely where the ex
eptional set may dependon ω sin
e this ex
eptional set is related to the de�nition of an Ito integral whi
his de�ned as a limit of random variables in probability. And su
h a family ofex
eptional sets does not allow to use the theory of RDS. But we 
an over
omesu
h ex
eptional sets dealing with SPDEs driven by a fBm with H > 1/2,



On Fra
tional Brownian motions and random dynami
al systems 73provided the sto
hasti
 integrals are interpreted in the pathwise sense.2 Preliminaries on random dynami
al systemsIn this se
tion we review some basi
 
on
epts and results on random dynami
alsystems that will be used later.In the next de�nition, we introdu
e a system that models the evolution of anoise.De�nition 1 A metri
 dynami
al system (Ω,F ,P, {θt}t∈T) with two-sided time
T (whi
h is R in the 
ontinuous 
ase and Z in the dis
rete one) 
onsists of aprobability spa
e (Ω,F ,P) and a family of transformations {θt}t∈T su
h that:1. It is a one-parameter group, i.e.

θ0 = idΩ, θt+s = θtθs, ∀t, s ∈ T,2. (t, ω) ∈ T × Ω → θtω is measurable,3. P is invariant with respe
t to θ, i.e., θtP = P, for all t ∈ T, whi
h meansthat P(θtA) = P(A), for all A ∈ F and all t ∈ T.4. P is ergodi
 with respe
t to θ, i.e, for any {θt}t∈T-invariant set B ∈ F , whi
hmeans that θtB = B for all t ∈ T, we have either P(B) = 0 or P(B) = 1.We now introdu
e a 
ouple of examples of metri
 dynami
al systems. Let
V = (V, ‖ · ‖, (·, ·)) be a separable Hilbert spa
e.Consider �rst the Brownian motion. We 
hoose for Ω the set of 
ontinuousfun
tions CV

0 = C0(R, V ) on R with values in V whi
h are zero at zero. On thisset we introdu
e the 
ompa
t open topology given by the uniform 
onvergen
eon 
ompa
t intervals in R. The Borel�σ�algebra over this spa
e is denoted by
B(CV

0 ). P 1
2
is the Wiener measure. The existen
e of su
h a 
anoni
al pro
ess

(CV
0 ,B(CV

0 ),P 1
2
) follows by Kolmogorov's theorem about the existen
e of a
ontinuous modi�
ation of a pro
ess, see Bauer [2℄. The �ow θ is given by

θtω(·) = ω(· + t) − ω(t), ω ∈ Ω (1)whi
h is 
alled the Wiener shift. The Wiener shift is measurable, see Arnold[1℄ Page 544, be
ause CV
0 is separable and (t, ω) 7→ θtω is 
ontinuous. Weemphasize that this metri
 dynami
al system is ergodi
, see Boxler [3℄.Now let us introdu
e the fra
tional Brownian motion. Given H ∈ (0, 1), a
ontinuous 
entered Gaussian pro
ess βH(t), t ∈ R, with the 
ovarian
e fun
tion

EβH(t)βH(s) =
1

2
(|t|2H + |s|2H − |t− s|2H), t, s ∈ Ris 
alled a two�sided one-dimensional fra
tional Brownian motion (fBm), and

H is the Hurst parameter.Assume that Q is a bounded and symmetri
 linear operator on V whi
h isof tra
e 
lass, i.e., there exist a 
omplete orthonormal basis {ei}i∈N in V and a
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hmalfuÿsequen
e of nonnegative numbers {λi}i∈N su
h that trQ =
∑∞

i=1 λi < ∞ and
Qei = λiei, i ∈ N. A 
ontinuous V -valued fra
tional Brownian motion BH within
remental 
ovarian
e operator Q and Hurst parameter H is de�ned by

BH(t) =
∞∑

i=1

√
λieiβ

H
i (t), t ∈ Rwhere {βH

i (t)}i∈N is a sequen
e of sto
hasti
ally independent one-dimensionalfBm. Noti
e that the above series is 
onvergent in L2(Ω,F ,P) sin
e∑∞
i=1 λi <

∞ and E(βH
i (t))2 = |t|2H for t ∈ R.Remark 1 B1/2 is the Brownian motion.Using the de�nition of BH , Kolmogorov`s theorem ensures that BH has a
ontinuous version. Thus we 
an 
onsider the 
anoni
al interpretation of anfBm: let Ω = C0(R, V ), equipped again with the 
ompa
t open topology. Let

F be the asso
iated Borel-σ-algebra and PH the distribution of the fBm BH ,and {θt}t∈R be the �ow of Wiener shifts de�ned by (1). Then the quadruple
(Ω, F ,P, θ) is a metri
 dynami
al system whi
h is ergodi
, see [9℄. Furthermore,
BH(·, ω) = ω(·), BH(·, θrω) = BH(·+ r, ω)−BH(r, ω) = ω(·+ r)−ω(r). (2)We now introdu
e the 
on
ept of random dynami
al systems that is used todes
ribe the dynami
s of systems under the in�uen
e of a noise.De�nition 2 A random dynami
al system (RDS) with one-sided time T

+ andphase spa
e V is a pair 
onsisting of the metri
 dynami
al system (Ω,F ,P, θ)and a mapping ϕ : T
+ × Ω × V → V whi
h is (B(T+) ⊗ F ⊗ B(V ),B(V ))�measurable and satis�es the 
o
y
le property

ϕ(t, θτω, ·) ◦ ϕ(τ, ω, ·) = ϕ(t+ τ, ω, ·), for t, τ ∈ T
+, ω ∈ Ω,

ϕ(0, ω, ·) = idV .A typi
al example of 
o
y
le mapping is the solution operator of �nite orin�nite dimensional di�erential equations with random 
oe�
ients satisfyingparti
ular regularity assumptions. Another example is the solution operatorof �nite dimensional Ito-equations. As we announ
ed in the Introdu
tion,for in�nite dimensional Ito-equations with non-trivial di�usion 
oe�
ients thisproblem is rather unsolved.Noti
e that the 
o
y
le property is the generalization of the semigroupproperty; in fa
t, if we deleted all ω-dependen
e in the 
o
y
le property wewould just get the semigroup property.We want to stress that we have required the MDS to be de�ned on two-sided time T, while the RDS is only required to be de�ned on one-sided time
T

+. The reason is that we 
annot expe
t the mapping ϕ to be de�ned on T,sin
e it is given, for instan
e, by the solution operator of a SPDE, whi
h isnot invertible in general. However, we 
an 
onsider expressions of the following
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tional Brownian motions and random dynami
al systems 75type: ϕ(t, θ−tω, x), for x ∈ V , ω ∈ Ω, t ∈ T
+, expressions that play a 
ru
ialrole when analyzing the existen
e of random �xed points or random attra
torsasso
iated to the RDS ϕ, see [8℄.As we have mentioned, the purpose of this paper is to show that an in�nitedimensional sto
hasti
 di�erential equation driven by an fBm with generaldi�usion 
oe�
ients generates a random dynami
al system.3 Main resultsIn this se
tion we �rst introdu
e some basi
 
on
epts and results on fra
tional
al
ulus and sto
hasti
 integrals with respe
t to the fBm βH and BH .For T > 0, let Wα,1(0, T ;V ) be the spa
e of measurable fun
tions f :

[0, T ] → V su
h that
|f |α =

∫ T

0

(‖f(s)‖
sα

+

∫ s

0

‖f(s) − f(ζ)‖
(s− ζ)α+1

dζ

)
ds <∞,where 1−H < α < 1

2 is �xed, so we need to 
onsider from now on H ∈ (1/2, 1).Following Zähle [17℄, for f ∈Wα,1(0, T ;V ) we de�ne the sto
hasti
 integralas the generalized Stieltjes integral
∫ T

0

fdβH = (−1)α

∫ T

0

Dα
0+f(s)D1−α

T− βH
T−(s)ds, (3)

∫ t

s

fdβH =

∫ T

0

f1(s,t)dβ
H , for 0 ≤ s < t ≤ T,where, in general, for 0 ≤ a < b ≤ T , βH

b−(s) := βH(s)−βH(b), and for a < t < bthe Weyl derivatives are given by
Dα

a+f(t) =
1

Γ(1 − α)

(
f(t)

(t− a)α
+ α

∫ t

a

f(t) − f(ζ)

(t− ζ)α+1
dζ

)
,

D1−α
b− βH

b−(t) =
(−1)1−α

Γ(α)

(
βH(t) − βH(b)

(b− t)1−α
+ (1 − α)

∫ b

t

βH(t) − βH(ζ)

(ζ − t)2−α
dζ

)
,where Γ denotes the Gamma fun
tion. It 
an be proved (see, for instan
e,Nualart and R ³
anu [14℄, De
reusefond and Üstünel [5℄, Zähle [17℄) that thesto
hasti
 integral (3) exists.Now we de�ne the sto
hasti
 integral with respe
t to the in�nite dimensionalfBm BH . Let L(V ) denote the spa
e of linear bounded operators on V and let

G : Ω × [0, T ] → L(V ) be an operator su
h that G(ω, ·)ei ∈ Wα,1(0, T ;V ) forea
h i ∈ N and ω ∈ Ω. We de�ne
∫ T

0

Gdω =

∞∑

i=1

∫ T

0

G(s)Q1/2eidβ
H
i (s) =

∞∑

i=1

√
λi

∫ T

0

G(s)eidβ
H
i (s), (4)where the 
onvergen
e of the sums in (4) is understood in V .



76 M.J. Garrido-Atienza, B. S
hmalfuÿThe following result establish that when making a 
hange of variable in thesto
hasti
 integral, we not only have to shift the integration interval and thevariable but also the path of the fBm (for the proof, see [6℄).Lemma 1 For a, b, r ∈ R, assuming that both integrals are well-de�ned,
∫ b

a

G(s)dω(s) =

∫ b−r

a−r

G(s+ r)dθrω(s).Consider now the following sto
hasti
 evolution equation in V
{

du(t) = (Au(t) + F (u(t)))dt +G(u(t))dω(t),
u(0) = u0 ∈ V

(5)where ω denotes the in�nite dimensional fBm BH (see (2)).Assume that A is the in�nitesimal generator of an analyti
 semigroup S(·),and that F : V → V is Lips
hitz 
ontinuous with Lips
hitz 
onstant LF , and
G : V → L(V ) and G′ : V → L(V, L(V )) are Lips
hitz 
ontinuous in thefollowing senses:

sup
i∈N

‖G(v1)ei −G(v2)ei‖ ≤ LG‖v1 − v2‖, (6)
sup
i∈N

‖G′(v1)ei −G′(v2)ei‖L(V ) ≤ L′
G‖v1 − v2‖, (7)where {ei}i∈N is the 
omplete orthonormal basis in V introdu
ed in Se
tion 2.The solution of (5) on [0, T ] is a V -valued pro
ess u whose paths are forevery ω ∈ Ω elements of Wα,1(0, T ;V ), for an α ∈ (1 −H, 1

2 ), and
u(t) = S(t)u0 +

∫ t

0

S(t−s)F (u(s))ds+

∫ t

0

S(t−s)G(u(s))dω, t ∈ [0, T ], (8)where the sto
hasti
 integral has to be understood a

ording to (4).For su
h an α ∈ (1 −H, 1
2 ), denote by Wα,∞

ξ,σ (0, T ;V ) the Bana
h spa
e ofmeasurable fun
tions x : [0, T ] → V su
h that
‖x‖α,ξ,σ = sup

t∈[0,T ]

e−σt

(
‖x(t)‖ + tξ

∫ t

0

‖x(t) − x(r)‖
(t− r)1+α

dr

)
<∞for σ ≥ 1, and ξ ∈ [α, 1 − α). The role of the fa
tor tξ is 
ru
ial when provingthe following existen
e theorem, whi
h proof 
an be found in [6℄.Theorem 2 Let α ∈ (1 − H, 1

2 ), σ ≥ 1 and ξ ∈ [α, 1 − α). Assume F isLips
hitz 
ontinuous, and that G and G′ satisfy (6) and (7). Then, for ea
hinitial point u0 ∈ V there exists a unique solution to equation (8) with its pathsin Wα,∞
ξ,σ (0, T ;V ). In addition, the mapping Φ : V → Wα,∞

ξ,σ (0, T ;V ) given by
Φ : u0 7→ u is 
ontinuous for ω ∈ Ω.



On Fra
tional Brownian motions and random dynami
al systems 77Theorem 3 The solution u of (8) de�nes a random dynami
al system ϕ :
R

+ × Ω × V → V , given by
ϕ(t, ω, u0) = S(t)u0 +

∫ t

0

S(t− s)F (u(s))ds+

∫ t

0

S(t− s)G(u(s))dω.Proof . The measurability follows by [4℄ Lemma III.14.Trivially ϕ(0, ω, x) = u0. Let us 
he
k then the 
o
y
le property: for
t, τ ∈ R

+, ω ∈ Ω and u0 ∈ V , we have
ϕ(t+ τ, ω, u0) = S(t+ τ)u0 +

∫ t+τ

0

S(t+ τ − s)F (u(s))ds

+

∫ t+τ

0

S(t+ τ − s)G(u(s))dω(s)

= S(t)

(
S(τ)u0 +

∫ τ

0

S(τ − s)F (u(s))ds +

∫ τ

0

S(τ − s)G(u(s))dω(s)

)

+

∫ t+τ

τ

S(t+ τ − s)F (u(s))ds +

∫ t+τ

τ

S(t+ τ − s)G(u(s))dω(s).Making the 
hange of variable s− τ = r, applying Lemma 1,
∫ t+τ

τ

S(t+ τ − s)G(u(s))dω(s) =

∫ t

0

S(t− r)G(u(r + τ))dθτω(r),and then, setting y(s) = u(s+ τ), for s ∈ [0, t],
ϕ(t+ τ, ω, u0) = S(t)y(0) +

∫ t

0

S(t− r)F (y(r))dr +

∫ t

0

S(t− r)G(y(r))dθτω(r)

= ϕ(t, θτω, ·) ◦ ϕ(τ, ω, u0).

�Proving that our sto
hasti
 equation (8) generates a RDS is the startingpoint to analyze its asymptoti
 behavior. One possibility, whi
h is a key 
on
eptdes
ribing the dynami
s of RDS generated by fBm-driven SDEs, is the so-
alledglobal attra
tor, whi
h is an invariant 
ompa
t random set attra
ting otherbounded random sets. The essential dynami
s take pla
e in a neighborhood ofthe attra
tor (see [8℄). Another option to dis
uss the stability of fBm-drivenSDEs is to study the existen
e of stable and unstable manifolds and Lyapunovexponents, see [10℄ and [7℄. Su
h smooth manifolds are invariant under thedynami
s of the systems, and on them, the states are attra
ted or repelled bya steady state.Referen
es[1℄ L. Arnold, Random Dynami
al Systems, Springer Monographs inMathemati
s, Springer-Verlag, Berlin 1998.
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LYAPUNOV EXPONENTS AND STABILITY IN INTERVALMAPSHÜSEYIN KOÇAK∗ AND KENNETH PALMER†

∗Department of Computer S
ien
eUniversity of Miami, Coral Gables, FL 33156 U.S.A.
†Department of Mathemati
sNational Taiwan University, Taipei, TAIWANhk�
s.miami.edu palmer�math.ntu.edu.twAbstra
tDetermination of stability or instability of a given orbit of a s
alarinterval map is investigated in terms of the sign of the Lyapunov exponentof the orbit. It is proved that an orbit of su
h a C2 map with a negativeLyapunov exponent is stable. To prove instability, the 
lassi
al notionof Lyapunov exponent is strengthened by introdu
ing a new quantity
alled strong Lyapunov exponent. Then, it is proved that an orbit ofa C1 interval map with a positive strong Lyapunov exponent is unstable,or equivalently, exhibits sensitive dependen
e on initial 
onditions. Itis also shown that positive Lyapunov exponent su�
es if an additionalassumption is made about the 
riti
al points of the interval map.Key words: Interval maps, Lyapunov exponent, stability, strong Lyapunovexponent, sensitive dependen
e on initial 
onditions.AMS subje
t 
lassi�
ations: 37C75, 37D45, 37E05.1 Introdu
tionLet us 
onsider a mapping f : [0, 1] → [0, 1] of the unit interval into itself and apositive orbit {xn}∞n=0 through an initial value x0 ∈ [0, 1], where xn+1 = f(xn).A question of paramount interest is the determination of stability or instabilityof a given su
h orbit. For the sake of 
on
reteness, we pro
eed with thede�nitions of these 
lassi
al notions.De�nition 1 (Lyapunov stability) Let f : [0, 1] → [0, 1] be a mapping of theinterval. The positive orbit {xn}∞n=0 through an initial value x0 ∈ [0, 1] is saidto be Lyapunov stable if for all ε > 0 there exists δ > 0 su
h that if |y− x0| < δthen |fn(y) − fn(x0)| < ε for all n ≥ 0.In re
ent times, Lyapunov instability, equivalent to sensitive dependen
e oninitial 
onditions, has played a prominent role in �
haoti
� dynami
s [1, 2, 5℄.79



80 H. Koçak, K. PalmerDe�nition 2 (Sensitive dependen
e) Let f : [0, 1] → [0, 1] be a mapping ofthe interval. The positive orbit {xn}∞n=0 through an initial value x0 ∈ [0, 1]exhibits sensitive dependen
e on initial 
onditions, if there exists ε > 0 su
hthat given any δ > 0 there exists y with |y − x0| < δ and N > 0 su
h that
|fN (y) − fN (x0)| ≥ ε.The most signi�
ant s
alar quantity atta
hed to an orbit {xn}∞n=0, that doesnot in
lude a 
riti
al point of the map and for whi
h f ′(xn) exists for n ≥ 0, isits Lyapunov exponent.De�nition 3 (Lyapunov exponent) The Lyapunov exponent λ(x0) of a positiveorbit {xn}∞n=0 of an interval map f : [0, 1] → [0, 1] is de�ned as the number

λ(x0) = lim
n→∞

1

n+ 1

n∑

k=0

ln |f ′(xk)| ,if the limit exists.It is a popular pra
ti
e, espe
ially in experimental dynami
s, to asso
iate apositive Lyapunov exponent with instability and a negative Lyapunov exponentwith stability of an orbit. However, this pra
ti
e is without a �rm mathemati
alfoundation unless 
ertain restri
tions are imposed on a map. Indeed, re
entlyDemir and Koçak [3℄ have 
onstru
ted a pie
ewise linear 
ontinuous map of theinterval with an orbit whi
h has a positive Lyapunov exponent but the orbitdoes not exhibit sensitive dependen
e on initial 
onditions. They also produ
edanother pie
ewise linear 
ontinuous map of the interval with an orbit whi
h hasa negative Lyapunov exponent but the orbit does exhibit sensitive dependen
eon initial 
onditions. In this paper we announ
e three theorems regarding thedetermination of stability or instability of an orbit of a s
alar map from theLyapunov exponent of the orbit.2 Summary of ResultsThe �rst theorem establishes the stability of an orbit of a C2-s
alar interval mapwith a negative Lyapunov exponents. This simple di�erentiability assumptionproves su�
ient to over
ome the di�
ulty demonstrated by the example ofDemir and Koçak [3℄ referred to above.Theorem 1 Suppose f : [0, 1] 7→ [0, 1] is C2. If an orbit {xn}∞n=0 has negativeLyapunov exponent λ(x0) < 0, then the orbit is Lyapunov stable (in fa
t it isexponentially stable).The proof of this theorem is similar to the proof of the analogous theoremfor di�erential equations whi
h goes ba
k to Lyapunov. For the details, see [4℄.Dealing with the pathology exhibited by the se
ond example of Demir andKoçak [3℄ proved to be more 
hallenging. A simple di�erentiability assumptiondoes not, in general, appear to be su�
ient for a positive Lypaunov exponentto imply sensitive dependen
e. To obtain a reasonably general result, we werefor
ed to strengthen the notion of Lyapunov exponent.



Lyapunov exponents and stability 81De�nition 4 The strong Lyapunov exponent of an orbit {xn}∞n=0 is de�ned asthe number
Λ(x0) = lim

n→∞
1

n

i+n−1∑

k=i

ln |f ′(xk)|,if the limit exists uniformly with respe
t to i.Now, with this new notion of strong Lyapunov exponent, we 
an prove thefollowing result:Theorem 2 Suppose f : [0, 1] → [0, 1] is C1. If an orbit {xn}∞n=0 of f hasa positive strong Lyapunov exponent Λ(x0) > 0, then the orbit has sensitivedependen
e on initial 
onditions.The proof of this theorem follows from a more general statement where theassumption that the Lyapunov exponent is uniform is repla
ed by the weakerassumption that the orbit stays away from a 
riti
al point. This strongertheorem is provided by showing that the assumption that a neighbouring orbitalways stays nearby leads to a 
ontradi
tion. For the details, see [4℄.The pre
eding theorem 
ould not, in general, be applied to a 
haoti
 mapas su
h maps usually have 
riti
al points and most orbits would be dense andhen
e 
ome arbitrarily 
lose to 
riti
al points and su
h orbits 
annot have strongLyapunov exponents. In the theorem below we exhibit a 
lass of maps with
riti
al points for whi
h a positive Lyapunov exponent does imply sensitivedependen
e even for orbits whi
h 
ome arbitrarily 
lose to 
riti
al points. This
lass in
ludes the map f(x) = 4x(1 − x).Theorem 3 Let f : [0, 1] 7→ [0, 1] be a C2 map su
h that f ′(c) = 0 for aunique c and su
h that f ′′(c) 6= 0 and there exists m > 0 su
h that fm(c) = qis �xed and |f ′(q)| > 1. Then if {xn}∞n=0 is a non
onstant orbit of f with apositive Lyapunov exponent λ(x0) > 0, the orbit exhibits sensitive dependen
eon initial 
onditions.The proof of this theorem is rather more deli
ate. Problems arise when theorbit goes near a 
riti
al point. However then some time later it passes near anexpanding �xed point and this for
es a nearby orbit to separate. The details ofthe proof are given in a forth
oming paper [4℄.H.K. is supported in part by the National S
ien
e Foundation grantsCMG0417425 and CMG0825547, and K.P. by NSC (Taiwan) 97-2115-M-002-011-MY2.Referen
es[1℄ K. Alligood, T. Sauer, and J. Yorke, Chaos: An introdu
tion to dynami
alsystems. Springer-Verlag, New York, New York 1997.[2℄ J. Banks, V. Dragan, and A. Jones, Chaos: A Mathemati
al Introdu
tion.Cambridge University Press 2003.
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∗Department of Mathemati
s, Bielefeld University,P.O. Box 100131, 33501 Bielefeld, Germanyrkruse�math.uni-bielefeld.deAbstra
tIt is shown how sto
hasti
 It�-Taylor s
hemes for sto
hasti
 ordinarydi�erential equations 
an be embedded into standard 
on
epts of
onsisten
y, stability and 
onvergen
e. An appropriate 
hoi
e of fun
tionspa
es and norms, in parti
ular a sto
hasti
 generalization of Spijker'snorm (1968), leads to two-sided estimates for the strong error of
onvergen
e under the usual assumptions.Key words: SODE, sto
hasti
 di�erential equations, It�-Taylor s
hemes,dis
rete approximation, bistability, two-sided error estimates, sto
hasti
 Spijker normAMS subje
t 
lassi�
ations: 65C20, 65C30, 65J15, 65L20, 65L70.1 Introdu
tionThe invention of It�-Taylor s
hemes was a major breakthrough in numeri
alanalysis of sto
hasti
 ordinary di�erential equations (SODEs). We refer to thepioneering book [7℄ and the in�uential monographs [9℄ and [10℄.In this paper we show how the strong 
onvergen
e theory of these s
hemes
an be embedded into the standard framework of 
onsisten
y, stability and
onvergen
e as it is formulated in abstra
t terms in the theory of dis
reteapproximations (see [14℄). Moreover, by a spe
ial 
hoi
e of norms, namely asto
hasti
 version of the deterministi
 Spijker norm (see [12℄,[13℄,[6, Ch.III.8℄),we are able to derive two-sided estimates for the strong 
onvergen
e error.While our notion of 
onsisten
y and (numeri
al) stability goes ba
k to thework of F. Stummel [14℄ there already exist other 
on
epts in the literature.One 
an �nd notions of 
onsisten
y and lo
al trun
ation errors in the books[7, 9, 10℄. We refer to [3℄ for a dis
ussion. Other authors, who have 
onsideredthe question of stability, are for instan
e [2, 4℄.
∗supported by CRC 701 'Spe
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84 R. KruseTo be more pre
ise, we deal with the numeri
al approximation of R
d-valuedsto
hasti
 pro
esses X , whi
h satisfy an ordinary It� sto
hasti
 di�erentialequation of the form

dX(t) = b0(t,X(t))dt+

m∑

k=1

bk(t,X(t))dW k(t), t ∈ [0, T ],

X(0) = X0.

(1)We assume that the initial value X0 has �nite se
ond moment. By W k,
k = 1, . . . ,m, we denote real and pairwise independent standard Brownianmotions and we also assume that the drift and di�usion 
oe�
ient fun
tions
bk : [0, T ] × R

d → R
d ful�ll the usual global Lips
hitz and linear growth
onditions su
h that (1) has a unique solution [1℄.Note that the 
orresponding integral form of the SODE (1) has therepresentation

X(t) = X0 +

∫ t

0

b0(s,X(s))ds+

m∑

k=1

∫ t

0

bk(s,X(s))dW k(s), t ∈ [0, T ]. (2)It�-Taylor s
hemes are based on an iterated appli
ation of It�'s formula onthe integrands of (2), provided that all appearing integrals and derivatives exist.Again, we refer to the books [7, 9, 10℄ for a rigorous derivation.Let M be the set of all multi-indi
es α = (j1, . . . , jl), l ∈ N, ji ∈ {0, . . . ,m},
i = 1, . . . , l. By ℓ(α) ∈ N and n(α) ∈ N we denote the length of α ∈ M andthe number of zeros in α ∈ M respe
tively. For γ ∈ {n

2 : n ∈ N} 
onsider the�nite set of multi-indi
es (
.f. [7℄)
Aγ =

{
α ∈ M : 1 ≤ ℓ(α) + n(α) ≤ 2γ or ℓ(α) = n(α) = γ +

1

2

}
.For a time grid 0 = t0 < t1 < . . . < tN = T with (for simpli
ity) equidistantstep size h = T

N , N ∈ N, the It�-Taylor s
heme of order γ is given by
Xh(t0) = X0,

Xh(tk) = Xh(tk−1) +
∑

α∈Aγ
fα(tk−1, Xh(tk−1))Iα,k, k ≥ 1,

(3)with the iterated (sto
hasti
) integrals
Iα,k :=

∫ tk

tk−1

∫ s1

tk−1

· · ·
∫ sl−1

tk−1

dW j1(sl) . . . dW
jl(s1), (4)where α = (j1, . . . , jl) and dW 0(s) = ds. For the same α the 
oe�
ient fun
tion

fα : [0, T ]× R
d → R

d is de�ned by
fα(t, x) = (Lj1 · · ·Ljjf)(t, x), (5)



Dis
rete approximation of SODEs 85where f : [0, T ] × R
d → R

d is the proje
tion with respe
t to the se
ond
oordinate, i.e. f(t, x) = x, and the Lk are di�erential operators of the form
L0 =

∂

∂t
+

d∑

i=1

b0,i ∂

∂xi
+

1

2

d∑

i,j=1

m∑

k=1

bk,ibk,j ∂2

∂xi∂xj
,

Lk =
d∑

j=1

bk,j ∂

∂xj
, k = 1, . . . ,m.Example 1 If we 
hoose γ = 1

2 then the set A 1
2
just 
onsists of all multi-indi
es of length 1, i.e. A 1

2
= {(0), (1), . . . (m)}, and the 
oe�
ient fun
tions

fα simplify to the drift and di�usion 
oe�
ient fun
tions of the SODE (1), i.e.
f(k) = bk for k = 0, . . . ,m. Sin
e I(0),k = h and I(j),k = W j(tk)−W j(tk−1), theIt�-Taylor s
heme of order γ = 1

2 is the well-known Euler-Maruyama s
heme.One also easily 
he
ks that the 
hoi
e γ = 1 leads to the Milstein method.It is well-known (see for example [7, 9, 10℄) that the It�-Taylor s
heme oforder γ 
onverges at least with order γ in the strong sense, i.e. there exists a
onstant C > 0, independent of the step size h, su
h that
max

0≤i≤N

(
E
(
|X(ti) −Xh(ti)|2

)) 1
2 ≤ Chγ , (6)where X is the analyti
 solution to (1) and Xh denotes the numeri
al solution.Note that [7, 9, 10℄ use an even stronger norm, where max o

urs inside theexpe
tation. It is an open problem whether our approa
h 
an handle this normas well.In order to embed the It�-Taylor s
heme into the dis
rete approximationframework, we will write the equations (3) as Ah(Xh) = Rh with a suitableoperator Ah and right-hand side Rh. We use the norm

‖Yh‖0,h = max
0≤i≤N

‖Yh(ti)‖L2(Ω), (7)and the following generalization of Spijker's norm
‖Yh‖−1,h = max

0≤i≤N
‖∑i

j=0Yh(tj)‖L2(Ω). (8)Here ‖ · ‖L2(Ω) denotes the L2-norm of random variables.The key to our two-sided error estimate is the following bistability inequality
C1‖Ah(Yh) −Ah(Zh)‖−1,h ≤ ‖Yh − Zh‖0,h ≤ C2‖Ah(Yh) −Ah(Zh)‖−1,h. (9)In the following se
tion we show how the It�-Taylor s
heme �ts into thedis
rete approximation theory. In Se
tion 3 we give a pre
ise formulation of ourmain result together with all assumptions.



