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Abstract
This work presents two different types of models to study submarine
sediment movements and its numerical discretization by finite volume
methods. First, bedload sediment transport models are introduced. They
are characterized by the slow movement of the sediment layer. The
movement depends on the type of interaction between the fluid and
the sediment layer, that generally is very weak. Secondly, a submarine
avalanches model is presented. This model takes into account the coupling
between the sediment and the fluid layer. The generated tsunamis by a
submarine avalanche can be studied with this model. A family of twodimensional finite volume methods is introduced. It is based on the fact
that the models are invariant under rotations. Finally, two numerical tests
are considered. In the first numerical test the spread angle for a sediment
bump is studied. In the second one a submarine avalanche is simulated
over a bottom with a rectangular bump.

1

Introduction

This work begins by presenting some shallow models to study submarine
sediment movements in channels or coastal areas.
Two different type of movements are considered. In the first part bedload
sediment transport models are presented. In this case, the movement of the
sediment deposited on the bottom of the channel is produced by the interaction
with the fluid.
The other type of presented models study very quick movements of the
sediment layer, submarine avalanches. The interaction of the movement of the
sediment layer with the fluid can produce in some cases a tsunami.
After presenting these two types of models the work continues with the
numerical discretization of a general two-dimensional hyperbolic system. The
Fecha de recepción: 13/12/2009. Aceptado: 14/12/2009.
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property of invariance under rotation of the presented models is used in the
design of the numerical scheme.
From a computational point of view, three-dimensional models are generally
very expensive, so in a lot of cases it is interesting to study integrated models.
In the deduction of the model, the hypothesis of shalloness of the domain is
considered. The resulting model can be used by itself or combined with a threedimensional model in areas requiring greater precision or when the considered
hypothesis for the shallow model are not valid.
A first example corresponds to the well-known Saint-Venant model. It is
obtained from the Navier-Stokes equations.
The steps in the deduction of Saint-Venant model, also known as Shallow
Water Equations (SWE), are the following ones: First dimensionaless variables
are defined depending on the charactestic horizontal and vertical lenghts of the
domain. Then, a change of variable is considered, in order to write NavierStokes equations in terms of dimensionless variables. In this way, the system
of equations can be written in terms of the aspect ratio between vertical and
horizontal characteristic dimensions.
By considering that the aspect ratio is small, some terms of the system are
omitted. In this way we can obtain an expression for the pressure from the
vertical momentum equation. We obtain an hydrostatic pressure. It coincides
with the pressure corresponding to fluid at rest. The deduction of the model
finish with a process of integration over the vertical direction of the domain and
a hypothesis over the vertical velocity profile.
One important hypothesis used in the deduction of shallow models is the
hydrostatic pressure. This is also one of the most important restriction of
aplication of the models. In some situations the pressure of the system cannot
be approximated by an hydrostatic pressure. For example when there is
recirculation of the fluid, that is, the vertical acceleration of the fluid is am
important effect.
A typical example is to simulate the evolution of a dam break. For this
example it is well known that at the beginning of the movement the velocity
of the fluid predicted by using SWE is bigger than the velocity obtained with
Navier-Stokes equations (see [27]). This is a consequence of the hydrostatic
pressure. Nevertheless, the results obtained with SWE and Navier-Stokes
equations for the evolution of the water depth far from the dam are close.
So, the SWE approach is appropriate for large computational domains or large
time simulations, due to a smaller computational cost.
An example of long time simulations is the study of summerged sediment
evolution. In this problem we consider that the bottom of the domain is
composed of a fixed component and a mobile sediment layer (See [24], [11],
[14]). The evolution of the sediment layer is very slow, because its evolution is
produced by the interaction with the fluid. The interaction between the fluid
and the sediment layer depends on the friction between these two layers. It
is introduced in the problem via the definition of the solid transport discharge
(see [15], [21]), defining a continuity equation. So, we have a coupled system

Modelling and numerical simulation of submarine . . .