86 R. Kruse2 Writing It�-Taylor s
hemes as dis
rete approximationsIn the dis
rete approximation theory the 
on
epts of 
onsisten
y, (numeri
al)stability and 
onvergen
e are de�ned in a very general way. Our notions ofbistability and of the lo
al trun
ation error are dire
tly related to the abstra
tframework invented by F. Stummel [14℄. We present the basi
 ideas behindStummel's theory in this se
tion. Simultaneously we embed the It�-Taylors
heme into the framework.The starting point of the dis
rete approximation theory is an equation ofthe form A(X) = Y . Here, the operator A : E → F is a mapping between twosets E and F . For a given Y ∈ F our aim is to �nd a dis
rete approximation ofthe solution X . To this end we assume the existen
e of two sequen
es of metri
spa
es (Eh)h∈I and (Fh)h∈I and operatorsAh : Eh → Fh, h ∈ I, for some indexset I. With the help of two sequen
es of restri
tion operators rE
h : E → Eh and

rF
h : F → Fh, for h ∈ I, the dis
rete spa
es Eh and Fh are 
onne
ted to theoriginal spa
es E and F respe
tively. Figure 1 visualizes the setting.PSfrag repla
ements

Y

A

Ah

E

Eh

F

Fh

X

Xh rE
h X rF

h YFigure 1: Visualisation of the dis
rete approximation theoryBy solving equations of the form Ah(Xh) = rF
h Y we obtain a sequen
e ofdis
rete approximations (Xh)h∈I . Now, the theory of F. Stummel answers thequestions, in whi
h sense and under whi
h 
onditions the sequen
e (Xh)h∈I
onverges to the solution X . Let us �rst show how the SODE (1) and theIt�-Taylor s
heme (3) 
an be embedded into �gure 1.Sin
e the existen
e of a unique solution X to (1) is guaranteed by ourassumptions we 
onsider the trivial operator

A :
E → F

X 7→ A(X)
(10)where E := {X} and F := {Y = (X0, 0)} are singletons (with the se
ond
omponent of Y being the sto
hasti
 pro
ess whi
h is P -a.s. equal to 0 ∈ R

d)and the operator A is given by
A(X) =

(
X(0),

(
X(t) −X(0) −

∫ t

0
b0(s,X(s))ds−∑m

k=1

∫ t

0
bk(s,X(s))dW k(s)

)

0≤t≤T

)
.



Dis
rete approximation of SODEs 87In order to de�ne the dis
rete metri
 spa
es we denote the time grid by
τh := {ti = ih | i = 0, . . . , N}. As our underlying dis
rete spa
e we 
onsider theset Gh := G(τh, L

2(Ω,F , P ; Rd)) of all adapted and L2(Ω)-valued grid fun
tions,that is, for Zh ∈ Gh, the random variables Zh(ti) are square-integrable and
Fti

-measurable random variables for all ti ∈ τh. Here (Ft)t∈[0,T ] denotes the�ltration whi
h is generated by the Wiener pro
esses W k, k = 1, . . . ,m. Now,we 
hoose the metri
 spa
es Eh and Fh to be the ve
tor spa
e Gh endowed withthe metri
 indu
ed by the norm
‖Zh‖0,h = max

0≤i≤N
‖Zh(ti)‖L2(Ω) (11)and the sto
hasti
 version of Spijker's norm

‖Zh‖−1,h = max
0≤i≤N

‖∑i
j=0Zh(tj)‖L2(Ω), (12)respe
tively. Note that Eh and Fh are Bana
h spa
es.Next, de�ne the two sequen
es of restri
tion operators

rE
h :

E → Eh

X 7→ rE
h X, [rE

h X ](ti) = X(ti) for ti ∈ τh,
(13)

rF
h :

F → Fh

Y 7→ rF
h Y

[rF
h Y ](ti) =

{
X0 i = 0,
0 i = 1, . . .N.

(14)Finally, for h > 0, we introdu
e the operator
Ah :

Eh → Fh

Xh 7→ Ah(Xh)by the relationship
[Ah(Xh)](t0) = Xh(t0),

[Ah(Xh)](ti) = Xh(ti) −Xh(ti−1) −
∑

α∈Aγ
fα(ti−1, Xh(ti−1))Iα,i,

(15)for 1 ≤ i ≤ N . Under the assumption that all It�-Taylor 
oe�
ient fun
tions fαsatisfy a linear growth 
ondition, [Ah(Xh)](ti) is an adapted and mean-squareintegrable random variable. Therefore, Ah maps Eh into Fh. See Se
tion 3 fora 
omplete statement of all assumptions.Sin
e the It�-Taylor s
hemes are expli
it, the operators Ah are bije
tive, i.e.there exists a unique solution X̃h to the equation Ah(X̃h) = Zh for all Zh ∈ Fh.In parti
ular, the It�-Taylor approximation Xh to (1) is equivalently written asthe solution to the equation Ah(Xh) = rF
h Y .Next, we introdu
e our notion of 
onsisten
y, bistability and 
onvergen
e.



88 R. KruseDe�nition 1 Consider a one-step method given by a sequen
e of operators
(Ah)h. The method is 
alled 
onsistent of order γ > 0, if there exists a 
onstant
C > 0 and an upper step size bound h > 0, su
h that the estimate

‖Ah(rE
h X) − rF

h A(X)‖−1,h ≤ Chγ (16)holds for all grids τh with h ≤ h, where X denotes the analyti
 solution of (1).The left hand side of (16) is 
alled lo
al trun
ation error or 
onsisten
y error.Therefore, a one-step method is 
onsistent if the diagram in Figure 1 
ommutesup to an error of order γ, that is rF
h ◦A ≈ Ah ◦ rE

h for h small enough.The se
ond ingredient in the 
onvergen
e theory is the 
on
ept of (numeri
al)stability. In [14℄ F. Stummel introdu
es the stronger notion of bistability andhe proves that bistability of a numeri
al method 
an be 
hara
terized by theequi
ontinuity of the operators (Ah)h and (A−1
h )h. In this sense the followingde�nition is a su�
ient 
ondition for Stummel's notion of bistability.De�nition 2 A one-step method de�ned by operators (Ah)h is 
alled bistable,if there exist 
onstants C1, C2 > 0 and an upper step size bound h > 0 su
h thatthe operators Ah are bije
tive and the estimate

C1‖Ah(Zh) −Ah(Z̃h)‖−1,h ≤ ‖Zh − Z̃h‖0,h ≤ C2‖Ah(Zh) −Ah(Z̃h)‖−1,hholds for all Zh, Z̃h ∈ Eh and for grids τh with h < h.Finally, we de�ne the error of 
onvergen
e in terms of the norm ‖ · ‖0,h, thespa
e Eh and the restri
tion operators rE
h .De�nition 3 A one-step method is 
alled 
onvergent of order γ > 0 if thereexist an upper step size bound h > 0 and a 
onstant C > 0 su
h that the
orresponding operators Ah are bije
tive and

‖Xh − rE
h X‖0 ≤ Chγ (17)for all h ≤ h. Here Xh denotes the solution to Ah(Xh) = rF

h Y .3 Main resultIn this se
tion we give a pre
ise formulation of the underlying assumptions andour main result.(A1) The initial value X0 is an F0-measurable and R
d-valued random variablesatisfying E(|X0|2) <∞.(A2) For all α ∈ Aγ there exists a 
onstant Lα > 0 su
h that

|fα(t, x) − fα(t, y)| ≤ Lα|x− y| and |fα(t, x)| ≤ Lα(1 + |x|)for all x, y ∈ R
d and t ∈ [0, T ].



Dis
rete approximation of SODEs 89(A3) For a given order γ the It�-Taylor expansion of X(t) with respe
t to Aγexists for all t ∈ [0, T ].(A4) For all α ∈ B(Aγ) we have
∫ T

0

E
(
|fα(s,X(s))|2

)
ds <∞.The �rst two assumptions are used, for example, in [1℄ to assure the existen
eand uniqueness of the solution X on [0, T ], su
h that X(t) is mean-squareintegrable for all t ∈ [0, T ]. The assumption (A2) also assures that the operators

Ah are well-de�ned and bistable. In (A3) we assume that the It�-Taylorexpansion exists up to a given order γ. Assumption (A4) is needed in orderto prove the 
onsisten
y of the It�-Taylor s
hemes. There we use the notationof the remainder set B(Aγ) of the It�-Taylor expansion whi
h is given by
B(Aγ) = {α = (j1, j2, . . . , jl) ∈ M : (j2, . . . , jl) ∈ Aγ} ⊂ M(
.f. [7℄). Now we formulate our main result, whi
h is proven in [8℄.Theorem 1 Let the assumptions (A1)-(A4) hold for γ ∈ {n

2 |n ∈ N}. Thenthe It�-Taylor s
heme of order γ is(i) 
onsistent of order γ,(ii) bistable with respe
t to the norms ‖ · ‖0,h and ‖ · ‖−1,h,(iii) 
onvergent of order γ.Moreover, there exists h > 0 su
h that the two-sided error estimate
C1‖Ah(rE

h X) − rF
h Y ‖−1,h ≤ ‖rE

h X −Xh‖0,h ≤ C2‖Ah(rE
h X) − rF

h Y ‖−1,hholds for all grids τh with |h| ≤ h.Remark 1 Theorem 1 also holds for impli
it methods like the sto
hasti
 thetamethod [3℄ and for sto
hasti
 multi-step methods [8℄.Remark 2 The two-sided error estimate in Theorem 1 
an be used to dis
ussthe optimal order of 
onvergen
e of the It�-Taylor methods. J. M. C. Clark andR. J. Cameron [5℄ 
onstru
ted the example
dX(t) =

(
1 0
0 X1(t)

)
d

(
W 1(t)
W 2(t)

)
, X(0) =

(
0
0

)
, (18)to show that, in general, the maximum order of 
onvergen
e is equal to 1

2 if thenumeri
al method, like the Euler-Maruyama s
heme, uses only the in
rements
W k(ti) −W k(ti−1) of the driving Wiener pro
esses. For this example the lo
altrun
tion error of the Euler-Maruyama is exa
tly 
omputed to be√ 1

2Th. Hen
e,the strong error of 
onvergen
e is bounded from below by a term of order γ = 1
2 .A suitable generalization of this example gives 
orresponding results for thehigher order s
hemes [8℄.
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m.es suarez�us.esAbstra
tIn this paper we study in detail the pullba
k and forwards attra
tionsto non-autonomous 
ompetition Lotka-Volterra system. In parti
ular,under some 
onditions on the parameters, we prove the existen
e of aunique non-degenerate global solution for these models, whi
h attra
tsany other 
omplete bounded traje
tory. For that we present thesub-supertraje
tory tool as a generalization of the now 
lassi
al sub-supersolution method.Key words: Sub-supertraje
tory method, Lotka-Volterra 
ompetition system,attra
ting 
omplete traje
tories.AMS subje
t 
lassi�
ations: 35B40, 35K55, 92D25, 37L05.1 Introdu
tionIn this paper we 
olle
t some results from [6℄ and [7℄ to analyze the asymptoti
dynami
s of the following non-autonomous Lotka-Volterra 
ompetition model





ut − ∆u = u(λ(t, x) − a(t, x)u − b(t, x)v) x ∈ Ω, t > s
vt − ∆v = v(µ(t, x) − c(t, x)u− d(t, x)v) x ∈ Ω, t > s
u = v = 0 x ∈ ∂Ω, t > s
u(s) = us, v(s) = vs.
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92 J.A. Langa, A. Rodríguez-Bernal, A. SuárezHere, u and v represent the population densities of two spe
ies within a habitat
Ω, a bounded and smooth domain in IRN , N ≥ 1, whi
h 
ompete in the habitat.
λ, µ are the growth rates of the spe
ies, b, c are the intera
tion rates between thespe
ies, a, d des
ribe the limiting e�e
ts of 
rowding in ea
h population. We areassuming that Ω is fully surrounded by inhospitable areas, sin
e the populationdensities are subje
t to homogeneous Diri
hlet boundary 
onditions. us, vs areregular and positive fun
tions whi
h implies that the solution of (1) satis�es
u, v ≥ 0.In this work we are interested in determining the asymptoti
 behaviour ofsolutions of the system (1). This is a very 
ompli
ated task, and only partialresults are known. For example in the autonomous 
ase (all the 
oe�
ients in(1) are 
onstants) and denoting by Λ0 the prin
ipal eigenvalue asso
iated to−∆,then if λ or µ ≤ Λ0, then one of the two spe
ies (or both of them) will be drivento extin
tion. However, there exist two in
reasing maps F,G : [Λ0,∞) 7→ IRsu
h that if

λ > G(µ) and µ > F (λ),then (1) is permanent and moreover there exists a positive equilibrium solution(see Cantrell et al. [2℄ and López-Gómez [9℄).When non-autonomous terms are allowed in the equations, this is usuallydone under the assumption of periodi
ity, quasiperiodi
ity or almost periodi
ity,and in this 
ase similar results 
an be obtained to those for autonomousequations (see Hess [4℄, Hetzer and Shen [5℄ and referen
es there in).Cantrell and Cosner [1℄ assume general non-autonomous terms that arebounded by periodi
 fun
tions, and using a 
omparison method give 
onditionson λ and µ that guarantee that (1) is permanent.In [6℄ we show that, under a smallness 
ondition on the 
oupling 
oe�
ients
bc, if there exists a bounded and bounded away from zero 
omplete traje
toriesof (1), it is the unique su
h traje
tory, and it also des
ribes the unique pullba
kand forwards attra
ting for (1), i.e. (u∗, v∗) is a bounded traje
tory su
h that,for any s ∈ IR and for any positive solution (u(t, s), v(t, s)) of (1) de�ned for
t > s, one has

(u(t, s) − u∗(t), v(t, s) − v∗(t)) → (0, 0) as t→ ∞, or s→ −∞. (2)In this work (see [7℄) we show that this traje
tory really exists. To thisend we introdu
e the sub-supertraje
tory method as a tool to get existen
e ofintermediate 
omplete traje
tories asso
iated to (1). Note that our 
onstru
tionis independent of whether or not (1) has monotoni
ity properties. Note alsothat the usual way in previous works (for instan
e [6℄, [11℄) to get existen
eof 
omplete traje
tories asso
iated to a parti
ular system is by means of thepullba
k attra
tor. The sub-supertraje
tory method adopts a di�erent and, inthis 
ase, more fruitful strategy. Moreover, we also get the existen
e of minimaland maximal global bounded traje
tories asso
iated to ordered systems.In Se
tion 2 we present the sub-supertraje
tory tool, Se
tion 3 is devotedto the logisti
 equation whi
h appears when one spe
ies is absent. Finally, inSe
tion 4 we show the results of system (1).



Non-autonomous Lotka-Volterra 
ompetition model 932 The sub-supertraje
tory method for 
omplete solutionsConsider the general problem




ut − ∆u = f(t, x, u, v) x ∈ Ω, t > s
vt − ∆v = g(t, x, u, v) x ∈ Ω, t > s
u = v = 0 x ∈ ∂Ω, t > s
u(s) = us, v(s) = vs,

(3)where f, g are bounded on bounded sets of IR × Ω × IR2 and are lo
ally Hölder
ontinuous in time. We denote the solutions of (3) as
u(t, s;us, vs), v(t, s;us, vs), for t > s.De�nition 1 A pair of fun
tions (u, v) ∈ C1,2

t,x (IR×Ω) is a 
omplete traje
toryof (3), if for all s < t in IR, (u(t), v(t)) is the solution of (3) with initial data
us = u(s), vs = v(s).De�nition 2 A positive fun
tion u(t, x) is non�degenerate at ∞ (respe
tively
−∞) if there exists t0 ∈ IR su
h that u is de�ned in [t0,∞) (respe
tively
(−∞, t0]) and there exists a C1

0 (Ω) fun
tion ϕ0(x) > 0 in Ω, su
h that forall x ∈ Ω, u(t, x) ≥ ϕ0(x) for all t ≥ t0 (respe
tively for all t ≤ t0).The use of sub-supertraje
tory pairs to 
onstru
t 
omplete solutions 
an befound in Chueshov [3℄ or Langa and Suárez [8℄. Both referen
es use monotoni
ityproperties of the equations, see Corollaries 2 and 3 below. In parti
ular thisapplies to s
alar equations. Here we use similar ideas to 
onstru
t bounded
omplete traje
tories, without su
h monotoni
ity assumptions.Given T0 ≤ ∞ and two fun
tions w, z ∈ C((−∞, T0) × Ω) with w ≤ z wedenote
[w, z] := {u ∈ C((−∞, T0) × Ω) : w ≤ u ≤ z}.Now we introdu
e the 
on
ept of 
omplete sub-supertraje
tory pair.De�nition 3 Let T0 ≤ ∞ and (u, v), (u, v) ∈ X = C1,2

t,x ((−∞, T0) × Ω). Wesay that (u, v) − (u, v) is a 
omplete sub-supertraje
tory pair of (3) if1. u(t) ≤ u(t) and v(t) ≤ v(t) in Ω, for all t < T0.2. u ≤ 0 ≤ u and v ≤ 0 ≤ v on ∂Ω, for all t < T0.3. For all x ∈ Ω, t < T0

ut − ∆u− f(t, x, u, v) ≤ 0 ≤ ut − ∆u− f(t, x, u, v), ∀v ∈ [v, v],
vt − ∆v − g(t, x, u, v) ≤ 0 ≤ vt − ∆v − g(t, x, u, v), ∀u ∈ [u, u].Note that the 
on
ept of a sub-supersolution pair, de�ned for t > s, hasbeen widely used and developed, see e.g. Pao [10℄, to 
onstru
t solutions forthe initial value problem (3). The main result of this se
tion is:



94 J.A. Langa, A. Rodríguez-Bernal, A. SuárezTheorem 1 Assume that there exists a 
omplete sub-supertraje
tory pair of(3), (u, v) − (u, v), in the sense of De�nition 3. Moreover, assume u, v, u and
v are bounded at −∞. Then, there exists a 
omplete traje
tory (u∗, v∗) ∈ X of(3) su
h that

(u∗, v∗) ∈ I := [u, u] × [v, v].When f and g have some monotoni
ity properties, we 
an go further:Corollary 2 Under the assumptions of Theorem 1, assume moreover that f isin
reasing in v and g in u. Then, there exist two 
omplete traje
tories (u∗, v∗)and (u∗, v∗) of (3) with (u∗, v∗), (u∗, v∗) ∈ I := [u, u] × [v, v] su
h that theyare minimal and maximal in I in the following sense: for any other 
ompletetraje
tory (u, v) ∈ I we have:
u(t) ≤ u∗(t) ≤ u(t) ≤ u∗(t) ≤ u(t),
v(t) ≤ v∗(t) ≤ v(t) ≤ v∗(t) ≤ v(t),

for all t < T0. (4)Corollary 3 Under the assumptions of Theorem 1, assume moreover that f isde
reasing in v and g in u. Then, there exist two 
omplete traje
tories (u∗, v∗)and (u∗, v∗) of (3) with (u∗, v∗), (u∗, v∗) ∈ I := [u, u] × [v, v] and su
h thatthey are minimal-maximal and maximal-minimal in the following sense: forany other 
omplete traje
tory (u, v) ∈ I we have:
u(t) ≤ u∗(t) ≤ u(t) ≤ u∗(t) ≤ u(t),
v(t) ≤ v∗(t) ≤ v(t) ≤ v∗(t) ≤ v(t),

for all t < T0. (5)3 The non-autonomous logisti
 equationNote that (1) always admits semi-trivial traje
tories of the form (u, 0) or (0, v).In this 
ase, when one spe
ies is not present, the other one satis�es the logisti
equation 



ut − ∆u = h(t, x)u − g(t, x)u2 in Ω, t > s
u = 0 on ∂Ω,
u(s) = us ≥ 0 in Ω. (6)It is well known that if

hM := sup
Q

h(t, x) <∞ and gL := inf
Q
g(t, x) > 0, (7)then, for every non-trivial us ∈ C(Ω), us ≥ 0, there exists a unique positivesolution of (6) denoted by Θ[h,g](t, s;us).On the other hand, for m ∈ L∞(Ω) we denote by Λ(m), the �rst eigenvalue of

−∆u = λu +m(x)u in Ω, u = 0 on ∂Ω.In parti
ular, we denote by Λ0 := Λ(0). It is well known that Λ(m) is asimple eigenvalue with a positive eigenfun
tion, and a 
ontinuous and de
reasingfun
tion of m.



Non-autonomous Lotka-Volterra 
ompetition model 95Finally, for h, g ∈ L∞(Ω) with gL := inf{g(x), x ∈ Ω} > 0 
onsider theellipti
 equation {
−∆u = h(x)u − g(x)u2 in Ω,
u = 0 on ∂Ω. (8)It is well known that (8) possesses a unique positive solution if, and only if,

Λ(h) < 0, whi
h we denote by ω[h,g](x).In the following result (see [12℄, [11℄ and [7℄ for a 
omplete study of (6)) weshow the existen
e and properties of a 
omplete nonnegative traje
tory for (6).For this we will assume hen
eforth that h(t, x) and g(t, x) satisfy (7) and thereexist bounded fun
tions h±0 (x) and H±
0 (x) de�ned in Ω su
h that

lim sup
t→±∞

sup
x∈Ω

(
h(t, x) −H±

0 (x)
)
≤ 0, 0 ≤ lim inf

t→±∞
inf
x∈Ω

(
h(t, x) − h±0 (x)

)
. (9)Proposition 4 Assume (7) and (9). Then:i) There exists a maximal bounded 
omplete traje
tory, denoted by ϕ[h,g](t), of(6), in the sense that, for any other non-negative 
omplete bounded traje
tory

ξ(t) of (6) we have
0 ≤ ξ(t) ≤ ϕ[h,g](t), t ∈ IR.Moreover, if ϕ[h,g](t, x) is nondegenerate at −∞ then it is the only one ofsu
h solutions.ii) If Λ(H−

0 ) > 0, then ϕ[h,g](t) = 0 for all t ∈ IR. Therefore all non-negativesolutions of (6) 
onverge to 0, uniformly in Ω, in the pullba
k sense.iii) If Λ(h−0 ) < 0 then ϕ[h,g] is the unique 
omplete bounded and non-degeneratetraje
tory at −∞ of (6), and for t in 
ompa
t sets of IR, if s 7→ us ≥ 0 isbounded and non-degenerate, then
Θ[h,g](t, s;us) − ϕ[h,g](t) → 0 as s→ −∞ uniformly in Ω.iv) If Λ(H+

0 ) > 0, then for all us ∈ C(Ω), us ≥ 0, the positive solution of
(6) satis�es Θ[h,g](t, s;us) → 0 uniformly in Ω as t → ∞. In parti
ular,
ϕ[h,g](t) → 0 uniformly in Ω as t→ ∞.v) If Λ(h+

0 ) < 0 and ϕ[h,g] 6= 0, then ϕ[h,g] is non-degenerate at ∞ and for any
s and any non-trivial initial data us ≥ 0,

Θ[h,g](t, s;us) − ϕ[h,g](t) → 0 in C1(Ω) as t→ ∞.4 Appli
ations to the Lotka-Volterra 
ompetition modelWe assume from now on that λ, µ ∈ IR and
aL, dL, bL, cL > 0. (10)We will assume that there exist quantities a±I ≤ a±S , b±I ≤ b±S , c±I ≤ c±S and

d±I ≤ d±S su
h that
0 < a±I ≤ a(t, x) ≤ a±S , 0 < b±I ≤ b(t, x) ≤ b±S ,
0 < c±I ≤ c(t, x) ≤ c±S , 0 < d±I ≤ d(t, x) ≤ d±S ,

(11)



96 J.A. Langa, A. Rodríguez-Bernal, A. Suárezfor all x ∈ Ω and for all t ≥ t0 or t ≤ t0. In the following result we show theexisten
e of a 
omplete traje
tory of (1).Proposition 5 (Competitive 
ase) There exists a 
omplete traje
tory
(u∗, v∗) of (1) with
ϕ[λ−bϕ[µ,d],a](t) ≤ u∗(t) ≤ ϕ[λ,a](t), ϕ[µ−cϕ[λ,a],d](t) ≤ v∗(t) ≤ ϕ[µ,d](t), t ∈ IR.Moreover, if (11) is satis�ed for very negative t and

λ > Λ(−b−Sω[µ,d−

I
]) and µ > Λ(−c−Sω[λ,a−

I
]), (12)then (u∗, v∗) is non-degenerate at −∞.If moreover (11) is satis�ed for large and very negative t, (12) and

λ > Λ(−b+Sω[µ,d+
I

]) and µ > Λ(−c+Sω[λ,a+
I

]) (13)holds, then (u∗, v∗) is non-degenerate at ∞.Proof . Note that in this 
ase f is de
reasing in v and g in u. It is enoughto take
(u, u) = (ϕ[λ−bϕ[µ,d],a], ϕ[λ,a]) and (v, v) = (ϕ[µ−cϕ[λ,a],d], ϕ[µ,d]).Moreover, if λ and µ satisfy (12), resp. (13), then by Proposition 6 we obtainthat u and v are non-degenerate at −∞, resp. +∞. �Now, we 
an summarize the results for the system (1).Theorem 6 (Competitive 
ase)1. If λ < Λ0 and µ < Λ0

lim
s→−∞

(u(t, s;us, vs), v(t, s;us, vs)) = lim
t→∞

(u(t, s;us, vs), v(t, s;us, vs)) = (0, 0).2. If λ < Λ0 and µ > Λ0, then
lim

t→∞
u(t, s;us, vs) = 0,and for every nonnegative nontrivial ṽs we have

lim
t→∞

(
v(t, s;us, vs) − Θ[µ,d](t, s; ṽs)

)
= lim

t→∞

(
v(t, s;us, vs) − ϕ[µ,d](t)

)
= 0.3. If λ > Λ0 and µ < Λ0 , then

lim
t→∞

v(t, s;us, vs) = 0,and for every nonnegative nontrivial ṽs we have
lim

t→∞

(
u(t, s;us, vs) − Θ[λ,a](t, s; ṽs)

)
= lim

t→∞

(
u(t, s;us, vs) − ϕ[λ,a](t)

)
= 0.
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λ > Λ(−b−Sω[µ,d−

I
]) and µ > Λ(−c−Sω[λ,a−

I
]), (14)there exists a 
omplete bounded non-degenerate at −∞ traje
tory of (1)

(u∗(t), v∗(t)). Moreover, if b or c are small at −∞, that is,
lim sup
t→−∞

‖b‖L∞(Ω) lim sup
t→−∞

‖c‖L∞(Ω) < ρ0for some suitable 
onstant ρ0 > 0, then this is the unique bounded non-degenerate at −∞ traje
tory of (1) and it is pullba
k attra
ting, that is
lim

s→−∞
(u(t, s;us, vs) − u∗(s), v(t, s;us, vs) − v∗(s)) = (0, 0).If moreover

λ > Λ(−b+Sω[µ,d+
I

]) and µ > Λ(−c+Sω[λ,a+
I

]), (15)then (u(t, s;us, vs), v(t, s;us, vs)) is non-degenerate at ∞. If additionally
b or c are small at ∞, that is,

lim sup
t→∞

‖b‖L∞(Ω) lim sup
t→∞

‖c‖L∞(Ω) < ρ0for some suitable 
onstant ρ0 > 0, then all solutions of (1) have the sameasymptoti
 behavior as t→ ∞. If (14) is also satis�ed, then (u∗(t), v∗(t))is non-degenerate at ∞ and it is also forwards attra
ting, that is,
lim

t→∞
(u(t, s;us, vs) − u∗(t), v(t, s;us, vs) − v∗(t)) = (0, 0).Remark 1 Similar results 
an be presented for the prey-predator and symbiosis
ases.In Figure 1 we des
ribe the asymptoti
 dynami
al regimes (pullba
k -Casea)- and forwards -Case b)) when λ and µ are 
onstant fun
tions. Region A:extin
tion of both spe
ies; Regions B and C: stability of semitrivial 
ompletetraje
tories; Regions DP and DF : permanen
e regions (existen
e of global non-degenerate global solutions). The limiting 
urves are given in (14) and (15).Referen
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NONLOCAL STOCHASTIC DIFFERENTIAL EQUATIONS:EXISTENCE AND UNIQUENESS OF SOLUTIONSTHOMAS LORENZInstitute of Mathemati
s, Goethe University60325 FRANKFURT AM MAINlorenz�math.uni-frankfurt.deAbstra
tThe fo
us of interest is the existen
e of strong solutions to sto
hasti
fun
tional di�erential equations whi
h are not restri
ted to pathwisedependen
ies. Indeed, the evolution of the wanted random pro
ess maybe pres
ribed by its 
urrent features being nonlo
al with respe
t tothe probability spa
e � like the expe
ted value and se
ond moments.This result is 
on
luded from Cau
hy-Lips
hitz Theorem for mutationalequations (a form of generalized ODEs beyond ve
tor spa
es) and a newaspe
t of weakening their a priori requirements.Key words: Mutational equations, di�erential equations beyond metri
 spa
es,dynami
al systems with feedba
k, sto
hasti
 fun
tional di�erential equations.AMS subje
t 
lassi�
ations: 60H10, 34A12, 34G99, 54H20, 54E50.1 Introdu
tionLet (Ω,A, (At)t≥0, P ) be a 
omplete probability spa
e with a �ltration (At)t≥0satisfying the usual 
onditions (i.e. it is right 
ontinuous and A0 
ontains all

P null sets in A). W = (Wt)t≥0 is a Wiener pro
ess on (Ω,A, (At)t≥0, P ). Set
EA :=

{
(t,X)

∣∣ t ≥ 0, X : Ω −→ R is At�measurable, E(|X |2) <∞
}
.

W 1,∞(R) denotes the Sobolev spa
e of bounded Lebesgue measurable fun
tions
R −→ R whose weak derivative is also represented by a fun
tion in L∞(R). Themain result about sto
hasti
 di�erential equations (SDEs) states:Theorem 1 Suppose f = (f1, f2) : EA −→W 1,∞(R)×W 1,∞(R) to satisfy

(i) sup(t,Y )∈EA

∥∥f(t, Y )
∥∥

W 1,∞(R)
< ∞ ,

(ii) for ea
h R > 0, there are LR ≥ 0 and a modulus of 
ontinuity ωR(·)su
h that for all (ti, Yi)∈EA with |ti| + E(|Yi|2) ≤ R,
∥∥f(t1, Y1) − f(t2, Y2)

∥∥2

L∞(R)
≤ LR · E(|Y1 − Y2|2) + ωR(|t1 − t2|).Then for ea
h initial (0, X0) ∈ EA and T ∈ ]0,∞[, there exists a unique 
urve99
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[0, T ] −→ EA, t 7−→ (t,Xt) with (Xt)0≤t≤T being a strong solution of

dXt(ω) = f1
(
t,Xt) (Xt(ω)) dt + f2

(
t,Xt) (Xt(ω)) dWt(ω).This type of initial value problem di�ers from what is usually investigated as a�sto
hasti
 fun
tional di�erential equation� (as e.g. in [3, 7℄) be
ause its right-hand side 
an depend on nonlo
al features of Xt : Ω −→ R (instead of the morepopular pathwise dependen
e). Indeed, the example

dXt(ω) = g1
(
t, E(Xt), E(|Xt|2)

)
·
(
g2(t) + g3(Xt(ω))

)
dt +

+ h1

(
t, E(Xt), E(|Xt|2)

)
·
(
h2(t) + h3(Xt(ω))

)
dWt(ω)with bounded and Lips
hitz fun
tions g1, h1 : R

3 −→ R, g2, g3, h2, h3 : R −→ Rful�ls these assumptions (with f1(t, Y ) := g1
(
t, E(Y ), E(|Y |2)

)
·
(
g2(t)+g3(·)

)).Theorem 1 
an be easily extended to systems and �nds its appli
ations e.g.in dynami
 
ooperative games (with la
king or un
ertain information aboutothers). Moreover, it 
an be veri�ed for Lips
hitz 
oe�
ients of uniformly lineargrowth via ‖a1 − a2‖ := supR

a1−a2

1+|·| instead of ‖a1 − a2‖L∞(R) (as in [6, � 3.5℄).It results from the Cau
hy-Lips
hitz Theorem for mutational equations.Aubin introdu
ed them for generalizing ordinary di�erential equations to metri
spa
es without linear stru
ture [1, 2℄. By means of 
on
eptual extensions evenbeyond metri
 spa
es, the author investigated su
h SDEs with additive noisein [6, � 3.5℄. A very brief survey of the general theory is given in � 2 below.Now a new analyti
al tri
k (presented here in � 3, Proposition 4) enables us toweaken the a priori requirements for mutational equations and thus, it makesthe restri
tion to additive noise redundant. In a word, the proof of Theorem 1
onsists in the general Theorem 3 with Remark 2 below, the rather te
hni
alProposition 4 and the parti
ular preparations in Example 1.2 Mutational equations beyond metri
 spa
es: A surveyThe main goal of mutational equations is to extend ordinary di�erentialequations beyond ve
tor spa
es. As any linear stru
ture is la
king, we still relyon the notion of �rst-order approximation, but use now a 
lass of homotopies(instead of a�ne-linear maps) for 
omparing. The �rst essential questions fo
uson the distan
e fun
tions and the additional properties of the homotopies whi
hare to guarantee that Euler method provides solutions to initial value problems.In [6, Ch. 3℄, mutational equations are presented beyond (pseudo-) metri
spa
es for the �rst time. The distan
e fun
tions d, e are assumed to satisfy some
onditions of 
ontinuity instead of the triangle inequality. Here we summarizesome of the main results for a spe
ial 
ase of distan
e fun
tions and, all theproofs are given in [6, �� 3.1 � 3.4℄.General assumptions and notations for � 2.(H1) E 6= ∅ is a set and, d, e : E × E −→ [0,∞[ are re�exive and symmetri
.
⌊·⌋ : E −→ [0,∞[ is sequentially lower semi
ontinuous w.r.t. d.
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 di�erential equations 101(H2) There exist a metri
 m0 : E ×E −→ [0,∞[ on E and positive 
onstants
C1, C2, C3, C4, p, q with C1 ·mp

0 ≤ d ≤ C2 ·mp
0, C3 ·mq

0 ≤ e ≤ C4 ·mq
0su
h that d is 
ontinuous and e lower semi
ontinuous w.r.t. m0.(H3) A set Θ

(
E, d, e, ⌊·⌋) 6= ∅ of so-
alled transitions [0, 1] × E −→ E onthe tuple (E, d, e, ⌊·⌋) is given, i.e. by de�nition, ea
h ϑ ∈ Θ

(
E, d, e, ⌊·⌋)satis�es

1.) for every x ∈ E : ϑ(0, x) = x

2.) ∃ nonde
reasing α(ϑ; ·) : [0,∞[ −→ [0,∞[ : for any x, y ∈ E
(
⌊x⌋, ⌊y⌋≤r

)
,

lim sup
h ↓ 0

d(ϑ(h,x), ϑ(h,y)) − d(x,y)
h ≤ α(ϑ; r) · d(x, y)

3.) ∃ nonde
reasing β(ϑ; ·) : [0,∞[ −→ [0,∞[ : for any s, t∈ [0, 1], x
(
⌊x⌋≤r

)
,

e
(
ϑ(s, x), ϑ(t, x)) ≤ β(ϑ; r) · |t− s|

4.) ∃ γ(ϑ) ∈ [0,∞[ : ⌊ϑ(t, x)⌋ ≤
(
⌊x⌋ + γ(ϑ) t

)
· eγ(ϑ) t for any t, x,(H4) D : Θ

(
E, d, e, ⌊·⌋)×Θ

(
E, d, e, ⌊·⌋)× [0,∞[−→ [0,∞[ ful�ls for ea
h r ≥ 01.) D( · , · ; r) is re�exive and symmetri
,2.) D( · , · ; r) is sequentially 
ontinuous w.r.t. {D(·, · ; R) |R ≥ 0},3.) D(ϑ, τ ; · ) is nonde
reasing for any ϑ, τ ,4.) lim sup

h ↓ 0

d
(
ϑ(t1+h,x), τ(t2+h,y)

)
− d(ϑ(t1,x), τ(t2,y)) · eα(τ;R)·h

h ≤

D(ϑ, τ ;R)for any ϑ, τ ∈ Θ
(
E, d, e, ⌊·⌋

)
, x, y ∈ E, t1, t2 ∈ [0, 1[ with

⌊x⌋, ⌊y⌋ ≤ r and R :=
(
r + max{γ(ϑ), γ(τ)}

)
· emax{γ(ϑ),γ(τ)}.Both the parameter α and the �distan
e� D between transitions are based onlo
al information (w.r.t. time tending to 0), but they lay the basis for estimatingthe distan
e between two points evolving along two transitions � via Gronwall.Proposition 2 ([6, Proposition 3.7℄) Let ϑ, τ ∈ Θ

(
E, d, e, ⌊·⌋

)
, r ≥ 0 and

t1, t2 ∈ [0, 1[ be arbitrary. For any x, y ∈ E suppose ⌊x⌋ ≤ r, ⌊y⌋ ≤ r and set
R :=

(
r + max{γ(ϑ), γ(τ)}

)
· emax{γ(ϑ), γ(τ)} <∞.Then the following estimate holds for ea
h h ∈ [0, 1[ with max{t1+h, t2+h} ≤ 1

d
(
ϑ(t1+h, x), τ(t2+h, y)

)
≤
(
d
(
ϑ(t1, x), τ(t2, y)

)
+ h ·D(ϑ, τ ;R)

)
eα(τ ;R) h.The so-
alled mutation of a 
urve x(·) : [0, T ] −→ E is the 
ounterpart of thetime derivative and, its de�nition re�e
ts the notion of �rst-order approximation(for h ↓ 0) in 
onne
tion with the pre
eding stru
tural inequality.De�nition 1 Consider a 
urve x(·) : [0, T ] −→ E with sup ⌊x(·)⌋ <∞. Theso-
alled mutation of x(·) at time t ∈ [0, T [ is de�ned as

◦
x(t) :=

{
ϑ ∈ Θ

(
E, d, e, ⌊·⌋

) ∣∣∣ for ea
h R ≥ sup ⌊x(·)⌋, there is αR > 0 s.t.for all τ ∈ Θ
(
E, d, e, ⌊·⌋

)
, y ∈ E, s ∈ [0, 1[ with ⌊τ(·, y)⌋ ≤ R :

lim sup
h ↓ 0

d(x(t + h), τ(s + h, y)) − d(x(t), τ(s,y)) · eαR·h

h ≤ D
(
ϑ, τ ; R

)}
.
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omponent indi
ating the respe
tivetime (as in Example 1 about SDEs below), then we 
an restri
t all quantitative
omparisons to �simultaneous� states τ(s, y), x(t) ∈ E. The resulting set ofapproximating transitions does not have to be identi
al to the mutation in Def. 1,but the relevant 
on
lusions (in proofs of existen
e et
.) do not 
hange [6, � 3.4℄.De�nition 2 Let a fun
tion f : E × [0, T ] −→ Θ
(
E, d, e, ⌊·⌋

) be given.A 
urve x(·) : [0, T ] −→ E is 
alled a solution to the mutational equation
◦
x(·) ∋ f

(
x(·), ·

) in (E, d, e, ⌊·⌋, D) if it satis�es:
1.) x(·) is 
ontinuous with respe
t to e and bounded with respe
t to ⌊·⌋,
2.) for Lebesgue-almost every t ∈ [0, T [: f(x(t), t) ∈ ◦

x(t),These terms do not use any linear stru
ture expli
itly and, they enable us toformulate the initial value problem for mutational equations. In parti
ular,Peano's Theorem about existen
e of solutions (due to 
ontinuity and suitable
ompa
tness) has an analogue [6, � 3.3.3℄. In regard to the SDEs, we present the
ounterpart of Cau
hy-Lips
hitz Theorem [6, Theorem 3.31℄ and the 
on
lusionabout uniqueness in [6, Proposition 3.11℄.De�nition 3 ([6, De�nition 3.16℄) For any initial element x0 ∈ E, time T ∈
]0,∞[ and bounds α̂, β̂, γ̂ > 0, let N = N (x0, T, α̂, β̂, γ̂) denote the (possiblyempty) subset of all �Euler 
urves� y(·) : [0, T ] −→ E 
onstru
ted in thefollowing pie
ewise way: Choosing any equidistant partition 0 = t0 < t1 <
. . . < tn = T of [0, T ] (with n > T ) and ϑ1 . . . ϑn ∈ Θ(E, d, e, ⌊·⌋) with





supk γ
(
ϑk) ≤ γ̂

supk α
(
ϑk; (⌊x0⌋ + γ̂ T ) ebγ T

)
≤ α̂,

supk β
(
ϑk; (⌊x0⌋ + γ̂ T ) ebγ T

)
≤ β̂,de�ne y(·) : [0, T ] −→ E as y(0) := x0 and

y(t) := ϑk (t− tk−1, y(tk−1)) for t ∈ ]tk−1, tk], k = 1, 2, . . . , n.It is related to pie
ewise 
onstant ϑ(·) : [0, T ] −→ Θ(E, d, e, ⌊·⌋) de�ned as
ϑ(t) := ϑj for t ∈ [tj−1, tj [ (j = 1 . . . n).The tuple (E, d, e, ⌊·⌋,Θ) is 
alled Euler equi-
ontinuous if for any x0 ∈ E,

T ∈ ]0,∞[, α̂, β̂, γ̂ > 0, there exists a 
onstant L ∈ [0,∞[ su
h that every 
urve
y(·) ∈ N (x0, T, α̂, β̂, γ̂) is L-Lips
hitz 
ontinuous with respe
t to e.Theorem 3 (Extended Cau
hy-Lips
hitz Theorem, [6, � 3.3.7℄) Supposethe metri
 spa
e (E,m0) to be 
omplete and the tuple (E, d, e, ⌊·⌋, Θ

(
E, d, e, ⌊·⌋

))to be Euler equi-
ontinuous. For f : E × [0, T ] −→ Θ
(
E, d, e, ⌊·⌋

) assume
(1.) For ea
h R > 0,

α̂(R) := supx, t α(f(x, t); R) < ∞,

β̂(R) := supx, t β(f(x, t); R) < ∞,
γ̂ := supx, t γ(f(x, t)) < ∞,
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(2.) f is Lips
hitz 
ontinuous w.r.t. state in the following sense: for ea
h r≥0,there exist 
onstants Λ, µ > 0 and a modulus of 
ontinuity ω(·) su
h that

δ : E × E −→ [0,∞[, (x, y) 7−→ inf
{
d(x, z) + µ · e(z, y)

∣∣ z∈E, ⌊z⌋ ≤ r
}satis�es D

(
f(x, s), f(y, t); r

)
≤ Λ · δ(x, y) + ω(|t− s|)whenever (x, s), (y, t) ∈ E × [0, T ] ful�l max

{
⌊x⌋, ⌊y⌋

}
≤ r.Then for every initial element x0 ∈ E, there exists a solution x(·) : [0, T ] −→ Eto the mutational equation ◦

x(·) ∋ f
(
x(·), ·

) with x(0) = x0.Any other solution y(·) to this initial value problem satis�es δ
(
x(·), y(·)

)
≡ 0.Remark 2 In the spe
ial 
ase of square-integrable random variables on R, weprefer the square deviation for d = e to the L2 norm (see details in Example 1below). Then it is su�
ient to make the Lips
hitz assumption w.r.t. E(| · − · |2)instead of the auxiliary distan
e δ be
ause for all square-integrable X,Y, Z,

E(|X − Z|2) + E(|Z − Y |2) ≥ 1
2 E(|X − Y |2).3 The new aspe
t of weakening a priori assumptionsThe de�nition of transition in (H3) implies the restri
tion that the initial dis-tan
e between two points may grow (at most) exponentially while evolving alongthe same transition ϑ, i.e. for any x, y ∈ E and h ∈ [0, 1],

d (ϑ(h, x), ϑ(h, y)) ≤ d(x, y) · eα hwith a 
onstant α ∈ [0,∞[ depending on ϑ and max{⌊x⌋, ⌊y⌋} < ∞. The keygoal of this se
tion is some way out if the 
andidates for transitions only satisfy
d (ϑ(h, x), ϑ(h, y)) ≤ C · d(x, y) · eα hwith a 
onstant C > 1. In a very broad sense, we apply the same notion asfor the step from Hille-Yosida Theorem (about 
ontra
tive C0 semigroups) tothe Theorem of Feller, Miyadera and Phillips (about arbitrary C0 semigroups)(see e.g. [4, Theorem II.3.8℄). Indeed, we introdu
e a suitable auxiliary distan
e

d̂ being �equivalent� to d, but beyond ve
tor spa
es now, there is no linear re-solvent operator available as in the standard proof of the Theorem of Feller et al.General assumptions and notations for � 3.(A1) Θ̌(E, d, e, ⌊·⌋) is a nonempty set of fun
tions ϑ : [0, 1]×E −→ E satisfying
(1.) for every x ∈ E : ϑ(0, x) = x

(3.) there is β(ϑ; ·) : [0,∞[−→ [0,∞[ su
h that for any s, t∈ [0, 1], x∈Ewith ⌊x⌋ ≤ r : e
(
ϑ(s, x), ϑ(t, x)) ≤ β(ϑ; r) · |t− s|

(4.) there is γ̂ ∈ [0,∞[ (not depending on ϑ) su
h that for any t ∈ [0, 1]and x ∈ E : ⌊ϑ(t, x)⌋ ≤
(
⌊x⌋ + γ̂ t

)
· ebγ tMoreover, a parameter fun
tion α : Θ̌(E, d, e, ⌊·⌋) × [0,∞[ −→ [0,∞[is nonde
reasing w.r.t. its se
ond argument. (Its purpose is 
lari�ed in(A4) below.)



104 T. Lorenz(A2) For any initial element x0 ∈ E, time T ∈]0,∞[ and bounds α̂, β̂ > 0,
N = N (x0, T, α̂, β̂, γ̂) 
onsists of all �Euler 
urves� related to fun
tionsin Θ̌(E, d, e, ⌊·⌋) as in De�nition 3 (but with the global bound γ̂ insteadof γ(ϑk)).(A3) D : Θ̌(E, d, e, ⌊·⌋)× Θ̌(E, d, e, ⌊·⌋)× [0,∞[ −→ [0,∞[ satis�es (H4) (1)�(3).(A4) There is a nonde
reasing fun
tion Č : [0,∞[ −→ ]0,∞[ satisfying:Choose the bounds α̂, β̂, R, T > 0 and initial points x0, y0 ∈ E arbitrarilywith max{⌊x0⌋, ⌊y0⌋} < R and set ρ(t) := (R + γ̂ t) ebγ t. Thenany 
urves x(·) ∈ N (x0, T, α̂, β̂, γ̂), y(·) ∈ N (y0, T, α̂, β̂, γ̂) and therelated pie
ewise 
onstant fun
tions ϑ, τ : [0, T ] −→ Θ̌(E, d, e, ⌊·⌋) (as inDe�nition 3) ful�l
d
(
x(T ), y(T )

)
≤
(
Č(0) · d(x0, y0) +

Č(T ) ·
∫ T

0

D (ϑ(s), τ(s); ρ(s)) · e−α̌ρ(s) ds
)

· eα̌ρ(T )with the abbreviation α̌ρ(t) :=

∫ t

0

α(τ(s); ρ(s)) ds.In 
omparison with the summary in � 2, the essential new aspe
t is spe
i�ed inassumption (A4). Indeed, the details about α(ϑ; ·) andD(·, ·; r) are now redu
edand, we assume the stru
tural inequality (of Prop. 2) with three modi�
ations:(i) the initial error is now multiplied by a 
onstant Č(0) (possibly > 1),(ii) we suppose this modi�ed inequality for all �Euler 
urves� related topie
ewise 
onstant 
urves in Θ̌(E, d, e, ⌊·⌋) in a �nite time interval [0, T ],(iii) there is an additional fa
tor e−α̌ρ(s) in the integral � for te
hni
al reasons,but this is no severe restri
tion be
ause we 
an usually adapt Č(T ).As T > 0 is arbitrary, restri
tions imply immediately that the estimate in (A4)holds at even every point of time in [0, T ].Example 1 Let (Ω,A, P ) be a probability spa
e. W = (Wt)t≥0 is a Wienerpro
ess and, (At)t≥0 denotes an in
reasing family of sub�σ�algebras of A su
hthat for all 0 ≤ s ≤ t, Wt is At-measurable with E(Wt − Ws | As) = 0,
E(Wt | A0) = 0 almost surely.Consider the sto
hasti
 di�erential equation dXt = a(Xt) dt + b(Xt) dWtwith Λ-Lips
hitz 
ontinuous 
oe�
ients a, b : R −→ R. Then for every initial
A0�measurable X0 : Ω −→ R with E

(
|X0|2

)
<∞, there exists a pathwise uniquestrong solution (Xt)0≤ t≤T on [0, T ] with sup0≤ t≤ T E

(
|Xt|2

)
< ∞.Moreover, at every time t ∈ [0, T ], it ful�ls following estimates with 
onstants

C1, C2, C3 depending only on |a(0)|, |b(0)|,Λ
E
(
|Xt|2

)
≤

(
E
(
|X0|2

)
+ C2 t

)
eC1 t

E
(
|Xt −X0|2

)
≤ C3 (1 + T )

(
E
(
|X0|2

)
+ 1
)

eC1 t · t .[5, Theorems 4.5.3, 4.5.4℄. This observation lays the foundations for 
hoosing
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 di�erential equations 105these strong solutions (parametrized by the two Λ-Lips
hitz 
oe�
ients a, b) as
andidates for transitions. The aspe
t of suitable At-measurability motivates usto take time t as additional real 
omponent into 
onsideration (as in [6, � 3.5.3℄):
EA :=

{
(t,X)

∣∣ t ≥ 0, X : Ω −→ R is At�measurable, E(|X |2) <∞
}
,

d, e : EA × EA −→ [0,∞[,
(
(s,X), (t, Y )

)
7−→ |t− s| + E

(
|X − Y |2

)

⌊·⌋ : EA −→ [0,∞[, (t,X) 7−→ |t| + E
(
|X |2

)
,

ϑa,b : [0, 1]× EA −→ EA,
(
h, (t0, Y0)

)
7−→ (t0 + h, Xt0+h)with (Xt)t≥t0 denoting here the strong solution of dXt = a(Xt) dt+b(Xt) dWtand Xt0 = Y0. Euler equi-
ontinuity is ensured (due to [5, � 4.5℄).In regard to assumption (A4), we 
onsider two nonautonomous sto
hasti
di�erential equations whose 
oe�
ients ãi, b̃i : [0, T ] × R −→ R (i = 1, 2)are pie
ewise 
onstant w.r.t. time and Λ-Lips
hitz 
ontinuous w.r.t. the se
ondargument. Then the 
orresponding strong solutions X̃(1), X̃(2) are known toexist pathwise uniquely [5, � 4.5℄ and, they satisfy

E
(
|X̃(1)

T − X̃
(2)
T |2

)
≤

≤ eC5 (1+T ) T ·
(
3 E
(
|X̃(1)

0 − X̃
(2)
0 |2

)
+

+ C4 (1+T ) ·
∫ T

0

(∥∥ã1(s, ·) − ã2(s, ·)
∥∥2

sup
+
∥∥b̃1(s, ·) − b̃2(s, ·)

∥∥2

sup

)
ds
)due to Gronwall's inequality (see the proof of [5, Theorem 4.5.6, page 139 f.℄).The suitable 
hoi
e of s
aling fa
tors implies assumption (A4).Now we bridge the gap between fun
tions in Θ̌(E, d, e, ⌊·⌋) and transitions (inthe sense of hypothesis (H3) in � 2) by means of an auxiliary distan
e fun
tion.Additionally, a further real 
omponent is introdu
ed for te
hni
al reasons. It isjust to re
ord properly to whi
h �ball� {⌊·⌋ ≤ r} ⊂ E we have to refer for α,D.(Indeed, the tuple (x, ρ) ∈ E × [0,∞[ is related to {⌊·⌋ ≤ ρ · eρ}. This separateexponential fa
tor is just to fa
ilitate updating the radius along transitions.)Proposition 4 Consider Ê := {(x, ρ) ∈ E×R | ⌊x⌋ ≤ ρ · eρ} ⊂ E× [0,∞[with E −→ Ê, x 7−→ (x, ⌊x⌋) and π2 : Ê −→ [0,∞[, (x, ρ) 7−→ ρ. Moreoverde�ne the extensions of d(·, ·), e(·, ·), ⌊·⌋ and ea
h ϑ ∈ Θ̌(E, d, e, ⌊·⌋) as

d : Ê × Ê −→ [0,∞[,
(
(x1, ρ1), (x2, ρ2)

)
7−→ d(x1, x2),

e : Ê × Ê −→ [0,∞[,
(
(x1, ρ1), (x2, ρ2)

)
7−→ e(x1, x2),

⌊·⌋ : Ê −→ [0,∞[, (x, ρ) 7−→ ⌊x⌋,
ϑ : [0, 1] × Ê −→ Ê,

(
h, (x, ρ)

)
7−→

(
ϑ(h, x), ρ+ γ̂ h

)
.There exist some T > 1 and a fun
tion d̂ : Ê × Ê −→ [0,∞[ satisfying forany ϑ, τ ∈ Θ̌(E, d, e, ⌊·⌋), x̂, ŷ ∈ Ê, t1, t2, h ≥ 0 with t1 + h, t2 + h ≤ 1 and theabbreviation ρ1 :=

(
max{π2 x̂, π2 ŷ} + γ̂

)
· emax{π2 bx, π2 by} + bγ
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(1.) d(·, ·) ≤ d̂(·, ·) ≤ Č(0) · d(·, ·),
(2.) d̂

(
ϑ(t1+h, x̂), ϑ(t2+h, ŷ)

)
≤ d̂

(
ϑ(t1, x̂), ϑ(t2, ŷ)

)
· eh (1+ α(τ ;ρ1)),

(3.) d̂
(
ϑ(t1+h, x̂), τ(t2+h, ŷ)

)

≤
(
d̂
(
ϑ(t1, x̂), τ(t2, ŷ)

)
+ h · Č(T ) D(ϑ, τ ; ρ1)

)
· eh (1+ α(τ ;ρ1)) .In parti
ular, ea
h fun
tion ϑ ∈ Θ̌(E, d, e, ⌊·⌋) indu
es a unique transition onthe tuple (Ê, d̂, e, ⌊·⌋) in the sense of hypothesis (H3) in � 2.