85

defined by the SWE and the continuity equation for the sediment evolution.
Another type of sediment evolution can be observed when there is a
sedimentation over the bottom and the sediment layer colapses, by producing a
submarine avalanche. In [9] it is proposed a two layers SWE system where the
submarine avalanche and the eventual generated tsunami can be studied. The
first layer corresponds to the fluid and the second one to the sediment layer.
For the sediment layer a Savage-Hutter type model is considered. The
pionering work of Savage-Hutter [28] derives a model to describe granular
flows over a slopping plane based on Mohr-Coulomb considerations: a Coulomb
friction is assumed to reflect the avalanche/bottom interaction and the normal
stress tensor is defined by a constitutive law relating the longitudinal and the
normal stresses through a proportionality factor.
One of the characteristics of the model proposed in [9] is that the definition
of the Coulomb friction term takes into account bouyancy effects, because we
are studying submarine avalanches. Another characteristic is that, depending
on the aspect ratio between the water density and the sediment density, the
movement of the sediment avalanches can be more or less influenced by the
presence of the fluid. The submarine avalanches produces a movement on the
fluid layer, whose consequence can be a tsunami.
There are many other effects that can be studied around summerged
sediments, such as suspension, erosion or deposition effects (see [18] for more
details).
In this work we focus on the presentation of the models corresponding to
sediment bedload transport and submarine avalanches. These models can be
written under the general formulation
∂F2
∂W
∂U
∂H
∂H
∂U
∂F1
(U ) +
(U ) = B1 (U )
+ B2 (U )
+ S1 (U )
+ S2 (U )
.
+
∂t
∂x1
∂x2
∂x1
∂x2
∂x1
∂x2
(1)
where the unknown U (x, t) is defined in the domain D × (0, T ), where D is a
subset of R2 , with values in an open subset Ω of RN ; Fi , i = 1, 2 are regular
functions from Ω to RN ; Bi , i = 1, 2 are regular function matrices from Ω to
MN ×N (R); Si , i = 1, 2 are defined from D to RN ; and H(x) is a known function
from D to R.
This general framework includes particular cases corresponding to
conservation laws (Bi = 0, Si = 0, i = 1, 2); hyperbolic systems with
source terms, or balance laws (Bi = 0, i = 1, 2); and nonconservative system,
corresponding to coupled hyperbolic systems.
This work is organized as follows: In Section 2 we focus on bedload sediment
transport models. Theoretical and experimental models are presented by
including a brief description of the principles considered to define the solid
transport discharge. In Section 3 we present a simplied 2D extention of the
model proposed in [9] for submarine avalanches. Section 4 is devoted to the
presentation of a family of finite volume methods. Finally, in Section 5 we
present two numerical tests. In the first numerical test the spread angle for a
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sediment bump is studied. In the second one a submarine avalanche is simulated
over a bottom with a rectangular bump.
2

Bedload sediment transport

In this work we consider two different types of submarine sediment movements.
In this section we study the transport of sediment over the bottom by interaction
with the fluid.
Sediment transports are classified into three types: bedload, saltation and
suspension. Bedload transport is defined as the type of transport where
sediment grains roll or slide along the bed. Saltation is produced when single
grains jump over the bed, losing for instants the contact with the soil. Sediment
is suspended when the flux is intense enough such as the sediment grains reach
height over the bed.
We only consider the case of bedload sediment transport. To study this problem a coupled system defined by the Shallow Water equations and a continuity
equation can be considered. The continuity equation depends on the definition
of the solid transport discharge.
The definition of the solid transport discharge is done by empirical laws.
Some of them are deterministic formulae and other are based on probabilistic
terms. Some of the proposed models have been proposed by the following
authors: Grass [13], Meyer-Peter&Müller’s [17], Van Rijn’s [30], Nielsen [21],
Kalinske [16], Einstein [8], etc.
In the following subsection we present the formulation for a family of
deterministic beload sediment transport models.
We denote by zs the height of the sediment layer and zb the fixed bottom.
By h we denote the height of the water layer. The discharge vector is denoted
by !q = (q1 , q2 ) = h!u, where by !u = (u1 , u2 ) we denote the vector of velocities
at x and y directions. Then, the model can be written as follows,