Proof . Fix some T > 1 with C(0) e−(T−1) ≤ 1
2 and set d̂ : Ê × Ê −→ [0,∞[

d̂(x̂0, ŷ0) :=

sup
{
e−t
(
d
(
x̂(t), ŷ(t)

)
· e− α̌ρ(t) − Č(T ) ·

∫ t

0

D(ϑ(s), τ(s); ρ(s)) · e−α̌ρ(s) ds
) ∣∣∣

t ∈ [0, T ], α̂, β̂ ≥ 0,

x̂(·) ∈ N (x̂0, t, α̂, β̂, γ̂) related to pie
ewise 
onstant ϑ(·) : [0, t] −→ Θ̌,

ŷ(·) ∈ N (ŷ0, t, α̂, β̂, γ̂) related to pie
ewise 
onstant τ(·) : [0, t] −→ Θ̌,

ρ(t′) :=
(
max{π2 x̂0, π2 ŷ0} + γ̂ t′

)
· emax{π2 bx0, π2 by0} + bγ t′ ,

α̌ρ(t
′) :=

∫ t′

0

α(τ(s); ρ(s)) ds for ea
h t′ ∈ [0, t]
}
.(1.) d̂(x̂0, ŷ0) ≥ d(x̂0, ŷ0) is obvious for all x̂0, ŷ0 ∈ Ê (due to the option t = 0).

d̂(·, ·) ≤ Č(0) · d(·, ·) <∞ results dire
tly from assumption (A4).(2.) This 
laim is a spe
ial 
ase of statement (3.) be
ause D(·, ·; ρ) is assumedto be re�exive in hypothesis (A3).(3.) Choose any ϑ0, τ0 ∈ Θ̌(E, d, e, ⌊·⌋), x̂0, ŷ0 ∈ Ê, t1, t2, h ≥ 0 with
t1 + h ≤ 1, t2 + h ≤ 1 and for s ≥ −h, de�ne the abbreviation

ρ(s) :=
(
max{π2 ϑ0(t1, x̂0), π2 τ0(t2, ŷ0)} + γ̂ · (s+ h)

)
·

· emax{π2 ϑ0(t1,bx0), π2 τ0(t2,by0)} + bγ · (s+h) .In regard to an upper bound of d̂(ϑ0(t1 +h, x̂0), τ0(t2 +h, ŷ0)
), let t ∈ [0, T ],

α̂, β̂ ≥ 0 be arbitrary with α(τ0; ρ1) ≤ α̂ (without loss of generality) andsele
t any two �Euler 
urves� x̂(·) ∈ N
(
ϑ0(t1 + h, x̂), t, α̂, β̂, γ̂

)
, ŷ(·) ∈

N
(
τ0(t2 + h, ŷ), t, α̂, β̂, γ̂

) related to pie
ewise 
onstant fun
tions ϑ(·), τ(·) :

[0, t] −→ Θ̌ respe
tively.Extend x̂(·), ŷ(·) and ϑ(·), τ(·) to [−h, t] a

ording to x̂(·) := ϑ0(t1+h+ · , x̂0),
ŷ(·) := τ0(t2+h+ · , ŷ0) and ϑ(·) := ϑ0, τ(·) := τ0 in [−h, 0[. Then,



Nonlo
al sto
hasti
 di�erential equations 107
d
(
x̂(t), ŷ(t)

)
· e− α̌ρ(t) − Č(T )

∫ t

0

D(ϑ, τ ; ρ) e− α̌ρ
∣∣
s
ds

≤ eh α(τ0;ρ1)
(
d
(
x̂(t), ŷ(t)

)
· e−

R

t

−h
α(τ ; ρ) ds− Č(T )

∫ t

−h

D(ϑ, τ ; ρ) e−
R

s

−h
α(τ ; ρ) dr ds

+ Č(T )

∫ 0

−h

D(ϑ, τ ; ρ) e−
R

s

−h
α(τ ; ρ) dr ds

)+and if we now assume t+ h ≤ T in addition,
≤ eh α(τ0;ρ1)

(
d̂
(
x̂(−h), ŷ(−h)

)
et+h + Č(T )

∫ 0

−h

D(ϑ(s), τ(s); ρ(s)) · 1 ds
)

≤ eh α(τ0;ρ1)
(
d̂
(
ϑ0(t1, x̂0), τ0(t2, ŷ0)

)
et+h + Č(T ) h · D(ϑ0, τ0; ρ1)

)
.If t + h > T (i.e. 0 ≤ T − 1 ≤ T − h < t ≤ T ), we 
on
lude fromassumption (A4)

e− t
(
d
(
x̂(t), ŷ(t)

)
· e− α̌ρ(t) − Č(T )

∫ t

0

D(ϑ(s), τ(s); ρ(s)) · e− α̌ρ(s) ds
)

≤ e− t Č(0) · d
(
x̂(0), ŷ(0)

)
≤ 1

2 · d̂
(
ϑ0(t1+h, x̂0), τ0(t2+h, ŷ0)

)and so, this 
ase is not relevant for estimating d̂(ϑ0(t1+h, x̂0), τ0(t2+h, ŷ0)
) asa supremum. Finally, the upper bound for t+ h ≤ T leads to the 
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PROBABILISTIC REPRESENTATION OF SOLUTIONS FORQUASI-LINEAR PARABOLIC PDE VIA FBSDE WITHREFLECTING BOUNDARY CONDITIONSPEDRO MARÍN-RUBIO AND JOSÉ REALDpto. E
ua
iones Diferen
iales y Análisis Numéri
o,Universidad de SevillaApdo. de Correos 1160, 41080 Sevilla (SPAIN)pmr�us.es jreal�us.esAbstra
tA probabilisti
 representation of the solution (in the vis
osity sense)of a quasi-linear paraboli
 PDE system with non-lips
hitz terms anda Neumann boundary 
ondition is given via a fully 
oupled forward-ba
kward sto
hasti
 di�erential equation with a re�e
ting term in theforward equation. The extension of previous results 
onsists on therelaxation on the Lips
hitz assumption on the drift 
oe�
ient of theforward equation, using a previous result of the authors.Key words: Probabilisti
 formulae for PDE, Forward ba
kward sto
hasti
di�erential equations, Skorokhod problem, Re�e
ted Sto
hasti
 Di�erential Equations.AMS subje
t 
lassi�
ations: 60H10, 35K55, 60J60, 60K25.Introdu
tionDeeper relations between sto
hasti
 di�erential equations and systems of PDEhave been established sin
e [4℄ developed the theory of ba
kward sto
hasti
di�erential equations. Roughly speaking, 
ombining a forward sto
hasti
di�erential equation with a BSDE, the Feyman-Ka
 formula 
an be extended tononlinear PDE, and not only in a 
lassi
al sense, but also via vis
osity solutions.Usually, the deterministi
 problems treated in this way are posed in thewhole domain R

d, or in a bounded domain of R
d with Diri
hlet boundary
ondition. With a Neumann boundary 
ondition, the problem was studied byY. Hu using lo
al time around the boundary of the domain. This te
hnique is
losely related to a sto
hasti
 version of the Skorokhod problem (see e.g. [6℄,for a dire
t appli
ation in this sense). We extend these studies and relationsto the 
ase of fully 
oupled systems of FBSDER in whi
h the open set is notne
essarily 
onvex but still smooth (this restri
tion is for 
ommodity and maybe removed), and the drift 
oe�
ient of the forward equation is monotone in x,instead of Lips
hitz. In this way, we generalize some results from [5℄ and [1℄.109



110 P. Marín-Rubio, J. RealIn this paper we give a probabilisti
 representation of the solution of a quasi-linear PDE system extending some results of those given in [5℄ and [1℄ on asystem of a fully 
oupled forward-ba
kward sto
hasti
 di�erential equationswith a re�e
ting term in the forward equation (FBSDER) and its relation witha system of quasi-linear partial di�erential equations, in short PDE. Pre
edingworks on this line were due to Y. Hu and to E. Pardoux and S. Zhang (
f. [6℄).In our 
ase, the drift satis�es the monotoni
ity 
ondition introdu
ed before,and the domain O is not ne
essarily 
onvex. Existen
e of solution under su
h
onditions was proved in a pre
edent paper by the authors (
f. [3℄).In Se
tion 1 we start giving the suitable framework for the re�e
ted problemand re
all a previous result whi
h will be used later on. In Se
tion 2, we statethe general framework for the study of a fully 
oupled FBSDER, and provide aprobabilisti
 interpretation for a system of quasi-linear PDE with homogeneousNeumann boundary 
ondition.1 Statement of the �re�e
ted� problemLet (Ω,F , P ) be a 
omplete probability spa
e, {Ft}t≥0 an in
reasing and right
ontinuous family of sub-σ-algebras of F su
h that F0 
ontains all the P -nullsets of F , and {Wt; t ≥ 0} an m-dimensional standard {Ft}-Wiener pro
ess.Let O be an open 
onne
ted bounded subset of R
d given by O = {φ > 0},with φ ∈ C2(Rd), and su
h that ∂O = {φ = 0}, with |∇φ(x)| = 1 for all x ∈ ∂O.Observe that in parti
ular φ, ∇φ and D2φ are bounded in Ō. Then there existsa 
onstant C0 > 0 su
h that

2(x′ − x,∇φ(x)) + C0|x′ − x|2 ≥ 0, ∀x ∈ ∂O, ∀x′ ∈ Ō. (1)We are also given a �nal time T > 0, and two random fun
tions:
b : Ω × [0, T ]× Ō → R

d, σ : Ω × [0, T ]× Ō → R
d×m,su
h that(i) b and σ are uniformly bounded;(ii) for all x ∈ Ō the pro
esses b(·, ·, x) and σ(·, ·, x) are {Ft}-progressivelymeasurable;(iii) for all t ∈ [0, T ] and a.s. ω, the fun
tion b(ω, t, ·) is 
ontinuous on Ō;(iv) there exist two 
onstants Lbx

∈ R and Lσx
≥ 0 su
h that for all

t ∈ [0, T ] and all x, x′ ∈ Ō,
(x− x′, b(ω, t, x) − b(ω, t, x′)) ≤ Lbx

|x− x′|2, a.s.,

‖σ(ω, t, x) − σ(ω, t, x′)‖ ≤ Lσx
|x− x′|, a.s.,where | · | and ‖ · ‖ denote the usual Eu
lidean and tra
e norm for ve
tors andmatri
es respe
tively.From now on, we will omit the expli
it dependen
e of the pro
esses on ω.
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Xt = x0 +

∫ t

0

b(s,Xs) ds+

∫ t

0

σ(s,Xs) dWs − kt, (2)
kt = −

∫ t

0

∇φ(Xs) d|k|s, |k|t =

∫ t

0

1{Xs∈∂O} d|k|s, t ∈ [0, T ], (3)where x0 ∈ Ō is given, and |k|t stands for the total variation of k on [0, t].De�nition 1 A strong solution to the above problem is a pair of {Ft}-adaptedand 
ontinuous pro
esses (X, k) de�ned on Ω × [0, T ], the �rst one with valuesin Ō, the se
ond one with values in R
d and paths of bounded variation in [0, T ],satisfying the equations (2)-(3) a.s. for all t ∈ [0, T ].Main result stated in [3℄, whi
h generalizes a result by Lions and Sznitman when

b is Lips
hitz, is the following:Theorem 1 Under the assumptions (i)-(iv), for ea
h x0 ∈ Ō given thereexists a unique pair (X, k), strong solution of (2)-(3).2 Forward-Ba
kward Sto
hasti
 Di�erential Equations with Re�e
-tion and representation of a PDE systemWe 
ontinue 
onsidering the 
omplete probability spa
e (Ω,F , P ), and the m-dimensional standard {Ft}-Wiener pro
ess {Wt; t ≥ 0} given in Se
tion 1,but now we suppose that, for ea
h t ≥ 0, Ft 
oin
ides with the σ-algebra
σ(Ws; 0 ≤ s ≤ t) augmented with all the P -null sets of F .Let T > 0 be �xed, and 
onsider the open set O introdu
ed in Se
tion 1.For ea
h integer l ≥ 1, we shall denote byM2

Ft
(0, T ; Rl) the Hilbert subspa
eof L2(Ω × (0, T ); Rl) formed by those elements that are {Ft}-progressivelymeasurable, and we will write L2

Ft
(Ω;C([0, T ]; Rl)) to denote the spa
e of theelements of L2(Ω;C([0, T ]; Rl)) that are {Ft}-progressively measurable. Thus,

L2
Ft

(Ω;C([0, T ]; Rl)) is a Bana
h subspa
e of L2(Ω;C([0, T ]; Rl)).Similarly, we denote by M2
Ft

(0, T ; Ō) the 
omplete metri
 subspa
e of thespa
e M2
Ft

(0, T ; Rd) 
onstituted by the elements X ∈ M2
Ft

(0, T ; Rd) su
h thata.e. t ∈ (0, T ), Xt ∈ Ō a.s.; we shall also use L2
Ft

(Ω;C([0, T ]; Ō)) to denote the
omplete metri
 subspa
e of L2
Ft

(Ω;C([0, T ]; Rl)) formed by those elements Xin the last spa
e su
h that a.s. Xt ∈ Ō for all t ∈ [0, T ]. Finally, we shall denoteby L2(Ω,FT ; Ō) the 
omplete metri
 subspa
e of L2(Ω,FT ; Rd) formed by the
FT -measurable random variables ξ ∈ L2(Ω; Rd) su
h that a.s. ξ ∈ Ō.We are given four random fun
tions:
b : Ω × [0, T ]× Ō × R

n × R
n×m → R

d, f : Ω × [0, T ]× Ō × R
n × R

n×m → R
n,

σ : Ω × [0, T ]× Ō × R
n × R

n×m → R
d×m, h : Ω × Ō → R

n,su
h that



112 P. Marín-Rubio, J. Real(i') b and σ are uniformly bounded;(ii') for all (x, y, z) ∈ Ō×R
n ×R

n×m the pro
esses b(·, x, y, z), f(·, x, y, z)and σ(·, x, y, z) are {Ft}-progressively measurable, and the random variable
h(·, x) is FT -measurable;(iii') for all (t, x, y, z) ∈ [0, T ] × Ō × R

n × R
n×m the fun
tions b(t, ·, y, z)and f(t, x, ·, z) are a.s. 
ontinuous on Ō and R

n respe
tively;(iv') there exist real 
onstants Lbx
and Lfy

, and nonnegative 
onstants
Lby

, Lbz
, Lfx

, Lfz
, Lσx

, Lσy
, Lσz

, Lh and l0 su
h that for all t ∈ [0, T ], all
x, x′ ∈ Ō, all y, y′ ∈ R

n, all z, z′ ∈ R
n×m, and a.s.,

(x− x′, b(t, x, y, z) − b(t, x′, y, z)) ≤ Lbx
|x− x′|2,

|b(t, x, y, z) − b(t, x, y′, z′)| ≤ Lby
|y − y′| + Lbz

‖z − z′‖,

‖σ(t, x, y, z) − σ(t, x′, y′, z′)‖2 ≤ L2
σx
|x− x′|2 + L2

σy
|y − y′|2 + L2

σz
‖z − z′‖2,

(y − y′, f(t, x, y, z) − f(t, x, y′, z)) ≤ Lfy
|y − y′|2,

|f(t, x, y, z) − f(t, x′, y, z′)| ≤ Lfx
|x− x′| + Lfz

‖z − z′‖,
|f(t, x, y, z)| ≤ |f(t, x, 0, z)|+ l0(1 + |y|),

|h(x) − h(x′)| ≤ Lh|x− x′|;(v') E

∫ T

0

|f(t, 0, 0, 0)|2 dt+ E|h(0)|2 <∞.We want to study the following problem:
Xt = x0 +

∫ t

0

b(s,Xs, Ys, Zs) ds+

∫ t

0

σ(s,Xs, Ys, Zs) dWs − kt, (4)
Yt = h(XT ) +

∫ T

t

f(s,Xs, Ys, Zs) ds−
∫ T

t

Zs dWs, (5)
kt = −

∫ t

0

∇φ(Xs) d|k|s, |k|t =

∫ t

0

1{Xs∈∂O} d|k|s, t ∈ [0, T ], (6)where x0 ∈ Ō is given.De�nition 2 A solution to the problem (4)-(6) is a set (X,Y, Z, k) of four
{Ft}-progressively measurable pro
esses de�ned on Ω × [0, T ], su
h that X is
ontinuous with values in Ō, k is 
ontinuous with values in R

d and paths ofbounded variation in [0, T ], (Y, Z) ∈M2
Ft

(0, T ; Rn)×M2
Ft

(0, T ; Rn×m), and theequations (4)-(6) are satis�ed a.s. for all t ∈ [0, T ].For the resolution of the above fully 
oupled FBSDER, we will use the followingresult, that is a dire
t 
onsequen
e of Theorem 1:Corollary 2 Under the assumptions (i')-(iv'), if (Y, Z) ∈ M2
Ft

(0, T ; Rn) ×
M2

Ft
(0, T ; Rn×m) is �xed, there exists a unique pair (X, k) of {Ft}-progressivelymeasurable pro
esses de�ned on Ω×[0, T ], su
h that X is 
ontinuous with values
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ontinuous with values in R
d and paths of bounded variation in [0, T ],and they satisfy a.s. for all t ∈ [0, T ] that

Xt = x0 +

∫ t

0

b(s,Xs, Ys, Zs) ds+

∫ t

0

σ(s,Xs, Ys, Zs) dWs − kt, (7)
kt = −

∫ t

0

∇φ(Xs) d|k|s, |k|t =

∫ t

0

1{Xs∈∂O} d|k|s. (8)We will also need the following well-known result (see for instan
e Pardoux'snotes at Geilo, 1996) for the ba
kward equation:Theorem 3 Under the assumptions (ii')-(v'), let be given X ∈ M2
Ft

(0, T ; Ō)and ξ ∈ L2(Ω,FT ; Ō). Then, there exists a unique pair (Y, Z) ∈M2
Ft

(0, T ; Rn)×
M2

Ft
(0, T ; Rn×m) su
h that

Yt = h(ξ) +

∫ T

t

f(s,Xs, Ys, Zs) ds−
∫ T

t

Zs dWs, (9)a.s. for all t ∈ [0, T ]. Moreover, we have that Y ∈ L2
Ft

(Ω;C([0, T ]; Rn)).Using the two results above, it is not di�
ult to prove existen
e and uniquenessof solution of problem (4)-(6) if T is small enough. More exa
tly, we have thefollowing result, whose proof we will omit for the sake of brevity:Theorem 4 Suppose the assumptions (i')-(v'), and that moreover σ does notdepend on z. Then, there exists a T∗ > 0 su
h that if T ≤ T∗, the appli
ation
Φ de�ned from

L2
Ft

(Ω;C([0, T ]; Ō)) × L2
Ft

(Ω;C([0, T ]; Rn)) ×M2
Ft

(0, T ; Rn×m)on itself by Φ(X,Y, Z) = (X̄, Ȳ , Z̄), with (X̄, Ȳ , Z̄) the unique solution of
X̄t = x0 +

∫ t

0

b(s, X̄s, Ys, Zs) ds+

∫ t

0

σ(s, X̄s, Ys) dWs − k̄t,

k̄t = −
∫ t

0

∇φ(X̄s) d|k̄|s, |k̄|t =

∫ t

0

1{X̄s∈∂O} d|k̄|s,

Ȳt = h(X̄T ) +

∫ T

t

f(s, X̄s, Ȳs, Z̄s) ds−
∫ T

t

Z̄s dWs,a.s. for all t ∈ [0, T ], is a 
ontra
tion. So, if T ≤ T∗, the problem (4)-(6) has aunique solution.For the resolution of the above fully 
oupled FBSDER for any T > 0, wefollow [5℄ and [1℄.We shall denote by Γ1 the mapping
Γ1 : M2

Ft
(0, T ; Rn) ×M2

Ft
(0, T ; Rn×m) →M2

Ft
(0, T ; Rn) ×M2

Ft
(0, T ; Rn×m),



114 P. Marín-Rubio, J. Realde�ned by Γ1(Y, Z) = (Ȳ , Z̄), with (X̄, Ȳ , Z̄, k̄) the unique solution of
X̄t = x0 +

∫ t

0

b(s, X̄s, Ys, Zs) ds+

∫ t

0

σ(s, X̄s, Ys, Zs) dWs − k̄t,

k̄t = −
∫ t

0

∇φ(X̄s) d|k̄|s, |k̄|t =

∫ t

0

1{X̄s∈∂O} d|k̄|s,

Ȳt = h(X̄T ) +

∫ T

t

f(s, X̄s, Ȳs, Z̄s) ds−
∫ T

t

Z̄s dWs,a.s. for all t ∈ [0, T ].We will denote by Γ2 the mapping
Γ2 : M2

Ft
(0, T ; Ō) × L2(Ω,FT ; Ō) →M2

Ft
(0, T ; Ō) × L2(Ω,FT ; Ō),de�ned by Γ2(X, ξ) = (X̄, X̄T ), with X̄ su
h that (X̄, Ȳ , Z̄, k̄) is the uniquesolution of̄

Yt = h(ξ) +

∫ T

t

f(s,Xs, Ȳs, Z̄s) ds−
∫ T

t

Z̄s dWs,

X̄t = x0 +

∫ t

0

b(s, X̄s, Ȳs, Z̄s) ds+

∫ t

0

σ(s, X̄s, Ȳs, Z̄s) dWs − k̄t,

k̄t = −
∫ t

0

∇φ(X̄s) d|k̄|s, |k̄|t =

∫ t

0

1{X̄s∈∂O} d|k̄|s,a.s. for all t ∈ [0, T ].By Corollary 2 and Theorem 3, under the 
onditions (i')-(v') the maps
Γ1 and Γ2 are well de�ned. Also, it is 
lear that to solve the problem (4)-(6) is equivalent to �nding a �xed point for Γ1 or Γ2. Thus, in order toprove existen
e and uniqueness of solution to problem (4)-(6), it is enoughto �nd a Hilbert norm in M2

Ft
(0, T ; Rn) ×M2

Ft
(0, T ; Rn×m), su
h that Γ1 is a
ontra
tion for this norm. Analogously, it is enough to �nd a 
omplete metri
in M2

Ft
(0, T ; Ō) × L2(Ω,FT ; Ō), for whi
h the map Γ2 is a 
ontra
tion.From now on, for l ≥ 1 integer, and λ ∈ R, we will denote by ‖ · ‖λ the normon M2

Ft
(0, T ; Rl), equivalent to the usual one, given by

‖ζ‖2
λ = E

∫ T

0

e−λs|ζ|2ds.For the sake of brevity on these notes we omit here the estimates onthe di�eren
e of two solutions (X, k) and (X ′, k′) asso
iated respe
tively topro
esses (Y, Z) and (Y ′, Z ′), or the inverse. If we 
ombine these estimatesin the two possible orders, to obtain estimations for Γ1 and Γ2, we have twopossibilities.On the one hand, one 
an sear
h for a λ ∈ R su
h that, with the norm on
M2

Ft
(0, T ; Rn) ×M2

Ft
(0, T ; Rn×m) de�ned by

‖(Y, Z)‖2
λ = ‖Y ‖2

λ + ‖Z‖2
λ,
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ontra
tion.On the other hand, one 
an sear
h for a λ su
h that, with the metri
on M2
Ft

(0, T ; Ō) × L2(Ω,FT ; Ō) indu
ed by the norm on M2
Ft

(0, T ; Rd) ×
L2(Ω,FT ; Rd) de�ned by

‖(X, ξ)‖2
λ = exp(−λT )E|ξ|2 + λ1‖X‖2

λ,the mapping Γ2 is a 
ontra
tion.Then, one obtains existen
e and uniqueness for (4)-(6) that generalize to bmonotone and O not ne
essarily 
onvex some of the results in [5℄ and [1℄.For example, existen
e and uniqueness of solution for (4)-(6) hold when its
oupling is weak, that is, when dependen
e of b and σ respe
t to their variables yand z is small, or, analogously for the ba
kward equation, when the dependen
eof f and h with respe
t to x is small. More exa
tly, we have:Theorem 5 Let 
onditions (i')-(v') hold. Then there exists an ε0 > 0depending on Lσx
, Lbx

, Lfx
, Lfy

, Lfz
, Lh and T su
h that if Lby

, Lbz
, Lσy

,
Lσz

∈ [0, ε0), then there exists λ su
h that Γ1 is a 
ontra
tion, and thus thereexists a unique solution to (4)-(6). On the other hand, the same thesis holdsfor Γ2, 
hanging roles of Lby
, Lbz

, Lσy
, and Lσz

, with Lh and Lfx
.Also, using Γ2, and reasoning as in [1℄ or [2℄, one 
an proveTheorem 6 Let 
onditions (i')-(v') hold, and suppose one of the followingtwo 
onditions:a) If h is independent of x, there exists α ∈ (0, 1) su
h that µ(α, T )Lfx

C3 < λ1.b) If h does depend on x, there exists α ∈ (k1L
2
σz
L2

h, 1) su
h that µ(α, T )L2
h < 1.Then, there exists a unique solution for (4)-(6).Remark 1 Reasoning as in [2℄, one 
an make some (te
hni
al) improvements.Namely, it is possible to 
onsider that σ 
an depend on z, but introdu
ing
ompatibility 
onditions. On other hand, if Lfy

is negative enough, then (4)-(6)has a unique solution for all �nal time T > 0.Finally, as in [5℄, and in [1℄, with the previous results on the problem (4)-(6), one 
an prove existen
e of vis
osity solution to a homogeneous Neumannproblem for an asso
iated system of quasi-linear paraboli
 PDE. We brie�yre
all here how this 
an be done.For ea
h (t, x) ∈ [0, T ]× Ō, 
onsider the problem
Xt,x

s = x+

∫ s

t

b(r,Xt,x
r , Y t,x

r , Zt,x
r )dr +

∫ s

t

σ(r,Xt,x
r , Y t,x

r , Zt,x
r )dWr − kt,x

s ,

Y t,x
s = h(Xt,x

T ) +

∫ T

s

f(r,Xt,x
r , Y t,x

r , Zt,x
r )dr −

∫ T

s

Zt,x
r dWr,

kt,x
s =−

∫ s

t

∇φ(Xt,x
r ) d|kt,x|r, |kt,x|s =

∫ s

t

1{Xt,x
r ∈∂O} d|kt,x|r, s ∈ [t, T ].



116 P. Marín-Rubio, J. RealIt is immediate to extend to this family of problems the previous theorems onexisten
e and uniqueness of solution for problem (4)-(6).To establish the relation with PDE, we assume now that b, σ, f and h aredeterministi
, moreover, we suppose that σ does not depend on z. Also, forsimpli
ity, we 
onsider n = 1. For short, we introdu
e the following notation:
(Lϕ)(s, x, y, z) =

1

2

d∑

i,j=1

(σσ∗)ij(s, x, y)
∂2ϕ

∂xi∂xj
(s, x) + (b(s, x, y, z),∇ϕ(s, x)),and 
onsider the homogeneous Neumann problem

∂u

∂t
(t, x) + (Lu)(t, x, u(t, x), (∇u(t, x))∗σ(t, x, u(t, x)))

+f(t, x, u(t, x), (∇u(t, x))∗σ(t, x, u(t, x))) = 0, (t, x) ∈ (0, T )×O,
∂u

∂n
(t, x) = 0, (t, x) ∈ (0, T )× ∂O,

u(T, x) = h(x), x ∈ O. (10)Then, we have, for example, the following result, that 
an be proved as Theorem3.8 in [1℄, and a
tually 
an also be adapted to deal with a system.Theorem 7 Under the assumptions of Theorem 6, suppose, moreover, n = 1.Suppose also that b, σ, f and h are deterministi
, 
ontinuous in all its variables,and σ does not depend on z. Then, the fun
tion u de�ned by u(t, x) = Y x,t
t ,

(t, x) ∈ [0, T ]× Ō, is a vis
osity solution of (10).Referen
es[1℄ J. Ma and J. Cvitani¢, Re�e
ted forward-ba
kward SDEs and obsta
leproblems with boundary 
onditions, J. Appl. Math. Sto
hasti
 Anal. 14(2)(2001), 113�138.[2℄ J. Ma and J. Yong, Forward-Ba
kward Sto
hasti
 Di�erential Equationsand Their Appli
ations, Vol. 1702 of Le
ture Notes in Mathemati
s,Springer-Verlag, Berlin, 1999.[3℄ P. Marín-Rubio and J. Real, Some results on sto
hasti
 di�erentialequations with re�e
ting boundary 
onditions, J. Theoret. Prob. 17(3)(2004), 705�716.[4℄ E. Pardoux and S. G. Peng, Adapted solution of a ba
kward sto
hasti
di�erential equation, Systems Control Lett. 14(1) (1990), 55�61.[5℄ E. Pardoux and S. Tang, Forward-ba
kward sto
hasti
 di�erentialequations and quasilinear paraboli
 PDEs, Probab. Theory Related Fields114(2) (1999), 123�150.[6℄ E. Pardoux and S. Zhang, Generalized BSDEs and nonlinear Neumannboundary value problems, Probab. Theory Related Fields 110(4) (1998),535�558.
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EXISTENCE AND UNIQUENESS OF SOLUTIONS, ANDPULLBACK ATTRACTOR FOR A SYSTEM OF GLOBALLYMODIFIED 3D�NAVIER-STOKES EQUATIONS WITH FINITEDELAYANTONIO M. MÁRQUEZDpto. de E
onomía, Métodos Cuantitativos e Historia E
onómi
a,Universidad Pablo de OlavideCarretera de Utrera km. 1, E-41013 Sevillaammardur�upo.esAbstra
tWe �rst study the existen
e and uniqueness of strong solutions of athree dimensional system of globally modi�ed Navier-Stokes equationswith �nite delay in the lo
ally Lips
hitz 
ase. The asymptoti
 behaviourof solutions, and the existen
e of pullba
k attra
tor are also analyzed.Key words: 3-dimensional Navier-Stokes equations, Galerkin approxima-tions, weak solutions, existen
e and uniqueness of strong solutions, pullba
k attra
tors.AMS subje
t 
lassi�
ations: 35Q30, 35K90, 37L30.1 Introdu
tionLet Ω ⊂ R

3 be an open bounded set with regular boundary Γ, and 
onsider thefollowing system of globally modi�ed Navier-Stokes equations (GMNSE) on Ωwith a homogeneous Diri
hlet boundary 
ondition




∂u

∂t
− ν∆u + FN (‖u‖) [(u · ∇)u] + ∇p = f(t), in (0,+∞) × Ω,

∇ · u = 0 in (0,+∞) × Ω,

u = 0 on (0,+∞) × Γ,

u(0, x) = u0(x), x ∈ Ω,

(1)where ν > 0 is the kinemati
 vis
osity, u is the velo
ity �eld of the �uid, p thepressure, u0 the initial velo
ity �eld, f(t) a given external for
e �eld, and FN :
R

+ → R
+ is de�ned by

FN (r) := min

{
1,
N

r

}
, r ∈ R

+,117



118 A.M. Márquezfor some N ∈ R
+.The GMNSE (1) has been introdu
ed and studied in [1℄ (see also [2℄, [3℄, [8℄and [9℄). In this paper we are interested in the 
ase in whi
h terms 
ontaining�nite delays appear. We 
onsider the following version of GMNSE (we will referto it as GMNSED):




∂u

∂t
− ν∆u+ FN (‖u‖) [(u · ∇)u] + ∇p

= G(t, u(t− ρ(t))) in (τ,+∞) × Ω,

∇ · u = 0 in (τ,+∞) × Ω,

u = 0 on (τ,+∞) × Γ,

u(τ, x) = u0(x), x ∈ Ω,

u(t, x) = φ(t− τ, x), in (τ − h, τ) × Ω,

(2)
where τ ∈ R is an initial time, the term G(t, u(t− ρ(t))) is an external for
e de-pending eventually on the value u(t−ρ(t)), ρ(t) ≥ 0 is a delay fun
tion and φ is agiven velo
ity �eld de�ned in (−h, 0), with h > 0 a �xed time su
h that ρ(t) ≤ h.The aim of this paper is to report on some re
ent results 
on
erning theexisten
e, uniqueness and asymptoti
 behaviour of solutions of (2). The detailedproofs of these results 
an be found in [4℄. In the next se
tion we state somepreliminaries, establish the framework for our problem, and the existen
e anduniqueness of weak and strong solutions. In Se
tion 3 we analyze the asymptoti
behaviour of solutions, obtaining �nally the existen
e of pullba
k attra
tor forour model.2 PreliminariesTo set our problem in the abstra
t framework, we 
onsider the following usualabstra
t spa
es (see [12℄ and [14, 15℄):

V =
{
u ∈ (C∞

0 (Ω))
3

: div u = 0
}
,

H = the 
losure of V in (L2(Ω))3 with inner produ
t (·, ·) and asso
iate norm
|·| , where for u, v ∈ (L2(Ω))3,

(u, v) =

3∑

j=1

∫

Ω

uj(x)vj(x)dx,
V = the 
losure of V in (H1

0 (Ω))3 with s
alar produ
t ((·, ·)) and asso
iate norm
‖·‖ , where for u, v ∈ (H1

0 (Ω))3,

((u, v)) =

3∑

i,j=1

∫

Ω

∂uj

∂xi

∂vj

∂xi
dx.



Globally Modi�ed Navier-Stokes equations with delay 119It follows that V ⊂ H ≡ H ′ ⊂ V ′, where the inje
tions are dense and 
ompa
t.Finally, we will use ‖·‖∗ for the norm in V ′ and 〈·, ·〉 for the duality pairingbetween V and V ′.Now we de�ne the trilinear form b on V × V × V by
b(u, v, w) =

3∑

i,j=1

∫

Ω

ui
∂vj

∂xi
wj dx, ∀u, v, w ∈ V,and we denote

bN (u, v, w) = FN (‖v‖)b(u, v, w), ∀u, v, w ∈ V,and
〈BN (u, v), w〉 = bN(u, v, w), ∀u, v, w ∈ V.The form bN is linear in u and w, but it is nonlinear in v.We also 
onsider A : V → V ′ de�ned by 〈Au, v〉 = ((u, v)). Denoting

D(A) = (H2(Ω))3 ∩ V, then Au = −P∆u, ∀u ∈ D(A), is the Stokes operator(P is the ortho-proje
tor from (L2(Ω))3 onto H). Moreover, we assume
G : R ×H −→ H , is su
h that
1) G(·, u) : R −→ H is measurable, ∀u ∈ H,
2) there exists a nonnegative fun
tion g ∈ Lp

loc(R) for some 1 ≤ p ≤ +∞,and a nonde
reasing fun
tion L : (0,∞) → (0,∞), su
h that for all R > 0if |u| , |v| ≤ R, then
|G(t, u) −G(t, v)| ≤ L(R)g1/2(t) |u− v| ,for all t ∈ R, and
3) there exists a nonnegative fun
tion f ∈ L1

loc(R), su
h that for any u ∈ H ,
|G(t, u)|2 ≤ g(t) |u|2 + f(t), ∀ t ∈ R.Finally, we suppose φ ∈ L2p′

(−h, 0;H) and u0 ∈ H , where 1
p + 1

p′ = 1.In this situation, we 
onsider a delay fun
tion ρ ∈ C1(R) su
h that 0 ≤ ρ(t) ≤ hfor all t ∈ R, and there exists a 
onstant ρ∗ satisfying
ρ′(t) ≤ ρ∗ < 1 ∀ t ∈ R.De�nition 1 Let τ ∈ R, u0 ∈ H and φ ∈ L2p′

(−h, 0;H) be given. A weaksolution of (2) is a fun
tion
u ∈ L2p′

(τ − h, T ;H) ∩ L2(τ, T ;V ) ∩ L∞(τ, T ;H) for all T > τ ,su
h that





ddtu(t) + νAu(t) +BN (u(t), u(t)) = G(t, u(t− ρ(t))) in D′(τ,+∞;V ′),

u(τ) = u0,
u(t) = φ(t− τ) t ∈ (τ − h, τ).



120 A.M. MárquezRemark 1 We suppose u is a weak solution of (2) and we de�ne g̃(t) =
g ◦θ−1(t), where θ : [τ,+∞) −→ [τ −ρ(τ),+∞) is the di�erentiable and stri
tlyin
reasing fun
tion given by θ(s) = s − ρ(s). Then, taking into a

ount that
g̃ ∈ Lp(τ − ρ(τ), T ) for all T > τ , we have that G(t, u(t − ρ(t))) belongs to
L2(τ, T ;H) for all T > τ .Then, ddtu(t) ∈ L2(τ, T ;V ′), and 
onsequently (see [15℄) u ∈ C([τ,+∞);H)and satis�es the energy equality, for all τ ≤ s ≤ t,

|u(t)|2 − |u(s)|2 + 2ν

∫ t

s

‖u(r)‖2 dr = 2

∫ t

s

(G(r, u(r − ρ(r))), u(r)) dr. (3)The following theorem, whi
h improves Theorem 3 in [5℄, states the existen
eand uniqueness of weak and/or strong solutions.Theorem 1 Under the 
onditions 
1)-
3) in the previous se
tion, assumethat τ ∈ R, u0 ∈ H and φ ∈ L2p′

(−h, 0;H) are given. Then, there exists aunique weak solution u of (2) whi
h is, in fa
t, a strong solution in the sensethat
u ∈ C([τ + ε, T ];V ) ∩ L2(τ + ε, T ;D(A)), for all T − τ > ε > 0. (4)Moreover, if u0 ∈ V , then

u ∈ C([τ, T ];V ) ∩ L2(τ, T ;D(A)), for all T > τ. (5)3 Asymptoti
 behaviour of solutionsIn this se
tion we �rst establish a result about the asymptoti
 behavior of thesolutions of problem (2) when t goes to +∞.Theorem 2 Let us suppose that 
1)-
3) hold with g ∈ L∞(R), and assumealso that ν2λ2
1(1 − ρ∗) > |g|∞, where |g|∞ := ‖g‖L∞(R).Let us denote ε > 0 the unique root of ε − νλ1 + |g|∞eεh

νλ1(1−ρ∗) = 0. Then,for any (u0, φ) ∈ V × L2(−h, 0;H), and any τ ∈ R, the 
orresponding solution
u(t; τ, u0, φ) of problem (2) satis�es

∣∣u(t; τ, u0, φ)
∣∣2 ≤

(∣∣u0
∣∣2 +

|g|∞eεh

νλ1(1 − ρ∗)

∫ 0

−h

eεs |φ(s)|2 ds) eε(τ−t)

+
e−εt

νλ1

∫ t

τ

eεsf(s) ds, for all t ≥ τ.In parti
ular, if ∫∞
τ eεsf(s) ds < ∞, then every solution u(t; τ, u0, φ) of (2)
onverges exponentially to 0 as t→ +∞.Now, we study the existen
e of global attra
tor for the dynami
al systemgenerated by our problem. As this model is non-autonomous, our analysis
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k attra
tor whi
h we will introdu
ed below (see[7℄, [10℄ and [11℄).Let X be a metri
 spa
e.De�nition 2 A family of mappings {U(t, τ) : X → X : t, τ ∈ R, t ≥ τ} is saidto be a pro
ess (or a two�parameter semigroup, or an evolution semigroup) in
X if

U(t, r)U(r, τ) = U(t, τ) for all t ≥ r ≥ τ,

U(τ, τ) = Id for all τ ∈ R.The pro
ess U(·, ·) is said to be 
ontinuous if the mapping x → U(t, τ)x is
ontinuous on X for all t, τ ∈ R, t ≥ τ .Re
all that dist(A,B) denotes the Hausdor� semidistan
e between the sets
A and B, whi
h is given by

dist(A,B) = sup
a∈A

inf
b∈B

d(a, b), for A,B ⊂ X.De�nition 3 Let U(·, ·) be a pro
ess in the metri
 spa
e X. A family of
ompa
t sets {A(t)}t∈R
is said to be a (global) pullba
k attra
tor for U(·, ·)if, for every t ∈ R, if follows(i) U(t, τ)A(τ) = A(t) for all τ ≤ t (invarian
e), and(ii) lim

τ→−∞
dist(U(t, τ)D,A(t)) = 0 (pullba
k attra
tion) for all bounded subset

D ⊂ X.The 
on
ept of pullba
k attra
tor is related to that of pullba
k absorbingset.De�nition 4 The family of subsets {B(t)}t∈R
of X is said to be pullba
kabsorbing with respe
t to the pro
ess U (·, ·) if, for every t ∈ R and all boundedsubset D ⊂ X, there exists τD(t) ≤ t su
h that

U(t, τ)D ⊂ B(t), for all τ ≤ τD(t).In fa
t, as happens in the autonomous 
ase, the existen
e of 
ompa
tpullba
k attra
ting sets is enough to ensure the existen
e of pullba
k attra
tors.The following result 
an be found in [7℄ and [13℄ (see also [6℄).Theorem 3 Let U(·, ·) be a 
ontinuous pro
ess on the metri
 spa
e X. If thereexists a family of 
ompa
t pullba
k attra
ting sets {B(t)}t∈R
, then there existsa pullba
k attra
tor {A(t)}t∈R

, with A(t) ⊂ B(t) for all t ∈ R, given by
A(t) =

⋃

D⊂XboundedΛD(t), where ΛD(t) =
⋂

n∈N

⋃

τ≤t−n

U(t, τ)D.



122 A.M. MárquezNow we will establish the existen
e of the pullba
k attra
tor for our GMNSEDmodel (2).First we 
onstru
t the asso
iated pro
ess. To this end, assume that
G : R × H → H satis�es 
1), 
2) and 
3) with g ∈ L∞(R). Thus, withoutloss of generality we 
an assume that G satis�es 
2) with g ≡ 1, and thereexists a nonnegative 
onstant a su
h that

|G(t, u)|2 ≤ a|u|2 + f(t) ∀ (t, u) ∈ R ×H. (6)We will assume moreover that
f ∈ L∞

loc(R). (7)Under these assumptions, for ea
h initial time τ ∈ R, and any φ ∈
C(−h, 0;H), Theorem 1 ensures that if we take u0 = φ(0), problem (2)possesses a unique solution u(·; τ, φ) = u(·; τ, φ(0), φ), whi
h belongs to thespa
e C([τ − h, T ];H) ∩ L2(τ, T ;V ) ∩ C([τ + ǫ, T ];V ) ∩ L2(τ + ǫ, T ;D(A)) forall T > τ + ǫ > τ.Then, we de�ne a pro
ess in the phase spa
e CH = C([−h, 0];H) with supnorm, ‖φ‖CH

= sups∈[−h,0] |φ(s)|, as the family of mappings U(t, τ) : CH → CHgiven by
U(t, τ)φ = ut(·; τ, φ), (8)for any φ ∈ CH , and any τ ≤ t, where ut(·; τ, φ) ∈ CH is de�ned by

ut(s; τ, φ) = u(t+ s; τ, φ) ∀ s ∈ [−h, 0]. (9)Proposition 4 It is easy to 
he
k that if G satis�es 
1), 
2) with g = 1, (6)and (7), then the family of mappings U(τ, t), τ ≤ t, de�ned by (8) and (9) is a
ontinuous pro
ess on CH .Now, we will obtain that, under suitable assumptions, there exists a familyof bounded pullba
k absorbing sets in CH and then, another one in CV , for thepro
ess U(t, τ).Theorem 5 Assume that G satis�es 
1), 
2) with g = 1, (6), (7), and
ν2λ2

1(1 − ρ∗) > a.Let ε > 0 denote the unique solution of ε− νλ1 + aeεh

νλ1(1−ρ∗) = 0.Let us suppose that ∫ 0

−∞ eεrf(r) dr <∞, and de�ne
ρH(t) = 1 +

eε(1+h−t)

νλ1

∫ t

−∞
eεrf(r) dr t ∈ R.Then, for every bounded subset D ⊂ CH there exists a TD > 1+ h su
h thatfor any t ∈ R and all φ ∈ D one has

|u(s; τ, φ)|2 ≤ ρH(t) ∀ s ∈ [t− h− 1, t], for all τ ≤ t− TD.
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t 
onsequen
e of the pre
eding result, we get the existen
e of thefamily of bounded absorbing sets in CH .In fa
t, one 
an prove the following result of existen
e of an absorbing familyof bounded sets in CV = C([−h, 0];V ) and a ne
essary bound on the term∫ t+θ2

t+θ1
|Au(r)|2 dr.Theorem 6 Under the assumptions in Theorem 5, there exist two positivefun
tions ρV , F ∈ C(R) su
h that for any bounded set D ⊂ CH and for any

t ∈ R,
‖u(t; τ, φ)‖2 ≤ ρV (t) ∀ τ ≤ t− TD, ∀φ ∈ D,and

∫ t+θ2

t+θ1

|Au(r; τ, φ)|2 dr ≤ F (t), ∀ τ ≤ t−TD−h, ∀ θ1 ≤ θ2 ∈ [−h, 0], ∀φ ∈ D,where TD is given in Theorem 5.Finally, under an additional assumption, we 
an ensure the existen
e of thepullba
k attra
tor.Theorem 7 Under the assumptions in Theorem 5, suppose moreover that
sup
s≤0

e−εs

∫ s

−∞
eεrf(r) dr <∞.Then, there exists a pullba
k attra
tor {ACH

(t)}t∈R for the pro
ess U(·, ·) in
CH de�ned by (8) and (9). Moreover, ACH

(t) is a bounded subset of CV forany t ∈ R.Referen
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.esAbstra
tKey words: Fuzzy di�erential equations, Existen
e of solution, Upper andlower solutions, Monotone method.AMS subje
t 
lassi�
ations: 26E50, 34A07, 34K36.1 Introdu
tionFa
tors whi
h in�uen
e the behavior of real phenomena are very often impre
isedue to inexa
t measurements or impre
ise data. Fuzzy mathemati
s 
an beused to handle this kind of un
ertainty and make predi
tions about the 
hangesprodu
ed in a 
ertain pro
ess.We 
onsider a model 
onsisting on a �rst-order fuzzy di�erential equationand illustrate how the existen
e of solutions 
an be dedu
ed 
onsidering theexisten
e of an adequate pair of upper and lower solutions. We mention thatour approa
h 
onsiders the 
on
ept of di�erentiability of fuzzy fun
tions in thesense of Hukuhara.Upper and lower solutions method is shown to be e�e
tive for the studyof the initial value problems for fuzzy di�erential equations, but also for othersituations, su
h as periodi
 boundary value problems.For the development of the method of upper and lower solutions forfuzzy di�erential equations, we 
onsider a partial ordering in the spa
e E1 ofnormal, upper semi
ontinuous, fuzzy-
onvex and 
ompa
t-supported mappings

u : R −→ [0, 1]. The expression of the di�erential problem on its equivalentintegral form and the appli
ation of some �xed point results allow to dedu
ethe existen
e of solution, and even uniqueness of solutions.On the other hand, for the development of the monotone iterative te
hniquefor �rst-order fuzzy di�erential equations, it is required to prove some additionalresults 
on
erning preservation of ordering in 
onvergen
e and the appli
ationof (relative) 
ompa
tness 
riteria in the spa
e E1.The limitations of the solutions to fuzzy di�erential equations from the pointof view of Hukuhara di�erentiability are skipped by the introdu
tion of impulses.125



126 J.J. Nieto, R. Rodríguez-López2 Some basi
 
on
eptsIn the spa
e of n-dimensional fuzzy sets En, we 
onsider the metri

d∞(x, y) = sup

a∈[0,1]

dH([x]a, [y]a), x, y ∈ En,where dH represents the Hausdor� distan
e in the spa
e of nonempty 
ompa
tand 
onvex subsets of R
n, denoted by Kn

C .A fuzzy di�erential equation u′(t) = f(t, u(t)), t ∈ [t0,+∞), where t0 ∈ Rand f : [t0,+∞) × En −→ En, 
an be written on its integral representation
x(t) = x(t0) +

∫ t

t0
f(s, x(s)) ds, t ≥ t0. In the sequel, for simpli
ity, we assumethat t0 = 0.If we 
onsider the set of fuzzy intervals E1, then we use the followingnotation: for x ∈ E1, the level sets of x are denoted by

[x]a = [xal, xar], for all a ∈ [0, 1],but we also use the parametri
 fun
tions to represent fuzzy intervals xL :
[0, 1] −→ R, xL(a) = xal, a ∈ [0, 1], xR : [0, 1] −→ R, xR(a) = xar, a ∈ [0, 1].3 Upper and lower solutionsWe 
onsider the �rst-order fuzzy di�erential equation

u′(t) = f(t, u(t)), t ∈ [0,+∞), (1)where f : [0,+∞) × En −→ En is a fuzzy-valued fun
tion.First, 
onsider n = 1. In order to de�ne the 
on
epts of upper and lowersolutions to problem (1), we de�ne the following ordering relations in the spa
eof fuzzy intervals E1.De�nition 1 Given x, y ∈ E1, we say that x ≤ y if and only if xal ≤
yal and xar ≤ yar, for every a ∈ [0, 1].De�nition 2 Given x, y ∈ E1, we say that x � y if and only if xal ≥
yal and xar ≤ yar, for every a ∈ [0, 1], that is, [x]a ⊆ [y]a, ∀ a ∈ [0, 1].Remark 1 In terms of the parametri
 fun
tions, x ≤ y is equivalent to
xL ≤ yL and xR ≤ yR in [0, 1], and x � y is equivalent to yL ≤ xL and xR ≤
yR in [0, 1].Note that the ordering relation � makes sense also for n > 1, that is, given
x, y ∈ En, we say that x � y if and only if [x]a ⊆ [y]a, ∀ a ∈ [0, 1].These ordering relations 
an be also extended to the spa
e of fuzzy-valuedfun
tions de�ned on a 
ertain real interval.De�nition 3 Given f, g : [a, b] → E1, we say that f ≤ g if f(t) ≤ g(t), forevery t ∈ I. A similar 
on
ept 
an be given for the ordering relation �.
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onditions to de�ne the 
on
epts of upper and lower solutionof (1).De�nition 4 A fun
tion α ∈ C1([0,+∞), E1) is a ≤-lower solution for (1) if
α′(t) ≤ f(t, α(t)), t ∈ [0,+∞).We de�ne an ≤-upper solution β ∈ C1([0,+∞), E1) as a fun
tion satisfying thereversed inequality.Analogous 
on
epts 
an be de�ned for the partial ordering �.We see how the existen
e of solution for problem (1) 
an be derived fromthe existen
e of appropriate upper and lower solutions.4 Existen
e of solution to fuzzy di�erential equations via upper andlower solutions methodFirst, we re
all some extensions of the Bana
h �xed point theorem to partiallyordered sets whi
h are appli
able in the study of the existen
e and uniquenessof solution for fuzzy di�erential and fuzzy integral equations.The following �xed point result from [14℄ is useful to obtain the existen
e ofsolution to di�erential and integral equations assuming the existen
e of a lowersolution.Theorem 1 Let (X,≤) be a partially ordered set and suppose that there existsa metri
 d in X su
h that (X, d) is a 
omplete metri
 spa
e. Assume that f is
ontinuous or X satis�es thatif a nonde
reasing sequen
e {xn} → x in X, then xn ≤ x, ∀n. (2)Let f : X −→ X be a monotone nonde
reasing mapping su
h that there exists

k ∈ [0, 1) with d(f(x), f(y)) ≤ kd(x, y), ∀x ≥ y. If there exists x0 ∈ X with
x0 ≤ f(x0), then f has a �xed point.This result extends some results in [22℄, and the addition of the hypothesisevery pair of elements in X has a lower bound or an upper bound, (3)provides uniqueness of the �xed point.In Theorem 2.4 [14℄, assumptions of Theorem 1 are adapted in order toobtain the existen
e of a �xed point of f , repla
ing the existen
e of x0 underthe 
onditions of Theorem 1 by the existen
e of x0 ∈ X with x0 ≥ f(x0), andalso repla
ing 
ondition (2) byif a nonin
reasing sequen
e {xn} → x in X , then x ≤ xn, ∀n. (4)In [17℄, similar results are proved for nonin
reasing fun
tions f .As illustrated in [16℄, 
onditions (2), (3) and (4) are satis�ed for the spa
es
(E1,≤), (E1,�), (C(J,E1),≤), and (C(J,E1),�) (J a real 
ompa
t interval).