∂t h + ∂x (q1 ) + ∂y (q2 ) = 0,



2


 ∂t (q1 ) + ∂x ( q1 + 1 gh2 ) + ∂y ( q1 q2 ) = −gh∂x (zs + zb ) − ghSf 1 ,
h
2
h
q1 q2
q22
1 2


∂t (q2 ) + ∂x (
) + ∂y ( + gh ) = −gh∂y (zs + zb ) − ghSf 2 ,



h
h
2

∂t zs + ξ∂x (Qs x (h, !q )) + ξ∂y (Qs y (h, !
q )) = 0.

where g is the gravity constant, ξ = 1/(1 − ψ0 ) being ψ0 the porosity of
the sediment layer and Qs = (Qs x , Qs y ) the solid transport discharge vector
!f = (Sf 1 , Sf 2 ) we consider Manning laws,
formula. For friction term S
2
!f = n #!u# !u,
S
4/3
Rh

where n is the bed roughness coefficient and Rh is the hydraulic ratio.
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Figure 1: Notation: Bedload sediment transport
2.1

Solid transport discharge formulae

The continuity equation describing the evolution of the sediment layer is defined
in terms of the solid transport discharge Qs = (Qs x , Qs y ).
If by qs we denote the solid transport discharge for a one-dimensional model,
then,
%
%
%
%
%
%
%
q1 %%
q
2
%, Qs,y (h, !
%qs (h, #!
%,
Qs,x (h, !q ) =
q
(h,
#!
q
#)
q
)
=
q
#)
(2)
s
%
%
#!q # %
#!
q #%
&
where #!
q # = q12 + q22 .
As we mentioned previously, there is a lot of formulae, which are deduced
empirically and corresponds to different ranges of applycation (see [24]).
One of the simpler models was proposed by Grass (see [13]). This model
supposes that the solid transport discharge is proportional to a power of the
velocity,
qb = Au|u|k ,
where A and k are two parameters of the model. Constant A depends on the
interaction between the fluid and the sediment. Generally it is a small value,
A = O(10−3 ) (See [2]). A typical value of k is k = 2.
This is a theoretical model, whose main characteristic is that the sediment
layer moves when the fluid layer does. For other type of models, which are
deduced in terms of empirical data, the sediment layer does not move for any
movement of the fluid. The sediment moves when the shear stress, τ , is bigger
than a critical shear stress, τc .
The definition of the shear stress depends on the definition of the friction
!f ,
term S
τ = γRh #Sf #.
where γ denotes the specific weight of the fluid, γ = gρ, where ρ is the water
density.
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Usually, the model is presented in dimensionless form. Then, the definition
of the solid transport discharge is done in terms of the difference between the
dimensionless shear stress, τ ∗ and a dimensionless critical shear stress, τc∗ .
The dimensionless solid transport discharge, qb∗ , is written
' in terms of the
mean grain size, di , and the characteristic settling velocity (G − 1)gdi ,
qb∗ =

qb
'
,
di (G − 1)gdi

where G = ρs /ρ is the relative density, being ρs the sediment density. The
dimensionless shear stress τ ∗ (see [15]) is defined in terms of the ratio between
drag forces, FD = τ d2i , and the summerged weight, FS = (γs − γ)d3i , where
γs = gρs is the specific sediment weight. We have,
τ∗ =

τ
Rh #Sf #
=
.
(γs − γ)di
(G − 1)di

Analogously the critical shear stress is defined as
τc∗ =

τc∗
.
(γs − γ)di

A great number of proposed models can be written under the following
formulation,
qb∗ = f (h, q, τ )(K τ ∗ − τc∗ )m
+.