128 J.J. Nieto, R. Rodríguez-LópezIn this referen
e, some results are given on the existen
e (or existen
e of aunique solution) for the fuzzy equation F (x) = x, where F : E1 −→ E1 or
F : C(J,E1) −→ C(J,E1), for J a real 
ompa
t interval, in presen
e of anupper (or lower) solution. In the 
ase of higher dimensional fuzzy sets (basespa
e En), the same results hold, 
onsidering the partial ordering �. Besides,the initial value problem for fuzzy di�erential equations is studied in En, n ≥ 1,deriving results on the existen
e of a (unique) solution. Moreover, the fuzzydi�erential equation with �nite delay

{
u′(t) = f(t, ut), t ∈ J = [0, T ],
u0 = ϕ ∈ C0,

(5)where f ∈ C(J ×C0, E
n), C0 = C([−τ, 0], En), and τ > 0, is also 
onsidered in[16℄ in relation with the method of upper and lower solutions.Another �xed point result whi
h allows to dedu
e interesting properties onthe existen
e of solutions to problem (1) is Tarski's Fixed Point Theorem [28℄, inrelation with the existen
e of �xed points for a nonde
reasing fun
tion F whi
hmaps a 
omplete latti
e X into itself and su
h that there exists x0 ∈ X with

F (x0) ≥ x0. In the referen
e [18℄, 
omplete latti
es are analyzed in the spa
esof fuzzy intervals and fuzzy-interval-valued fun
tions and, hen
e, appli
ation ofTarski's Theorem allows to dedu
e the existen
e of solutions for fuzzy equationsand fuzzy di�erential and integral equations in E1 in presen
e of a lower oran upper solutions. The 
orresponding solutions are lo
alized in the regiondelimited by the upper or/and the lower solutions.On the other hand, 
onsider the boundary value problem
{
u′(t) = f(t, u(t)), t ∈ J = [0, T ],
λu(0) = u(T ),

(6)where T > 0, f : J × E1 −→ E1, and λ > 0. We remark that, for a fun
tionwhi
h is di�erentiable in the sense of Hukuhara, the diameter of the level setsis nonde
reasing in time, thus the study of periodi
ity presents more di�
ultiesin the 
ontext of fuzzy di�erential equations.In [8℄, and 
onsidering the approa
h of Hukuhara-di�erentiability, someaspe
ts of the boundary value problem (6) are 
onsidered.Besides, in [19℄, di�erent �xed point theorems are applied to the boundaryvalue problem (6) obtaining some results on the existen
e of solutions in presen
eof upper and lower solutions. We re
all, as an example, Theorem 4.6 [19℄.Theorem 2 (Theorem 4.6 [19℄) Let M > 0 and λ > eMT . Suppose that
f is 
ontinuous, the existen
e of a ≤-lower solution α to problem (6), and thatthe Hukuhara di�eren
es f(t, x) −H Mx, exist for every (t, x) with x ≥ α(t).Also assume the validity of the following monotoni
ity property

f(t, x) −H Mx ≤ f(t, y) −H My, ∀t ∈ J, x, y ∈ E1, α(t) ≤ x ≤ y,and there exists k > 0 su
h that
d∞(f(t, x) −H Mx, f(t, y) −H My) ≤ kd∞(x, y), ∀t ∈ J, x, y ∈ E1,
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ln λ−MT < 1. Then there exists a unique solution uto the BVP (6) with u ≥ α.Referen
es [23, 24, 25℄ are devoted to the analysis of the existen
e of periodi
solutions to fuzzy di�erential equations from the point of view of Hukuharadi�erentiability, solving the in
onvenien
e of the in
reasing 
hara
ter of thediameter of the level sets of the solution by the introdu
tion of impulses in theequation.In parti
ular, the problem studied in [25℄ is the following





u′(t) = f(t, u(t)), t ∈ [0, T ], t 6= tk, k = 1, 2, . . . , p,
u(t+k ) = Ik(u(tk)), k = 1, . . . , p,
u(0) = u(T ),

(7)where T > 0, J = [0, T ], 0 = t0 < t1 < · · · < tp < tp+1 = T , Jk = [tk−1, tk],for k = 1, . . . , p + 1, Ik : E1 −→ E1 
ontinuous for k = 1, 2, . . . , p, and
f : J × E1 −→ E1 
ontinuous in (J \ {t1, . . . , tp}) × E1 is su
h that thereexist the limits limt→t−

k
f(t, x) = f(tk, x), limt→t+

k
f(t, x) for k = 1, . . . , p and

x ∈ E1.To 
omplete the study of the existen
e and the approximation of solutionsfor problem (7) through the monotone iterative te
hnique, it is ne
essary tostudy the main properties of fuzzy sets in relation with
• Cal
ulus of the exa
t solution for some fuzzy `linear' problems whi
h aretaken as auxiliary problems in the study of a nonlinear equation.
• Study of 
omparison results valid in the fuzzy 
ontext but extending well-known 
omparison results in the �eld of ordinary di�erential equations.
• Relative 
ompa
tness 
riteria in spa
es of fuzzy fun
tions, interesting toapproximate solutions by iteration taking a lower solution or an uppersolution as the starting point.
• Study of the properties 
on
erning the preservation of ordering in
onvergen
e of sequen
es of fuzzy sets and fuzzy fun
tions.With more detail, we spe
ify the problems whi
h are addressed in referen
es[23, 24, 25℄ in order to obtain sequen
es of fun
tions whi
h approximate theextremal solutions to (7) in the fun
tional interval delimited by a pair of well-ordered lower and upper solutions.In [25℄, we 
al
ulate the exa
t solution for some auxiliary `linear' problemswith impulses from the point of view of Hukuhara di�erentiability, solutionswhi
h are given by an integral expression. Indeed, we analyze the solutions to





u′(t) +Mu(t) = σ(t), t ∈ (tk, tk+1), k = 0, 1, . . . , p,
u(t+k ) = ck, k = 1, . . . , p,
u(0) = u(T ),

(8)



130 J.J. Nieto, R. Rodríguez-Lópezwhere M > 0, T > 0, J = [0, T ], σ ∈ PC(J,E1), and ck ∈ E1, k = 1, 2, . . . , p.Taking into a

ount that in the fuzzy 
ase these problems are not equivalent,we also study




u′(t) = −Mu(t) + σ(t), t ∈ (tk, tk+1), k = 0, 1, . . . , p,
u(t+k ) = ck, k = 1, . . . , p,
u(0) = u(T ).

(9)The study of the solvability of these problems is 
losely 
onne
ted with theresults in [5, 20℄, where initial value problems for non impulsive fuzzy `linear'di�erential equations are 
onsidered.Referen
e [23℄ in
ludes 
omparison results whi
h are useful to 
omparethe solutions to di�erent initial value problems for fuzzy `linear' di�erentialequations by 
omparing the independent term and the initial 
ondition, in su
h away that the `sign' of the independent term and the initial 
ondition determinesthe `sign' of the solution, understanding the `sign' as the relationship betweenthe spe
i�
 fun
tion and χ{0}, with respe
t to some partial ordering in E1.We 
onsider two fun
tions whi
h are, respe
tively, an upper and a lowersolution to the nonlinear problem (7). In order to obtain two sequen
es whi
happroximate the extremal solutions to (7) between the lower and the uppersolutions, we iterate starting, respe
tively, at the lower solution and the uppersolution. To follow this pro
edure, we need some results from [24℄ whi
hguarantee the following properties:
• If a sequen
e of fun
tions with values in E1 is pointwise 
onvergent andall the terms are bounded by a �xed fun
tion with respe
t to some partialordering, the same relation holds for the pointwise limit of the sequen
e.
• If a sequen
e of (E1) fuzzy-valued fun
tions de�ned on a real 
ompa
tinterval is monotone and it has a 
onvergent subsequen
e, then the wholesequen
e is 
onvergent to the same limit.Besides, also in [24℄, it is proved a relative 
ompa
tness 
riteria for subsetsof C(J,E1), based on the relative 
ompa
tness of the sets of the left- (resp.,right-) bran
hes of their elements.Applying the tools of [23, 24℄, the monotone method is �nally developedin [25℄ for the periodi
 boundary value problem (7), under the appropriatehypotheses on f , and fun
tions Ik.Referen
es[1℄ S. Abbasbandy, J. J. Nieto, M. Alavi, Tuning of rea
hable set in onedimensional fuzzy di�erential in
lusions. Chaos Solitons Fra
tals, 26 (2005),5, p. 1337�1341.[2℄ B. Bede, S.G. Gal, Generalizations of the di�erentiability of fuzzy-number-valued fun
tions with appli
ations to fuzzy di�erential equations. Fuzzy Setsand Systems, 151 (2005), p. 581�599.



Upper and lower solutions method for fuzzy di�erential equations 131[3℄ B. Bede, I. J. Rudas, A. L. Ben
sik, First order linear fuzzy di�erentialequations under generalized di�erentiability. Inform. S
i., 177 (2007), 7,p. 1648�1662.[4℄ T.G. Bhaskar, V. Lakshmikantham, V. Devi, Revisiting fuzzy di�erentialequations. Nonlinear Anal., 58 (2004), p. 351�358.[5℄ P. Diamond, Brief note on the variation of 
onstants formula for fuzzydi�erential equations. Fuzzy Sets and Systems, 129 (2002), p. 65�71.[6℄ P. Diamond, P.E. Kloeden, Metri
 Spa
es of Fuzzy Sets: Theory andAppli
ations. World S
ienti�
, Singapore 1994.[7℄ D. Dubois, H. Prade, Fuzzy Sets and Systems: Theory and Appli
ations.A
ademi
 Press, New York 1980.[8℄ D. Dubois et al. (ed.) On boundary value problems for fuzzy di�erentialequations. Soft Methods for Handling Variability and Impre
ision, editedby , Advan
es in Soft Computing 48, Springer Berlin / Heidelberg 2008,p. 218�225.[9℄ E. Hüllermeier, Numeri
al methods for fuzzy initial value problems. Internat.J. Un
ertain. Fuzziness Knowledge-Based Syst., 7 (1999), p. 439�461.[10℄ O. Kaleva, Fuzzy di�erential equations. Fuzzy Sets and Systems, 24 (1987),p. 301�317.[11℄ O. Kaleva, The Cau
hy problem for fuzzy di�erential equations. Fuzzy Setsand Systems, 35 (1990), p. 389�396.[12℄ G. S. Ladde, V. Lakshmikantham, A. S. Vatsala, Monotone IterativeTe
hniques for Nonlinear Di�erential Equations. Pitman, Boston 1985.[13℄ V. Lakshmikantham, R.N. Mohapatra, Theory of Fuzzy Di�erentialEquations and In- 
lusions. Taylor & Fran
is, London 2003.[14℄ J. J. Nieto, R. Rodríguez-López, Contra
tive mapping theorems in partiallyordered sets and appli
ations to ordinary di�erential equations. Order, 22(2005), 3, p. 223�239.[15℄ J. J. Nieto, R. Rodríguez-López, Bounded solutions for fuzzy di�erentialand integral equations. Chaos Solitons Fra
tals, 27 (2006), 5, p. 1376�1386.[16℄ J. J. Nieto, R. Rodríguez-López, Appli
ations of 
ontra
tive-like mappingprin
iples to fuzzy and fuzzy di�erential equations. Rev Mat Complut, 19(2006), 12, p. 361�383.[17℄ J. J. Nieto, R. Rodríguez-López, Existen
e and uniqueness of �xed pointin partially ordered sets and appli
ations to ordinary di�erential equations.A
ta Math. Sini
a (Engl. Ser.), 23 (2007), 12, p. 2205�2212.



132 J.J. Nieto, R. Rodríguez-López[18℄ J. J. Nieto, R. Rodríguez-López, Complete Latti
es in Fuzzy Real Line. TheJournal of Fuzzy Mathemati
s, 17 (2009), 3, p. 745�762.[19℄ J. J. Nieto, R. Rodríguez-López, Existen
e and uniqueness results forfuzzy di�erential equations subje
t to boundary value 
onditions. InMathemati
al Models in Engineering, Biology, and Medi
ine, Pro
eedingsof the International Conferen
e on Boundary Value Problems, Ameri
anInstitute of Physi
s 2009, p. 264�273.[20℄ J. J. Nieto, R. Rodríguez-López, D. Fran
o, Linear �rst-order fuzzydi�erential equations. Internat. J. Un
ertain. Fuzziness Knowledge-BasedSyst., 14 (2006), 12, p. 687�709.[21℄ M. L. Puri, D.A. Rales
u, Di�erentials of fuzzy fun
tions. J. Math. Anal.Appl., 91 (1983), p. 552�558.[22℄ A.C.M. Ran, M.C.B. Reurings, A �xed point theorem in partially orderedsets and some appli
ations to matrix equations. Pro
. Amer. Math. So
.,132 (2004), 5, p. 1435�1443.[23℄ R. Rodríguez-López, Periodi
 boundary value problems for impulsive fuzzydi�eren- tial equations. Fuzzy Sets and Systems, 159 (2008), p. 1384�1409.[24℄ R. Rodríguez-López, Comparison results for fuzzy di�erential equations.Inform S
i., 178 (2008), p. 1756�1779.[25℄ R. Rodríguez-López, Monotone method for fuzzy di�erential equations.Fuzzy Sets and Systems, 159 (2008), p. 2047�2076.[26℄ S. Seikkala, On the fuzzy initial value problem. Fuzzy Sets and Systems,24 (1987), 3, p. 319�330.[27℄ L. Stefanini, L. Sorini, M. L. Guerra, Parametri
 representation of fuzzynumbers and appli
ation to fuzzy 
al
ulus. Fuzzy Sets and Systems, 157(2006), p. 2423�2455.[28℄ A. Tarski, A latti
e-theoreti
al �xpoint theorem and its appli
ations. Pa
i�
J. Math., 5 (1955), p. 285�309.[29℄ D. Vorobiev, S. Seikkala, Towards the theory of fuzzy di�erential equations.Fuzzy Sets and Systems, 125 (2002), 2, p. 231�237.



Bol. So
. Esp. Mat. Apl.no51(2010), 133�141
PATHWISE STATIONARY SOLUTIONS FOR STOCHASTICNEURAL NETWORKS WITH DELAYA. OGROWSKYInstitut für Mathematik, Universität PaderbornWarburger Straÿe 100, 33098 Paderborn, Germanyogrowsky�math.uni-paderborn.deAbstra
tIn this paper, a nontrivial stationary solution for a sto
hasti
 neuralnetwork with delay is studied. The analysis is done in the 
ontext of thetheory of random dynami
al system and the idea of M-matri
es.Key words: sto
hasti
 neural networks, delay equations, random dynami
alsystems, M-matri
es, random �xed points.AMS subje
t 
lassi�
ations: 34F05, 37L55, 92B20.1 Introdu
tionThe analysis of neural networks is an interesting and very importantmathemati
al �eld due to its wide range of appli
ations. They in
lude, forexample, the 
onstru
tion of arti�
ial intelligen
e, models for neurobiology andimage re
ognition. Many of those appli
ations 
an be des
ribed by a neuralnetwork that was introdu
ed in [4℄ by Mi
heal A. Cohen and Stephen Grossberg.It is referred to as Cohen-Grossberg neural network. In this arti
le we 
onsiderthe neural network with delay of the form

dxi

dt
(t) = −cixi(t) +

n∑

j=1

aijfj(xj(t)) +

n∑

j=1

bijgj(x
t
j) + Ii(t) (1)for i = 1, . . . , n and t ≥ 0 (
f. [7℄) with initial 
ondition xi(t) = ξi(t) for

t ∈ [−h, 0] with h > 0. The whole mathemati
al ba
kground will be given inthe next se
tion. As des
ribed in [7℄, n denotes the number of neurons in thenetwork and xi(t) the state of the ith neuron at time t. The fun
tions fj and
gj are 
alled a
tivation fun
tions of the jth neuron. Ii(t) is the external biason the ith neuron at time t. aij and bij represent the 
onne
tion weight of the
jth neuron on the ith neuron and ci denotes the rate with whi
h the ith neuronI thank the referee for very valuable 
omments whi
h helped me to improve this paper.133



134 A. Ogrowskywill reset its potential to the resting state in isolation when dis
onne
ted fromthe network and external inputs.In this arti
le we are interested in equilibrium states of su
h a network.These states play an important role in the behavior of neural networks whi
h
an be represented 
learly by using the example of image re
ognition: Somekind of input stimulates neurons that pass on the stimulations until the neuralnetwork evaluates to a stable state (the output) that should represent the input.In our 
ase the input is, for instan
e, a blurry pi
ture whi
h is transformed toits sharp original by the network. Thereby the original pi
ture represents theequilibrium state.One 
an imagine that the forwarding of the stimulations 
an be randomlyin�uen
ed. That is the reason why we 
onsider a sto
hasti
 neural network, i.e.we repla
e the external bias by white noise (
f. [10℄), so that (1) be
omes
dxi(t) =


−cixi(t) +

n∑

j=1

aijfj(xj(t)) +

n∑

j=1

bijgj(x
t
j)


 dt+ dWi(t) (2)whereWi is a two-sided Wiener pro
ess for i = 1, . . . , n de�ned on a probabilityspa
e that will be introdu
ed in se
tion 2.3. Our intention is to investigate thedynami
s of su
h a system with respe
t to the theory of random dynami
alsystems in whi
h equilibrium states are represented by so 
alled random �xedpoints. The main goal of this arti
le is to �nd su
h a �xed point in the pathwisesense rather than in the mean square sense (
f. [10℄).When dealing with delay di�erential equations one often assumes a 
onditionto estimate the delay by a term whi
h is independent of that delay (
f. [3, p.275℄ and the 
itations therein). We try to over
ome su
h an assumption byusing the 
on
ept of M -matri
es and a general Gronwall inequality whi
h isbased on the so 
alled Halanay inequality (
f. [5, p. 378℄).2 Preliminaries2.1 Random dynami
al systemsIn this paper we need some basi
 de�nitions 
on
erning the theory of randomdynami
al systems (RDS) su
h as, for example, the 
on
ept of temperednessand random �xed points. But due to the interest of brevity we refer to [3, pp.282�283℄ where all of these de�nitions have been introdu
ed.2.2 M -matri
esWe denote by Zn×n the 
lass of Z-matri
es whi
h 
onsists of matri
es withnonpositive o�-diagonal elements. In parti
ular, we are interested in nonsingular

M -matri
es whi
h are elements of Zn×n. As des
ribed in [2, p. 132℄,M -matri
esoften o

ur in physi
al and biologi
al s
ien
e and, for example, play a role in�nite di�eren
e methods for PDEs and in Markov pro
esses.



Pathwise stationary solutions for sto
hasti
 neural networks with delay 135For 
onvenien
e we introdu
e the notation |M | = (‖mij‖R
)i,j for a matrix

M = (mij)i,j with real-valued entries where ‖·‖
R
denotes the absolute value ofa real number. Furthermore, we interpret the notation A ≤ B resp. A < Bfor two matri
es A = (aij)i,j and B = (bij)i,j 
omponentwise as aij ≤ bij resp.

aij < bij for all i, j.De�nition 1 A ∈ Zn×n is 
alled a nonsingular M -matrix if there exists ave
tor x > 0 su
h that Ax > 0.The 
on
ept of M -matri
es will be used below to prove a generalized Gronwalllemma whi
h is the main ingredient to show the existen
e of a stationarysolution to the neural network.Remark 1 There are a lot of equivalent de�nitions for matri
es to be a M -matrix. 50 of them 
an be found in [2, pp. 134℄.2.3 Sto
hasti
 neural networkWe are given a probability spa
e (Ω,F ,P). The R
n-valued two-sided Wienerpro
ess W = (W1, . . . ,Wn)⊤ generates a 
anoni
al probability spa
e where Ωis the spa
e C0(R,R

n), whi
h 
onsists of 
ontinuous fun
tions that are zero atzero, F the asso
iated Borel-σ-algebra with respe
t to the 
ompa
t open topolgyof the Fré
het spa
e Ω and P the Wiener measure. The metri
 dynami
alsystem (
f. [3, p. 273℄) is de�ned by the so 
alled Wiener shift operators
θt : Ω → Ω, ω 7→ ω(·+ t)−ω(t) for t ∈ R, ω ∈ Ω. Noti
e that P is ergodi
 w.r.t.
θ. What we have introdu
ed is 
alled the Wiener spa
e.We want to denote the neural network (2) in a more 
omprehensive ve
torform. We denote by C([−h, 0]; Rn) the spa
e of 
ontinuous fun
tions from
[−h, 0] into R

n equipped with the supremum norm. For j = 1, . . . , n and t ≥ 0the fun
tion xt
j ∈ C([−h, 0]; R) is de�ned by xt

j(s) = xj(t + s) for s ∈ [−h, 0].By using the notations
• x(t) = (x1(t), . . . , xn(t))⊤, ξ(t) = (ξ1(t), . . . , ξn(t))⊤,
W (t) = (W1(t), . . . ,Wn(t))⊤

• A = (aij)i,j=1,...,n, B = (bij)i,j=1,...,n, C = diag(c1, . . . , cn)

• f(x(t)) = (f1(x1(t)), . . . , fn(xn(t)))⊤, g(xt) = (g1(x
t
1), . . . , gn(xt

n))⊤we 
an rewrite (2) into the ve
tor form
{

dx(t) = [−Cx(t) +Af(x(t)) +Bg(xt)] dt+ dW (t) , t ≥ 0

x(t) = ξ(t) , t ∈ [−h, 0].
(3)We assume ci to be a positive 
onstant and aij , bij to be nonnegative 
onstantsfor i, j = 1, . . . , n. In addition, we suppose the operators f : R

n → R
n and

g : C([−h, 0]; Rn) → R
n to satisfy the Lips
hitz 
ondition, i.e.

|f(u) − f(v)| ≤ Lf |u− v| for u, v ∈ R
n,

|g(x) − g(y)| ≤ Lg|x− y|C([−h,0];Rn) for x, y ∈ C([−h, 0]; Rn)
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|x|C([−h,0];Rn) := sup

−h≤s≤0
|x(s)| =

(
sup

−h≤s≤0
‖x1(s)‖R

, . . . , sup
−h≤s≤0

‖xn(s)‖
R

)⊤for x ∈ C([−h, 0]; Rn).For a pathwise investigation of the neural network we transform thesto
hasti
 di�erential equation (SDE) into a random di�erential equation(RDE). Using the stationary solution (ω, t) 7→ z∗(θtω) (known as the Ornstein-Uhlenbe
k pro
ess or OU pro
ess) of the SDE dz(t) = −Cz(t) dt + dW (t) we
an rewrite (3) into the RDE
{
u̇(t) = −Cu(t) +Af(u(t) + z∗(θtω)) +Bg(ut + z∗(θ·+tω)) , t ≥ 0

u(t) = ξ(t) − z∗(θtω) =: µ(t) , t ∈ [−h, 0]
(4)with u(t) := x(t) − z∗(θtω). We de�ne

F : C([−h, 0]; Rn) → R
n, xt 7→ Af(xt(0) + z∗(θtω)) + Bg(xt + z∗(θ·+tω)).As a result of

|F (xt) − F (yt)| ≤ ALf |x(t) − y(t)| +BLg|xt − yt|C([−h,0];Rn)

≤ ALf sup
−h≤s≤0

|x(t+ s) − y(t+ s)| +BLg|xt − yt|C([−h,0];Rn)

= (ALf +BLg)|xt − yt|C([−h,0];Rn)

F is Lips
hitz 
ontinuous. In addition, µ → ϕ(t, ω, µ) is 
ontinuous (
f. (12)).Hen
e there exists a unique solution to (4) whi
h generates an RDS ϕ given by
ϕ : R

+
0 × Ω × C([−h, 0]; Rn) → C([−h, 0]; Rn), (t, ω, µ) 7→ ut(·, ω, µ) (5)for t ≥ 0, ω ∈ Ω and µ ∈ C([−h, 0]; Rn) (
f. [3, p. 286℄).3 Stationary solutionGronwall's lemma resp. inequality plays an important role in many topi
sstudying the qualitative behavior of di�erential equations. We will use a spe
ialkind of su
h an inequality whi
h we 
all generalized Gronwall inequality. Itis mainly based on the Halanay inequality introdu
ed in [5, p. 378℄. Ageneralization 
an already be found in [9, p. 111℄. However, the inequalityto the generalization presented below is extended by a fun
tion added to theright handside whi
h is why refer to it as the strong version. The generalizationin [9℄ will be 
alled the weak version.We re
all that the inequalities are to be understood in the 
omponentwisesense. D+ denotes the usual Dini derivative and E the n× n identity matrix.
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hasti
 neural networks with delay 137Lemma 1 (Generalized Gronwall lemma) Let P = (pij) with pij ≥ 0 for
i 6= j and Q = (qij) ≥ 0 be two n × n matri
es su
h that −(P + Q) is anonsingular M -matrix. Consider T > 0 and assume that u ∈ C([0, T ]; Rn)satis�es the di�erential inequality

D+u(t) ≤ Pu(t) +Q sup
−h≤s≤0

u(t+ s) + diag(K1, . . . ,Kn)v(t), t ≥ 0 (6)where v is a nonnegative fun
tion, the initial 
ondition µ ∈ C([−h, 0]; Rn) ful�lls
µ(s) ≤ Ke−λs for s ∈ [−h, 0]. (7)

K = (K1,K2, . . . ,Kn)⊤ > 0 and λ > 0 are determined by
(P +Qeλh + λE)K < 0.Then we have

u(t) ≤ Ke−λt + diag(K1, . . . ,Kn)

t∫

0

e−λ(t−r)v(r) dr for t ≥ 0. (8)Proof . Sin
e −(P + Q) is a nonsingular M -matrix there exists a 
onstantve
tor K = (K1,K2, . . . ,Kn)⊤ > 0 su
h that (P + Q)K < 0. Hen
e, by
ontinuity, there is a 
onstant λ > 0 with (λE + P +Qeλh)K < 0.Next we want to show that for any t ≥ 0 it holds
ui(t) ≤ Kie

−λt +Ki

t∫

0

e−λ(t−r)vi(r) dr =: Φi(t) for i = 1, . . . , n. (9)Assume that (9) is false. Then there exist t∗ > 0 and m ∈ {1, . . . , n} su
hthat um(t∗) > Φm(t∗). Be
ause of (7), the 
ontinuity of u and the nonnegativityof v there also exists a t0 ≥ 0 su
h that um(t0) = Φm(t0) and
D+um(t0) ≥ D+Φm(t0). (10)In addition, we 
an 
hoose t0 su
h that for all i ∈ {1, . . . , n} it holds ui(t) ≤ Φi(t)for t ∈ [−h, t0]. This is justi�ed by (7) on
e again. Note that the last inequalityimplies sup−h≤s≤0 ui(t0 + s) ≤ sup−h≤s≤0 Φi(t0 + s) for i ∈ {1, . . . , n}. Butthen we also have

D+um(t0)

≤
n∑

i=1

{
pmiui(t0) + qmi sup

−h≤s≤0
ui(t0 + s)

}
+Kmvm(t0)

≤
n∑

i=1



pmiKie

−λt0 + pmiKie
−λt0

t0∫

0

eλrvi(r) dr + qmiKi sup
−h≤s≤0

[
e−λ(t0+s)

]

+qmiKi sup
−h≤s≤0


e−λ(t0+s)

t0+s∫

0

eλrvi(r) dr







+Kmvm(t0)
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≤

n∑

i=1




pmiKie
−λt0 + pmiKie

−λt0

t0∫

0

eλrvi(r) dr + qmiKie
−λ(t0−h)

+qmiKie
−λ(t0−h)

t0∫

0

eλrvi(r) dr



 +Kmvm(t0)

=
n∑

i=1




(
pmi + qmie

λh
)
Kie

−λt0 +
(
pmi + qmie

λh
)
Kie

−λt0

t0∫

0

eλrvi(r) dr





+Kmvm(t0)

< (−λ)Kme−λt0 + (−λ)Kme−λt0

t0∫

0

eλrvm(r) dr +Kmvm(t0)

= −λKm


e−λt0 + e−λt0

t0∫

0

eλrvm(r) dr


 +Kmvm(t0)

= −λΦm(t0) +Kmvm(t0)

= D+Φm(t0)whi
h 
ontradi
ts (10). Hen
e (9) is true and the lemma is proved. �Remark 2 If we repla
e v(t) in (6) by diag(K−1
1 , . . . ,K−1

n )v(t) the diagonalmatrix in (8) 
an be taken as the identity matrix. Hen
e the lemma above isstill valid if we think of the term diag(K1, . . . ,Kn) in (6) and (8) to be theidentity matrix.Next, we prove that two solutions to (4) approa
h ea
h other exponentiallyfast as the time tends to in�nity. We denote
‖x‖ := max

i=1,...,n

(
sup

−h≤s≤0
‖xi(s)‖R

)
.Note that ‖·‖ is equivalent to the norm in C([−h, 0]; Rn) given by ‖·‖C([−h,0];Rn)

:= sup−h≤s≤0 ‖·(s)‖Rn .Lemma 2 Let ũ and û be two solutions to (4) with initial 
onditions µ̃ resp.
µ̂ and assume that −(Lf |A| + Lg|B| − C) is a nonsingular M -matrix. Then itholds

|ũ(t) − û(t)| ≤ c‖µ̃− µ̂‖e−λtKfor t ≥ −h where 
 is a 
onstant and K and λ are given by Lemma 1.Proof . We denote by △u(t) and △µ(t) the di�eren
e between the twosolutions and initial 
onditions, respe
tively. We need to show the assumptions(6) and (7) to apply the generalized Gronwall Lemma.
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hasti
 neural networks with delay 139Step 1: Let t ≥ 0 and sgn denote the usual signum fun
tion. For △u(t) 6= 0 itholds
D+|△u(t)| = sgn(△u(t))d△u

dt
(t)

≤ −C|△u(t)| + |A||f(ũ(t) + z∗(θtω)) − f(û(t) + z∗(θtω))|
+ |B||g(ũt + z∗(θ·+tω)) − g(ût + z∗(θ·+tω))|

≤
(
Lf |A| − C

)
|△u(t)| + Lg|B| sup

−h≤s≤0
|△u(t+ s)|and for △u(t) = 0 we derive (
f. [6, p. 87℄)

D+|△u(t)| ≤ Lg|B| sup
−h≤s≤0

|△u(t+ s)|based on the 
ontinuous traje
tories of the OU pro
ess (
f. [3, p. 285℄). Hen
e
ondition (6) is ful�lled.Step 2: For t ∈ [−h, 0] we have
|△u(t)| ≤ max

i=1,...,n

(
sup

−h≤s≤0
‖△µi(s)‖R

)
1 ≤ c‖△µ‖e−λtK (11)where 1 := (1, . . . , 1)⊤ and c := 1

mini=1,...,n Ki
> 0. Hen
e assumption (7) issatis�ed whereby K is repla
ed by c‖△µ‖K.Therefore we 
an apply Lemma 1 (in its weak sense) and re
eive |△u(t)| ≤

c‖△µ‖e−λtK for t ≥ 0 whi
h is also true for t ≥ −h sin
e (11) holds. �In parti
ular, we have ‖△ui(t)‖R
≤ c‖△µ‖e−λtKi for i ∈ {1, 2, . . . , n} and

t ≥ −h. Hen
e sup−h≤s≤0 ‖△ui(t+ s)‖
R
≤ c‖△µ‖e−λ(t−h)Ki for t ≥ 0. Takingthe maximum on both hand sides and de�ning C := ceλh maxi=1,...,nKi yield

‖△ut‖ ≤ C‖△µ‖e−λt. Due to the de�nition of the RDS given in (5) we get
‖△ϕ(t, ω, µ)‖ ≤ C‖△µ‖e−λt. (12)Now we 
an show the existen
e of a nontrivial stationary solution to the neuralnetwork.Theorem 3 Assume that −(Lf |A|+Lg|B| −C) is a nonsingular M -matrix.Then the neural network (4) has a unique exponentially attra
ting random �xedpoint u∗(ω) where ‖u∗(ω)‖ is tempered.Proof. The proof follows the method des
ribed by S
hmalfuss (
f. [8, pp. 95�96℄). We do not give the full details here but note that the existen
e of a Cau
hysequen
e is based on (12) and similar 
al
ulations used in the proof of Lemma 2.We emphasize that for these 
al
ulations, however, we need the strong versionof the generalized Gronwall lemma. In addition, the temperedness of the OUpro
ess w.r.t. C([−h, 0]; R) is ne
essary. It bases upon the temperedness of the
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ess w.r.t. to R (
f. [3, pp. 284�285℄) and is therefore shown by
lim

t→±∞

log+ ‖z∗i (θtω)‖C([−h,0],R)

‖t‖
R

= lim
t→±∞

log+ sup−h≤s≤0 ‖z∗i (θs+tω)‖
R

‖t‖
R

= lim
t→±∞

log+ ‖z∗i (θs0(t)+tω)‖
R

‖s0(t) + t‖
R︸ ︷︷ ︸

→0

‖s0(t) + t‖
R

‖t‖
R︸ ︷︷ ︸

→1

= 0where i ∈ {1, . . . , n} and s0(t) ∈ [−h, 0] is de�ned by sup−h≤s≤0 ‖z∗i (θs+tω)‖
R

=
‖z∗i (θs0(t)+tω)‖

R
. �Remark 3 Due to the stationarity of the OU pro
ess a similar result is validfor the SDE (3). This 
an be shown by transforming the solution to (4) ba
k.Referen
es[1℄ Arnold, Ludwig, Random dynami
al systems. Springer-Verlag, Berlin 1998.[2℄ Berman, Abraham and Plemmons, Robert J., Nonnegative matri
es in themathemati
al s
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s inApplied Mathemati
s, 9. So
iety for Industrial and Applied Mathemati
s(SIAM), Philadelphia, PA, 1994.[3℄ Caraballo, T. and Garrido-Atienza, M. J. and S
hmalfuss, B., Existen
e ofexponentially attra
ting stationary solutions for delay evolution equations.Dis
rete Contin. Dyn. Syst., 18 (2007), 2-3, pp. 271�293.[4℄ Cohen, Mi
hael A. and Grossberg, Stephen, Absolute stability of globalpattern formation and parallel memory storage by 
ompetitive neuralnetworks. IEEE Trans. Systems Man Cybernet., 13 (1983), 5, pp. 815�826.[5℄ Halanay, A., Di�erential equations: Stability, os
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ademi
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ulus of Variations inthe 
ontext of Vakonomi
 Me
hani
s.Key words: Vakonomi
 Me
hani
s, Inverse Problem of the Cal
ulus ofVariationsAMS subje
t 
lassi�
ations: 49N45, 37J60.1 Introdu
tionThe 
lassi
al inverse problem of the Cal
ulus of Variations 
onsists in �nding
onditions under whi
h a given system of di�erential equations derives from avariational prin
iple. The origins of this problem date ba
k to Helmholtz ([5℄),in the end of the 19th 
entury, who sought new appli
ations of the powerfulHamilton-Ja
obi method to integrate the equations of Me
hani
s. Two major
ontributions to solve this problem were made in the last 
entury: the �rst, byDouglas in the 1930s in his 
lassi
 paper ([3℄, [4℄); the se
ond, in the 1980s,by Vinogradov ([14℄, [15℄), Tul
zyjew ([13℄), Anderson ([1℄), Tsujishita ([12℄) ,among others (see referen
es in [1℄), who geometrized the problem through theintrodu
tion of the so-
alled variational bi
omplex. That is a double 
omplexof di�erential forms in a Fré
het manifold of in�nite jets of se
tions of a �beredmanifold, one of the 
oboundary operators of whi
h is the 
lassi
al Euler-Lagrange operator of the Cal
ulus of Variations.We 
onsider a variation of this problem related to Vakonomi
 Me
hani
s :given a smooth �nite dimensional manifold M and a system of mixed �rst-and se
ond-order di�erential equations, we study 
onditions under whi
hthese equations are the Vakonomi
 equations indu
ed by a non-autonomousLagrangian L de�ned on R × TM.This work is developed in [8℄. 141



142 W.M. Oliva, G. Terra2 Notations and De�nitionsIn this se
tion we �x some notation for jet bundles and we de�ne the variationalbi
omplex on the bundle of in�nite jets of se
tions of a �bration. Weparti
ularize the de�nitions for a �bration π : E → R over R, where E is asmooth n-dimensional manifold. The reader is referred to [9℄ and [1℄ for moredetails on the bundle of in�nite jets and the variational bi
omplex.For all k ∈ N, πk : J
kπ → R denotes the bundle of k-jets of se
tions of πand, for 0 6 l < k, πk,l : J

kπ → J
lπ denotes the natural proje
tions (where

J
0π

.
= E). We 
all π1 the sour
e proje
tion and π1,0 the target proje
tion ofthe 1st jet bundle J

1π. Let (t, uα)16α6n be 
oordinates on an open set U ⊂ Eadapted to the �bration E → R. This 
oordinate system indu
e 
oordinates
(t, uα

(i))16α6n,06i6k on Uk .
= π−1

k,0U ⊂ J
kπ. We use the notation u̇α .

= uα
(1) and

üα .
= uα

(2), so that (t, uα, u̇α)16α6n and (t, uα, u̇α, üα)16α6n are 
oordinates on
U1 ⊂ J

1π and U2 ⊂ J
2π, respe
tively.Let s : I ⊂ R → E be a smooth se
tion of π. Given t ∈ I, we denote by j∞t sthe equivalen
e 
lass of all se
tions of π de�ned on a neighborhood of t whosederivatives of all orders at t 
oin
ide with that of s. Su
h an equivalen
e 
lass is
alled an in�nite order jet. We denote by J

∞π the Fré
het manifold of in�niteorder jets of se
tions of π; it is a smooth manifold modelled on the Fré
hetspa
e R
∞. We denote by (∀ k ∈ Z+) π∞,k : J

∞π → J
kπ and π∞ : J

∞π → R thenatural proje
tions. The 
hart (t, uα)16α6n on U ⊂ E adapted to the �bration
E → R indu
es a 
hart (t, uα

(i))16α6n,06i6∞ on U∞ .
= π−1

∞,0U ⊂ J
∞π.We say that a smooth fun
tion on J

∞π has order k ∈ Z+ if it is the pullba
kby π∞,k of a smooth fun
tion on J
kπ. We say that a smooth fun
tion on J

∞πis of �nite order if, for some k ∈ Z+, it has order k. Di�erential forms on
J
∞π of �nite order are similarly de�ned. In this paper, all smooth fun
tions ordi�erential forms on J

∞π are assumed to be of �nite order.There exists a natural bigrading on the R-ve
tor spa
e of di�erential formson J
∞π:

Ω∗(J
∞π) = ⊕

06i61, 06j6∞
Ωi,j(J

∞π).A di�erential form belongs to Ωi,j(J
∞π) if, lo
ally, on the 
harts des
ribedabove, it is a sum of terms of the form f dti ∧ δuα1

(k1)
∧ · · · ∧ δuαj

(kj)
, where f isa smooth fun
tion on J

∞π and δuα
(j)

.
= duα

(j) − uα
(j+1)dt. Su
h a form is saidto be of type (i, j), or i-horizontal and j-verti
al. Given ω ∈ Ωi,j(J

∞π), itsexterior derivative dω belongs to Ωi+1,j(J
∞π)⊕Ωi,j+1(J

∞π); we denote by dhωits proje
tion on the �rst fa
tor and by dvω its proje
tion on the se
ond one.We extend dh and dv to Ω∗(J∞π) by linearity; dh is 
alled horizontal derivativeand dv is 
alled verti
al derivative. They are both anti-derivations on Ω∗(J∞π)of degree +1 and satisfy dh
2 = 0, dv

2 = 0, dhdv = −dvdh. Therefore, for ea
h�xed i we obtain a 
o
hain 
omplex (Ωi,j(J
∞π), dv

)
j>0

� the 
olumns of theso-
alled variational bi
omplex � and for ea
h �xed j we obtain a 
o
hain
omplex (Ωi,j(J
∞π), dh

)
i>0

� the lines of the variational bi
omplex. Thehorizontal and verti
al derivatives 
an be easily 
omputed in 
oordinates: if
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f = f(t, uα, uα

(1), . . . , u
α
(k)) is a smooth fun
tion on J

∞π, we have:
dhf = Dtf dt

dvf =

n∑

α=1

k∑

j=0

∂f

∂uα
(j)

δuα
(j),where Dtf = ∂f

∂t +
∑n

α=1

∑k
j=0

∂f
∂uα

(j)
uα

(j+1) is the total derivative of f ;moreover, dhdt = 0 = dvdt and dhδu
α
(k) = dt ∧ δuα

(k), dvδu
α
(k) = 0.The di�erential forms in Ω1,0(J

∞π) are 
alled Lagrangian forms. In
oordinates, a Lagrangian form may be written as L dt, where L is a smoothfun
tion on J
∞π; the Lagrangian is said to be of order k if L is of order k,i.e. if L = L(t, uα, uα

(1), . . . , u
α
(k)). Su
h a Lagrangian indu
es a fun
tionalon 
ompa
tly supported smooth se
tions of π: s 7→

∫
R
(j∞ s)∗L dt. A smoothse
tion s of π is said to be an extremal of the fun
tional indu
ed by Ldt if, forany 
ompa
tly supported variation sτ of s, we have d

dτ |τ=0

∫
R
(j∞ sτ )∗L dt = 0.A ne
essary and su�
ient 
ondition for s to be an extremal of the fun
tionalindu
ed by Ldt is that the Euler-Lagrange form ΩL of L be null along j∞ s.The Euler-Lagrange form ΩL is a form in Ω1,1(J

∞π) whi
h, in 
oordinates, iswritten as:
ΩL =

n∑

α=1

Eα(L)δuα ∧ dt, (1)where Eα(L) =
∑k

i=0(−Dt)
i ∂L
∂uα

(i)
for a Lagrangian of order k.For s > 1, we 
all the quotient Fs(J∞π)

.
= Ω1,s(J

∞π)/dhΩ0,s(J
∞π)spa
e of type s fun
tional forms. It may be identi�ed with the subspa
e of

Ω1,s(J
∞π) whi
h is the image of the interior Euler operator I : Ω1,s(J

∞π) →
Ω1,s(J

∞π). In 
oordinates, we have I(ω) = 1
s

∑n
α=1 δu

α ∧ Fα(ω), where
Fα(ω)

.
=
∑k

i=0(−Dt)
i[δuα

(i)yω] if ω has order k. For s = 1, a di�erentialform in Ω1,1(J
∞π) is a type 1 fun
tional form, also 
alled a sour
e form, if,and only if, it is lo
ally of the form ∑n

α=1 Pα dt ∧ δuα, where the Pα's aresmooth fun
tions on J
∞π. Thus, from (1), the Euler-Lagrange form asso
iatedto a Lagrangian is a sour
e form, i.e. it belongs to F1(J∞π). We think of asour
e form ω ∈ F1(J∞π) of order k as an intrinsi
 de�nition of a system of ndi�erential equations of order k; its solutions are the se
tions s of π su
h that

ω vanishes along j∞ s.The spa
es Fs are part of a 
o
hain 
omplex, the so-
alled Euler-Lagrange
omplex of the �bration π : E → R:
0 −→ R −→ Ω0,0

dh−→ Ω1,0
E−→ F1 δv−→ F2 δv−→ · · · (2)where E is the Euler operator Ldt 7→ ΩL given by (1) and δv : F i → F i+1 isthe verti
al derivative indu
ed on fun
tional forms, given by δv .

= I ◦ dv.
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 Me
hani
sWe denote by ξ : R × M → R the trivial bundle and ξ1 : J
1ξ → R its �rstjet bundle, whi
h is identi�ed with R × TM, where τM : TM → M denotesthe tangent bundle of M. We 
onsider a smooth time-dependent Lagrangian

L : J
1ξ → R and a smooth ve
tor sub-bundle Π : D → R × M of the targetproje
tion ξ1,0 : R × TM → R × M (whi
h stands for the reonomi
 linear
onstraints) and we denote its annihilator in R × T

∗
M by Π∗ : D⊥ → R × M.We denote by π : D⊥ → R the natural proje
tion. We 
all (M,D ,L) a (linearly)
onstrained me
hani
al system. We say that a smooth se
tion γ : I ⊂ R → R×Mof ξ is 
ompatible with D or horizontal with respe
t to D if its prolongation j1 γlies in D . There are two natural approa
hes to formulate equations of motion for
onstrained me
hani
al systems yielding solutions whi
h are 
ompatible with D :(1)nonholonomi
 me
hani
s (see [7℄, [6℄, [10℄ and referen
es therein), known as�me
hani
s of the straightest paths�, based on d'Alembert-Chetaev's prin
iple;(2) Vakonomi
 Me
hani
s(see [2℄, [7℄, [6℄, [11℄ and referen
es therein), knownas �me
hani
s of the shortest paths�, based on the Hamilton's prin
iple of thestationary a
tion. A parti
ular 
ase of the latter is the so-
alled sub-Riemanniangeometry.We shall brie�y re
all how the equations of motion in Vakonomi
 Me
hani
sare formulated and we show how these equations may be obtained as the Euler-Lagrange equations of a modi�ed Lagrangian L de�ned on J

1π, the total spa
eof the �rst jet bundle of π : D⊥ → R.The a
tion fun
tional indu
ed by L on 
ompa
tly supported se
tions γ :
I ⊂ R → R × M of ξ, I an open interval, is de�ned by γ 7→

∫
I L ◦ j1 γ. Wesay that a se
tion γ : I ⊂ R → R × M of π is a vakonomi
 traje
tory of

(M,D ,L) if it is a 
riti
al point of the a
tion fun
tional on 
ompa
tly supportedvariations of γ 
ompatible with D . By a 
ompa
tly supported variation of γwe mean a smooth map Γ : (−δ, δ) × I → R × M su
h that, for all s ∈ (−δ, δ),
Γs

.
= Γ(s, ·) : I → R×M is a se
tion of ξ, Γ0 = γ and there exists a 
ompa
t set

K ⊂ I su
h that for all s ∈ (−δ, δ) and all t outside K, γs(t) = γ(t); we say thatsu
h a variation is 
ompatible with D if, for all s ∈ (−δ, δ), Γs is 
ompatible with
D . There are two types of vakonomi
 traje
tories (see [6℄, [11℄): the normal,whi
h are asso
iated to a 
ertain system of Euler-Lagrange equations, and theabnormal, whi
h 
orrespond to the 
riti
al points of the so-
alled endpoint map.We propose the following 
hara
terization of the normal vakonomi
 traje
tories:Proposition 1 Let L : J

1π → R be de�ned by:
j1t Θ 7→ L(j1t γ) + 〈Θ(t), j1t γ〉, (3)where γ .

= Π∗◦Θ and 〈·, ·〉 is the 
anoni
al pairing between R×TM and R×T
∗
M.Then the normal vakonomi
 traje
tories are proje
tions on R×M of the solutionsof the Euler-Lagrange equations of L .De�nition 1 We say that L is D-regular if FL|D : D → D∗ is a lo
aldi�eomorphism (where FL denotes the �ber derivative of L, i.e. ∀ (t, vq) ∈

R × TM,FL(t, vq)
.
= D(L|R×TqM)(t, vq) ∈ R × T

∗
qM).
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hani
s 145De�nition 2 The mixed bundle is the Whitney sum D ⊕R×M D⊥. We de�ne
F : J

1ξ⊕R×M D⊥ → R×T
∗
M by (v,Θ)(t,q) 7→ FL(v)+Θ and F .

= F |D ⊕R×M D⊥ .It is an immediate 
onsequen
e of the above de�nitions that L is D-regularif, and only if, F is a lo
al di�eomorphism. Let θ be the 
anoni
al 
onta
t formon R × T
∗
M, θL .

= F
∗
θ, ωL

.
= −dθL + dt ∧ dH, where H : D ⊕R×M D⊥ → R isgiven by (v,Θ)(t,q) 7→ L(v) − FL(v) · v. Then, if L is D-regular, (ωL, dt) is a
osymple
ti
 stru
ture on D ⊕R×M D⊥, where dt is the 
anoni
al volume formon R. Moreover, we have the following:Theorem 2 If L is D-regular, the normal vakonomi
 traje
tories are in1-1 
orresponden
e with the integral 
urves of the Reeb ve
tor �eld of the
osymple
ti
 stru
ture (ωL, dt).Remark 1 This is a generalization of the well known fa
t that, in theautonomous 
ase and under the same regularity hypothesis, the normalvakonomi
 traje
tories are integral 
urves of a Hamiltonian ve
tor �eld (see[6℄, [11℄).4 The Inverse ProblemLet π : D⊥ → R be as in the previous se
tion and (t, qi)16i6n be 
oordinateson an open set R × U in R × M, where n = dimM. Let (θα)16α6n−k be abasis of D⊥|R×U , where k = rk D . Let (t, qi, λα) be the indu
ed 
oordinates on

D⊥|R×U . This 
oordinate system indu
es, as des
ribed in se
tion 2, 
oordinatesin J
kπ, 1 6 k 6 ∞.We 
onsider a sour
e form Ω on F1(J∞π) of order 2 whi
h, on the 
oordinatesabove, is of the form:

∑

i

Pi(t, q
i, q̇i, q̈i, λα, λ̇α)δqi ∧ dt+

∑

i,α

θα
i q̇

iδλα ∧ dt, (4)where θα
i
.
= 〈θα, ∂

∂qi 〉.De�nition 3 With the notation above, we 
all Ω a D-sour
e form. The integral
urves of Ω are the se
tions Θ of π su
h that Ω vanishes along j∞ Θ.Proposition 3 The de�nition above is intrinsi
, i.e. independent of the
oordinate system.Proof . Let (t, qi)16i6n be another 
oordinate system on R×U ⊂ R×M; weassume these 
oordinate systems to be related by (t, qi) 7→
(
t, qi(q1, . . . , qn)

).Let (θ
α
)16α6n−k be another basis of D⊥|R×U ; we assume θα

=
∑

β A
α
βθ

β , where
Aα

β = Aα
β (t, q) is a smooth fun
tion on R ×U for 1 6 α, β 6 n− k. The matrix

A = (Aα
β ) is, then, invertible. Let (t, qi, λα) be the indu
ed 
oordinates on

D⊥|R×U . This 
oordinate system indu
es 
oordinates in J
kπ, 1 6 k 6 ∞. Adire
t 
omputation then shows that, in this new 
oordinate system, Ω given by



146 W.M. Oliva, G. Terra(4) transforms into∑i P i(t, q
i, q̇

i
, q̈

i
, λα, λ̇α)δqi ∧dt+

∑
i,α θ

α

i q̇
i
δλα ∧dt, where

θ
α

i
.
= 〈θα

, ∂
∂qi 〉 and:

P i(t, q
i, q̇

i
, q̈

i
, λα, λ̇α) =

∑

j

Pj
∂qj

∂qi
+
∑

j,α,β,γ

q̇
j
θ

β

j (A−1)α
β

∂Aγ
α

∂qi
λγ (5)

�Note that, if Θ is an integral 
urve of Ω, then the proje
tion of Θ on
R × M is 
ompatible with D and, lo
ally, Θ : t 7→

(
t, qi(t), λα(t)

) in the above
oordinates is a solution of the system of mixed �rst- and se
ond-order equations
Pi(t, q

i, q̇i, q̈i, λα, λ̇α) = 0.We now 
onsider the following problem: to �nd ne
essary and su�
ient
onditions for a given D-sour
e form Ω to be the Euler-Lagrange form of aLagrangian of the form (3). If that is the 
ase, the integral 
urves of Ω are thesolutions of the Vakonomi
 equations of the Lagrangian L.De�nition 4 We say that a D-sour
e form Ω is 2-1-a�ne if, written in
oordinates as (4), for 1 6 i 6 n: (i) the fun
tions Pi are a�ne in the variables
q̈k, 1 6 k 6 n and λ̇α, 1 6 α 6 n− k; (ii) ∂Pi

∂q̈k is a fun
tion of (t, q, q̇) and ∂Pi

∂λ̇kis a fun
tion of (t, q).It follows from (5) that the above de�nition does not depend on the
oordinate system.De�nition 5 Let Ω be a D-sour
e form. We say that Ω is a lo
ally variational
D-sour
e form if, lo
ally, it is the Euler-Lagrange form of a Lagrangian of theform (3). We say that Ω is globally variational if the latter 
ondition holdsglobally on J

∞π.Our main results are stated in the following theorems: in the �rst one wedes
ribe the D-sour
e forms whi
h are lo
ally variational; in the se
ond one weshow that the topologi
al obstru
tion for a lo
ally variational D-sour
e form tobe globally variational lies in H
2(M).Theorem 4 Let Ω be a D-sour
e form. Then Ω is lo
ally variational if, andonly if, Ω is 2-1-a�ne and δvΩ = 0, where δv is de�ned in (2). In 
oordinates,if Ω is given by (4), the latter 
ondition reads:

∂Pj

∂qi
=
∂Pi

∂qj
− Dt

∂Pi

∂q̇j
+ D2

t

∂Pi

∂q̈j

−∂Pj

∂q̇i
=
∂Pi

∂q̇j
− 2Dt

∂Pi

∂q̈j

∂Pj

∂q̈i
=
∂Pi

∂q̈j

∑

j

∂θα
j

∂qi
q̇j =

∂Pi

∂λα
− Dt

∂Pi

∂λ̇α

−θα
i =

∂Pi

∂λ̇α

(6)
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hani
s 147Theorem 5 If H
2(M) = 0, every lo
ally variational D-sour
e form is globallyvariational. On the other hand, if H

2(M) 6= 0, there exist lo
ally variational
D-sour
e forms whi
h are not globally variational.Referen
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SOME REMARKS ABOUT EXTINCTION INNONAUTONOMOUS KOLMOGOROV SYSTEMSJOANNA P�TELAInstitute of Mathemati
s and Computer S
ien
eWro
ªaw University of Te
hnologyjoanna.petela�pwr.wro
.plAbstra
tThis paper gives a re
ent results on extin
tion in nonautonomousKolmogorov systems.Key words: Kolmogorov system, Lotka - Volterra system, upper average,lower average, logisti
 equation, permanen
e, global attra
tivity.AMS subje
t 
lassi�
ations: primary 34D05; se
ondary 34C12; 34C29;34D23; 92D40.1 Introdu
tionIt is well known that the long-term 
oexisten
e problem of spe
ies is a basi
 onein population dynami
s. One of the famous models for dynami
s of populationis the Lotka - Volterra 
ompetition system

u′i = ui



ai(t) −
N∑

j=1

bijuj(t)



 , (LV)where ai, bij > 0. Gopalsamy [2℄, [3℄ and Alvarez and Tineo [8℄ showed that iffor i = 1, . . . , N

aiL >

N∑

j=1
j 6=i

bijMajM

bjjL
for i = 1, . . . , Nwhere gL (resp. gM ) denotes the in�mum (resp. the supremum) of the fun
tion

g, then system (LV) is permanent and globally attra
tive. In [1℄ Ahmadand Lazer showed that permanen
e and global attra
tivity hold under weaker
onditions, whi
h they 
alled average 
onditions or 
onditions A. The authorsapplied the notion of the upper and lower averages of a fun
tion; namely,
m[g] := lim inf

t−s→∞
1

t− s

∫ t

s

g(τ)dτ,149



150 J. P�tela
M [g] := lim sup

t−s→∞

1

t− s

∫ t

s

g(τ)dτ.With the help of the upper and lower average of a fun
tion they obtained a
ondition whi
h guarantees the permanen
e and global attra
tivity in a Lotka- Volterra system. The average 
onditions for system (LV) are
m[ai] >

N∑

j=1
j 6=i

bijMM [aj]

bjjL
for i = 1, . . . , NAt the same time Fran
is
o Montes de O
a and Mary Lou Zeeman dealt withextin
tion (see for example [4℄). They 
onsidered 
ompeting system (LV), where

ai, bij : R → (0,∞) are 
ontinuous fun
tions bounded by positive reals. In [4℄they gave algebrai
 
riteria on the parameters whi
h guarantee that all but oneof the spe
ies are driven to extin
tion; namely, for ea
h k > 1 there exists ik < ksu
h that for any j 6 k the inequality
akM bikjM < bikLakjL (E)holds. They proved that under 
onditions (E) the spe
ies u2, . . . , uN are drivento extin
tion whilst the spe
ies u1 stabilizes at the unique bounded solution u∗1of the logisti
 equation on the u1 axis. Moreover, they showed 
onvergen
e oftraje
tories to u∗1.For ea
h r 6 N , let Hr denote the r - dimensional 
oordinate subspa
e onwhi
h xr+1, . . . , xN vanish. We use the variable v to denote the restri
tion ofsystem (LV) to Hr,

v′i(t) = vi(t)

(
ai(t) −

r∑

j=1

bij(t)vj(t)

)
, i = 1, . . . , r. (LV)rIn [4℄, Montes de O
a and Zeeman showed that given r 6 N , if for ea
h k > rthere exists ik < k su
h that for any j 6 k the inequality

aiL >

N∑

j=1
j 6=i

bijM

(
ajM

bjjL

)holds, then the system (LV)r has a unique bounded stri
tly positivesolution v∗(t) = (v∗1(t), . . . , v∗r (t)) and every other positive solution u(t) =
(u1(t), . . . , uN (t)) of system (LV) has the property that

lim
t→∞

(uj(t) − v∗j (t)) = 0, j = 1, . . . , r,

lim
t→∞

uj(t) = 0, j = r + 1, . . . , N.In this paper we present results whi
h we proved in [5, 6, 7℄.



Some remarks about extin
tion in nonautonomous Kolmogorov systems 151We 
onsider an N - spe
ies nonautonomous 
ompetitive Kolmogorov system
u′i = uifi(t, u) (K)on the nonnegative 
one

C = {u = (u1, . . . , uN) : ui > 0, 1 6 i, j 6 N},where(1) f = (f1, . . . , fN) : [0,∞)×C → R
N together with its �rst derivatives ∂fi

∂ujare 
ontinuous,(2) for ea
h 
ompa
t C̃ ⊂ C, ∂fi

∂uj
(t, u) are bounded and uniformly 
ontinuouson [0,∞) × C̃ with respe
t to u,(3) there exist a(1)

i , a
(2)
i > 0 su
h that a(1)

i 6 fi(t, 0, . . . , 0) 6 a
(2)
i , t >

0, 1 6 i 6 N ,(4) ∂fi

∂uj
(t, u) 6 0, for all t > 0 u ∈ C, i, j = 1, . . . , N ,(5) there exist b(1)ii > 0 su
h that ∂fi

∂ui
(t, u) 6 −b(1)ii for all t > 0, u ∈ C, i =

1, . . . , N .De�nition 1 A solution u(t) of system (K) is positive if ui(t) > 0 for all t > 0.2 PreliminariesWe begin with the following result.Lemma 1 If u : [t0, τmax) → C, t0 > 0, is a maximally de�ned positive solutionof (K) then(i) τmax = ∞,(ii) lim supt→∞ ui(t) 6
a
(2)
i

b
(1)
ii

for i = 1, . . . , N .Proof . See for example [5, 6, 7℄.
�De�ne

B :=

[
0,
a
(2)
1

b
(1)
11

]
× · · · ×

[
0,
a
(2)
N

b
(1)
NN

]
,

b
(2)
ij := − inf

{ ∂fi

∂uj
(t, x) : t > 0, x ∈ B

}
.Assumptions (2) and (4) guarantee that 0 6 b

(2)
ij <∞. Further, de�ne

a(1) := min{a(1)
i : i = 1, . . . , N},

b(2) := max{b(2)ij : i, j = 1, . . . , N}.



152 J. P�telaLemma 2 There is δ > 0 su
h that if u(t) = (u1(t), . . . , uN(t)) is a positivesolution of (K) then
lim inf
t→∞

N∑

i=1

ui(t) > δ.Proof Proof. See for example [5, 6, 7℄.
�De�nition 2 System (K) is permanent if there exist positive 
onstants ν and

ν su
h that for ea
h positive solution u(t) = (u1(t), . . . , uN (t))of (K) there is
T > 0 with the property ν 6 ui(t) 6 ν for ea
h t > T .De�ne the lower and upper averages of a fun
tion g whi
h is 
ontinuous andbounded above and below on [0,∞). If 0 < t < s we set

A[g, t, s] :=
1

t− s

∫ t

s

g(τ)dτ.The lower and upper averages of g denote by m[g] and M [g] respe
tively arede�ne by
m[g] := lim inf

t−s→∞
A[g, t, s],

M [g] := lim sup
t−s→∞

A[g, t, s].In [5℄ we proved that if
m[fi(·, 0, . . . , 0)] >

N∑

j=1
j 6=i

b
(2)
ij M [fj(·, 0, . . . , 0)]

b
(1)
jj

, for i = 1, . . . , N.then system (K) is permanent and globally attra
tive.3 Main ResultsIn [6℄ we introdu
ed average 
onditions whi
h insure that all but one of thespe
ies are driven to extin
tion.Theorem 3 Assume that for all k > 1 there exists ik < k su
h that for all
j 6 k

M [fk(·, 0, . . . , 0)]

m[fik
(·, 0, . . . , 0)]

<
b
(1)
kj

b
(2)
ikj

.If u = (u1(t), . . . , uN(t)) is a positive solution of (K) then for all i = 2, . . . , N
ui(t) → 0 as t→ ∞



Some remarks about extin
tion in nonautonomous Kolmogorov systems 153See Theorem 1 in [6℄.Denote by U1(t) a �xed positive solution of
U ′

1(t) = U1(t)f1(t, U1(t), 0, . . . , 0)It 
an be proved that U1(t) is de�ned on [0,∞), bounded above and below bypositive 
onstants, and globally attra
tive.Theorem 4 If u(t) = (u1(t), . . . , uN(t)) is a positive solution of (K) then
u1(t) → U1(t) as t→ ∞.For the proof see Theorem 2 in [6℄.In [7℄ we showed that for any r 6 N the average 
onditions guarantee that
r of the spe
ies in system (K) are permanent while remaining N − r are drivento extin
tion.Theorem 5 Let r be a given integer with 1 6 r < N . Assume for any k > rthere is an ik < k su
h that for any j 6 k

M [fk(·, 0, . . . , 0)]

m[fik
(·, 0, . . . , 0)]

<
b
(1)
kj

b
(2)
ikjholds. If u = (u1(t), . . . , uN (t)) is a positive solution of (K) then for all i > r

ui(t) → 0 exponentially as t→ ∞.For the proof see Theorem 1 in [7℄.Theorem 6 Suppose that all the 
onditions of Theorem 3 hold. Assume that
m


fi(t, 0, . . . , 0) −

N∑

j=1
j 6=i

b
(2)
ij Uj(t)


 > 0, for i = 1, . . . , r (M)where Uj is a positive solution of the equation

U ′
j(t) = Uj(t)

(
fj(t, 0, . . . , 0) − b

(1)
jj Uj(t)

)
.Then there exist ν > 0 and ν > 0 su
h that for ea
h positive solution

u(t) = (u1(t), . . . , uN(t)) of system (K) there exists T > 0 su
h that
ν 6 ui(t) 6 ν for t > T and i = 1, . . . , r.For a proof see Theorem 2 in [7℄.Denote I = {1, . . . , r}.



154 J. P�telaTheorem 7 Suppose that all the 
onditions of Theorem 3 hold. Assume thatthere exist positive 
onstants ρ1, . . . , ρr > 0 and ε > 0 su
h that for j = 1, . . . , r

ρjb
(1)
jj −

r∑

i=1
i6=j

ρib
(2)
ij > ε.If u(t) = (u1(t), . . . , uN(t)) is any positive solution of (K) and ũ(t) = (ũ1(t), . . . ,

ũr(t)) is any positive solution of subsystem
u′i = uifi(t, u), i ∈ I,then

lim
t→∞

|uj(t) − ũj(t)| = 0 j = 1, . . . , r.For a proof see Theorem 3 in [7℄.Referen
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FORWARD AND PULLBACK ATTRACTION ON PULLBACKATTRACTORSFELIPE RIVERODpto. EDAN, Universidad de SevillaAptdo. 1160 41080 SEVILLAlfeliperiverog�us.esAbstra
tPullba
k attra
tors are important elements to study the asymptoti
behaviour for nonautonomous PDEs be
ause they 
opy the pullba
kdynami
 of the system inside them. Although pullba
k and forwarddynami
 may not be related, there exist some 
ases when the traje
tories
onverge forward in time to the pullba
k attra
tor. In this work we provehow the pullba
k attra
tor 
opy the forward dynami
 in these 
ases.Key words: pullba
k attra
tor, forward attra
tion, evolution pro
ess.AMS subje
t 
lassi�
ations: 35B40, 35B41, 35L05, 35Q35.1 Introdu
tionOne of the 
entral problems in dynami
al systems is the study of theasymptoti
 behaviour of evolution pro
esses asso
iated to the modeling ofreal world phenomena. When the model under study is an autonomousdi�erential equation, the asymptoti
 behaviour is rather well established andmany referen
es on the subje
t are available (
f. Temam [16℄, Hale [10℄,Ladyzhenskaya [12℄, Babin-Vishik [1℄, Robinson [14℄ for example). However, ifthe evolution pro
ess 
omes from a nonautonomous di�erential equation, eventhough some ni
e referen
es are already available ((
f. Cheban [7℄, Chepyzhov-Vishik [8℄, Kloeden [11℄, Sell-You[15℄, Caraballo et. al. [2℄), mu
h is yet to bedone.In general, a nonautonomous system shows two di�erent dynami
s withoutrelation between them: forward dynami
 (the behaviour when �nal time goesto in�nity) and pullba
k dynami
 (the behaviour when the initial time goes tominus in�nity). An interesting task 
on
erns the analysis of the 
ase in whi
hboth kinds of attra
tion take pla
e. Our aim is to show how the pullba
kattra
tor 
opies the whole dynami
 in this 
ase. To do this, we will usethe framework of evolution pro
esses, be
ause we 
an identify the solution ofproblems with this kind of families. 155



156 Felipe RiveroDe�nition 1 An evolution pro
ess in X is a family of maps {S(t, s) : t > s} ⊂
C(X) with the following properties1) S(t, t) = I for all t ∈ R,2) S(t, s) = S(t, τ)S(τ, s), for all t > τ > s,3) {(t, s) ∈ R

2 : t > s} ×X ∋ (t, s, x) 7→ S(t, s)x ∈ X is 
ontinuous.Sin
e a �xed set A in X will not, in general, remain �xed by anonautonomous pro
ess, invarian
e for an evolution pro
ess is de�ned as:De�nition 2 A family of nonempty sets {B(t) : t ∈ R} is invariant under
{S(t, s) : s 6 t} if S(t, s)B(s) = B(t) for all t > s. We say that {B(t) : t ∈ R}is positive invariant if we only have the in
lusion S(t, s)B(s) ⊂ B(t).Now we 
an de�ne the pullba
k attra
tor for an evolution pro
ess.De�nition 3 A family of 
ompa
t sets {A(t) : t ∈ R} is the pullba
k attra
torfor {S(t, s) : s 6 t} if it is invariant, attra
ts all bounded subsets of X `in thepullba
k sense', that is,

lim
s→−∞

dist(S(t, s)B,A(t)) = 0, ∀t ∈ R, ∀B ⊂ X bounded,and is minimal in the sense that if there exists a family of 
losed sets {C(t) :
t ∈ R} su
h that attra
ts bounded sets of X, then A(t) ⊂ C(t), for all t ∈ R.We use the Hausdor� semi-distan
e. Let A,B be subsets of X and d : X −→
R the distan
e in X , then we de�ne the Hausdor� semi-distan
e as

dist sup
a∈A

inf
b∈B

d(a, b)In the nonautonomous 
ase we 
an also de�ne forward attra
tion as follows:we say that {C(t) : t ∈ R} attra
ts the bounded set B ⊂ X if
lim

t→∞
dist(S(t+ s, s)B,C(t+ s)) = 0.The pullba
k attra
tor does not ne
essarily have forward attra
tion.Consider the following simple examples of nonautonomous equations givingdi�erent answers to the relation on pullba
k and forward attra
tion. Indeed,
onsider
y′1(t) = −2ty1(t) + 2t2and
y′2(t) = 2ty2(t) + 2t2.Both 
an be solved expli
itly with initial value y0 ∈ R at time s ∈ R by

y1(t, s) = (y0 − s)e−(t2−s2) + t− e−t2
∫ t

s

er2

dr,



Forward and pullba
k attra
tion on pullba
k attra
tors 157
y2(t, s) = (y0 + s)et2−s2

+ t+ et2
∫ t

s

e−r2

dr.In the �rst 
ase we 
an observe how the traje
tory is more and more 
loseto A1(t) = t − e−t2
∫ t

0
er2

dr when t goes to in�nity. In the same way, thetraje
tories of the se
ond equation are attra
ted in a pullba
k sense by the family
A2(t) = −t + et2

∫ t

−∞ e−r2

dr, that is, when initial time s → −∞. However,
{A1(t) : t ∈ R} is forward but not pullba
k attra
ting and {A2(t) : t ∈ R} ispullba
k but not forward.2 Pullba
k and forward attra
tion in evolution pro
essesThe uniform forward attra
tion gives us trivial examples of pullba
k attra
torsthat have forward attra
tion, be
ause a pullba
k uniform attra
tor is also aforward uniform attra
tor and vi
e versa. In this 
ase we need a uniform 
on
eptof attra
tion, that is, we say that B ⊂ X attra
ts uniformly under the pro
ess
{S(t, s) : s 6 t} if for any C ⊂ X

lim
t→∞

sup
s∈R

dist(S(t+ s, s)C,B) = 0. (1)We do not distinguish between pullba
k and forward be
ause if we perform asimple 
hange of variables we obtain
lim

s→∞
sup
t∈R

dist(S(t, t− s)C,B) = 0. (2)The �rst de�nition of uniform attra
tor is given in [8℄ and is based on theautonomous de�nition of global attra
tor, so the authors de�ne it as a notne
essarily invariant, in autonomous sense (S(t, s)A = T (t−s)A = A), 
ompa
tsubset that is uniformly attra
ting. However, afterwards in the same se
tion,we 
an �nd the 
on
ept of kernel se
tions of the uniform attra
tor, a parti
ular
on
ept of pullba
k attra
tor. In [6℄ we 
an �nd a de�nition of the uniformattra
tor where the invariant property holds. In both 
ases, all the resultsappear in the skew-produ
t framework. Below we write a general de�nition andan existen
e result within the framework of evolution pro
esses.De�nition 4 Let {S(t, s) : s 6 t} be an evolution pro
ess. A family of bounded
losed sets {Au(t) : t ∈ R} is 
alled the uniform attra
tor if the followingproperties hold:1. There exists a 
ompa
t set Â ⊂ X su
h that ⋃t∈R
Au(t) ⊂ Â.2. It is uniformly attra
ting under {S(t, s) : s 6 t}.3. It is minimal in the sense of De�nition 3.Theorem 1 If there exists a 
ompa
t uniformly attra
ting set, then thereexists the uniform attra
tor.



158 Felipe RiveroAlthough we need a pullba
k attra
ting family, the forward attra
tion 
omesfrom the 
ompa
t set Â. A
tually, in this 
ase we have a global attra
tor thatis attra
ting in the pullba
k sense too.In [9℄, the existen
e of a uniform exponential attra
tor for thenonautonomous equation
{
ut = a∆u− f(u) + g(t) in Ω

u(x, t) = 0 in ∂Ω,
(3)is proved under some restri
tions for fun
tions f and g.Other examples are nonautonomous perturbations of gradient-likesemigroups, where the forward attra
tion 
omes from the autonomous natureof the limit problem. This kind of pro
esses possesses a 
on
rete stru
ture asthe union of unstable manifolds of some spe
i�
 sets. Let {Sη(t, s) : t > s}be evolution pro
esses, with η ∈ [0, 1], su
h that Sη

η→0−→ S0 in a 
ertain sense,and {S0(t, s) = T (t − s) : t > s} is a gradient-like semigroup, that is, thereexists a �nite number of equilibria and all the global traje
tories 
onvergeforward and ba
kward to them. Let us suppose that there exits a pullba
kattra
tor {Aη(t) : t ∈ R} and a �nite number of isolated invariant families
{Ξ1,η, ...,Ξn,η} with tra
es {Γ1,η, ...,Γn,η}, where Γi,η =

⋃
t∈R

Ξi,η(t). In thisgeneral 
ase, and doing a 
omparison between autonomous and nonautonomous
ase, those isolated invariant families play the role of equilibrium points. Weneed to introdu
e the 
on
ept of tra
e be
ause the dynami
 of ea
h Ξi,η is not
onstant in general (see [5℄ for more details and de�nitions). Let also supposethat for η = 0 we have a gradient-like global attra
tor. Under some 
onditionswe 
an write the pullba
k attra
tor as Aη(t) =
⋃n

i=1W
u(Ξi,η)(t) for all η 6 η0for some η0 > 0. The following result is Theorem 1.12 of [5℄ and show how apullba
k attra
tor possesses a forward attra
tion too.Theorem 2 Suppose all the stationary points of {S0(t, s) = T (t− s) : t > s}are hyperboli
. If we also assume that there is γ > 0 and, for ea
h 1 6 i 6 n,a neighborhood Vi,η of the tra
e Γi,η of Ξi,η su
h that for any u0 ∈ Vi,η, s ∈ Rand as long as Sη(t+ s, s)u0 ∈ Vi,η

sup
s∈R

dist(Sη(t+ s, s)u0,W
u(Ξi,η)(t)) 6 Me−γt,then for any bounded set B ⊂ X, there is a 
onstant c(B) > 0 su
h that

sup
s∈R

dist(Sη(t+ s, s)u0,Aη(t+ s)) 6 c(B)e−γt, for all u0 ∈ B. (4)The following nonautonomous damped wave equation gives us an exampleof pullba
k attra
tor with exponential forward attra
tion. In this 
ase we havea nonautonomous problem that does not 
ome from an autonomous one (see [3℄for more details). Let us 
onsider the following equation
{
utt + β(t)ut = ∆u+ f(u) in Ω

u(x, t) = 0 in ∂Ω,
(5)
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tors 159where Ω ⊂ R
n is a bounded smooth domain, f ∈ C2(R) satis�es some growth
onditions, and β : R → R is bounded and globally Lips
hitz. The existen
e ofthe pullba
k attra
tor in H1

0 (Ω) × L2(Ω) for this problem has been re
entlyproved in [4℄, and if we assume that there only exists a �nite number ofequilibrium points, and all of them are hyperboli
, then the pullba
k attra
torhas exponential forward attra
tion as in (4).3 Traje
tories inside the pullba
k attra
torOne of the most important result in the theory of pullba
k attra
tors is relatedof its �nite fra
tal dimension. As in the autonomous 
ase (see [14℄), results in[13℄ prove that for ea
h traje
tory of {S(t, s) : s 6 t} , another one 
an be foundinside the pullba
k attra
tor that tra
ks the original one. The following theoremgives an analogous result based on forward attra
ting families for evolutionpro
esses.Theorem 3 Suppose that the pro
ess {S(t, s) : s 6 t} is Lips
hitz in X,
sup
s∈R

‖S(t+ s, s)u− S(t+ s, s)v‖X 6 κ(t)‖u− v‖X , (6)with κ : R
+ ∪ {0} → R

+ ∪ {0} bounded in 
ompa
t subsets and u, v in anybounded subset B ∈ X. Suppose also that there exists a family of 
ompa
ts sets
{A(t) : t ∈ R} that forward attra
ts bounded sets and is positive invariant under
{S(t, s) : s 6 t}. Then, for ea
h traje
tory u(t, s) ∈ X of {S(t, s) : s 6 t} andpositive sequen
es {εn}∞n=0 and {Tn}∞n=0 with εn

n→∞−→ 0, Tn < Tn+1 and
Tn

n→∞−→ ∞, there exists a sequen
e tn n→∞−→ ∞ and vn ∈ A(tn + s) su
h that
sup

t∈[0,Tn]

‖u(t+ tn + s, s) − S(t+ tn + s, tn + s)vn‖X 6 εn. (7)Moreover, the `jumps' ‖vn+1 − S(Tn + tn + s, tn + s)vn‖X de
rease to zero.Proof . By the forward attra
tion and the 
ompa
tness of ea
h set of thefamily {A(t) : t ∈ R}, there exists a time t0 = t0(ε0, T0) and a v0 ∈ A(t0 + s)su
h that
‖S(t0 + s, s)u(s) − v0‖X 6

ε0
maxt∈[0,T0] κ(t)

.Hen
e, using (6) we have
‖S(t+ t0 + s, s)u(s) − S(t+ t0 + s, t0 + s)v0‖X

= ‖S(t+ t0 + s, t0 + s)S(t0 + s, s)u(s) − S(t+ t0 + s, t0 + s)v0‖X

6 max
t∈[0,T0]

κ(t)‖S(t0 + s, s)u(s) − v0‖X

6 ε0 for all t ∈ [0, T0].Now, for ε1 and T1 we 
an �nd a t1 and a v1 ∈ A(t1 + s) su
h that t0 < t1and
‖S(t1 + s, s)u(s) − v1‖X 6

ε1
maxt∈[0,T1] κ(t)

,



160 Felipe Riverotherefore,
‖S(t+ t1 + s, s)u(s) − S(t+ t1 + s, t1 + s)v1‖X 6 ε1 for all t ∈ [0, T1].In the same manner, we 
an see that for any εn and Tn there exist a time

tn−1 < tn and a vn ∈ A(tn + s) su
h that
‖S(t+ tn + s, s)u(s) − S(t+ tn + s, tn + s)v1‖X 6 εn for all t ∈ [0, Tn].Finally, we have
‖vn+1−S(Tn + tn + s, tn + s)vn‖X

6 ‖vn+1 − S(Tn + tn + s, tn + s)u(tn + s)‖X

+ ‖S(Tn + tn + s, tn + s)u(tn + s) − S(Tn + tn + s, tn + s)vn‖X

6 εn+1 + εn,whi
h 
ompletes the proof. �Remark 1 As tn does not depend on the initial time, we 
an tra
k u(t, s) bytraje
tories in {A(t) : t ∈ R} of length Tn from tn + s to tn+1 + s within adistan
e εn.Due to Theorem 3, the uniform exponential attra
tor in example (3) tra
ksthe forward traje
tories of the system inH1
0 (Ω). If we have forward attra
tion inthe pullba
k attra
tor (as in example (5)), we 
an understand all the dynami
sof the system only by the study of the dynami
 inside it, obtaining a 
ompleterepresentation of the dynami
 of the system in a �nite fra
tal dimensionalset. This shows the importan
e of studying pullba
k attra
tor with forwardattra
tion to understand the whole dynami
 of nonautonomous systems.A
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Título: Towards the Numeri
al Simulation of ShipGenerated Waves Using a Cartesian CutCell Based Free Surfa
e Solver.Do
torando: José Antonio Armesto Álvarez.Dire
tor/es: Clive G. Mingham, Ling Qian and DerekM. Causon.Defensa: 21 de Noviembre de 2008, Man
hester.Cali�
a
ión: Apto (bajo sistema de 
ali�
a
ión Apto/No Apto).Resumen:The Cartesian Cut Cell method has been applied to di�erent �ow
on�gurations by resear
hers at the Centre of Mathemati
al Modelling and FlowAnalysis. This method has been implemented to de�ne �ow domains aroundobsta
les using a Godunov-type high order upwind s
heme to solve ShallowWater Equations and Navier-Stokes (Euler) equations in two phase �ows.A new idea to study Navier-Stokes (Euler) equations in just one phase �owswhere the domain is a

urately des
ribed using the Cartesian Cut Cell Methodaround the moving free surfa
e is presented. The solution te
hnique involvesthree stages for every time step: the de�nition of the domain, the solutionof the �ow equations and the movement of the free surfa
e. The CartesianCut Cell Method only requires to re
ompute 
ells a�e
ted by the movementof the free surfa
e providing qui
kly the new domain. The �ow equations aresolved using the Arti�
ial Compressibility Method and a Godunov-type highorder upwind s
heme involving the solution of Riemann problems. The HeighFun
tion method is applied to study the evolution on time of the free surfa
e.This method involves the solution of the kinemati
 equations, where a fourthorder Runge-Kutta method is employed. Boundary 
onditions at the free surfa
eare dis
ussed.The te
hnique proposed is very qui
k and allows the use of big timesteps. In 
omparison with the two phase version, the proposed te
hniquesused one thousand times bigger time steps and require around 25 times less
omputational e�ort. On the other hand, the results show dependen
e on thearti�
ial 
ompressibility parameter introdu
ed as part of the solution of the �owequations. Extensions to the presented study are proposed in
luding the use ofdi�erent �ow solvers.An algorithm to solve free surfa
e �ows in a single phase system is presented.The Cartesian Cut Cell Method is used to de�ne the grid in a domain involvingfree surfa
e and/or the presen
e of an obsta
le. The algorithm approximate thesolutions of the in
ompressible Navier-Stokes equations based on the Arti�
ial163



164 Resúmenes de tesis do
toralesCompressibility Method and uses the 
ell-
entred �nite volume approa
h. AGodunov-type high order upwind s
heme is applied to 
ompute �uxes at 
ellinterfa
es, involving polynomial re
onstru
tion and the solution of a Riemannproblem. The HLL Riemann solver and Roe's Riemann solver are implementedas part of the Godunov-type upwind s
heme. An impli
it s
heme is used forthe time dis
retization in problems without free surfa
e while an expli
it forthorder Runge-Kutta method is used in free surfa
e problems. An introdu
tionto problem where the free surfa
e and the obsta
le 
ut ea
h other is presented.
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