where power m, constant K and function f depend on the model. This
formulation includes that the movement of the sediment layer begins only when
the shear stress is bigger than the critical shear stress, because it depends on
the positive part of the difference between τ ∗ and τc∗ . Constant K is usually
set to 1, although it can be defined as the ratio between the the bed roughness
coefficient of the sediment layer and the fixed bottom.
Some models corresponds to:
3/2

• Meyer-Peter&Müller: qb∗ = 8(τ ∗ − τc∗ )+

1/3

• Fernández Luque & Van Beek: qb∗ = 5.7(τ ∗ − τc∗ )+
√
• Nielsen: qb∗ = 12 τ ∗ (τ ∗ − τc∗ )+

All these formulae have a range of application in function of grain size, the slope
of the bottom, the Froude number and the relative density G. For example in
the case of the Meyer-Peter&Müller model it is applied for a 0.4 ≤ di ≤ 29
mm., slopes of the bottom smaller than 0.02 and 1.25 ≤ G ≤ 4.2 (see [24] and
[11] for more details).
To determine τc∗ many experiments have been performed in different works.
Concretely, Shields proposed the well-known Shields-diagram.
In [31] two grass type models are proposed, in the sense that they do not
depend on a critical shear stress. We denote the models presented in [31] by
MS1 and MS2, defined by:
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• MS1: qb = Ahu|u|k with 0 < k < 1/2,
• MS2: qb = Ah(1 + log(1 + |u|2 ))u,
where A is the constant of interaction between the fluid and the sediment.

3

Submarine avalanches model

Submarine avalanches or landslides are poorly studied compared to aerial
avalanches. This is however a key issue in geophysics. For example, submarine
granular flows driven by gravity participate in the evolution of the sea floor and
in particular of the continental margins.
In [9] a two-layer 1D model is presented to study submarine avalanches.
The sediment layer is modelled as a Savage-Hutter type system (see [28]). It is
summerged in a fluid, that is considered as the other layer of the model.
Savage-Hutter model is characterized by the presence of a Coulomb friction
term. This term opposes to the movement of the avalanches, and its definition
depends on a critical value in terms of the pressure at the bottom and a friction
angle. The definition of the Coulomb friction term for the model proposed in
[9] also includes the bouyancy effect.
In this section we present a 2D simplified extention of the model proposed in
[9]. With subindex 1 we denote the unknowns corresponding to the fluid layer:
h1 is the height of the fluid layer and !
q 1 = (q11 , q12 ) is the vector of discharges.
Index 2 corresponds to the sediment layer: by h2 we denote denote the height
of the sediment layer and !q 2 = (q21 , q22 ) is the discharge. The fixed bottom
topography is described by function zb (See Figure 2).
z

Water surface

h1
Sediment layer
h2

x

Fixed bottom

y

zb

Figure 2: Notation, 2D submarine avalanches
By simplicity we consider a fixed bottom with small slope. Then, we obtain
the following model:
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∂t h1 + ∂x (q11 ) + ∂y (q12 ) = 0,



2

q11
h21
q11 q12


∂
(q
)
+
∂
(
+
g
)
+
∂
(
) = −g h1 ∂x (zb + h2 ),
t
11
x
y


h
2
h

1
1


q2
h2
q q


 ∂t (q12 ) + ∂x ( 11 12 ) + ∂y ( 12 + g 1 ) = −g h1 ∂y (zb + h2 ),
h1
h1
2
∂
h
+
∂
(q
)
+
∂
(q
)
=
0,

t
2
x
21
y
22


2

q21
h22
q21 q22


∂
(q
)
+
∂
(
+
g
) + ∂y (
) = −gh2 ∂x (zb + rh1 ) + Tx ,

t 21
x


h2
2
h2


2
2


 ∂t (q22 ) + ∂x ( q21 q22 ) + ∂y ( q22 + g h2 ) = −gh2 ∂y (zb + rh1 ) + Ty .
h2
h2
2

where r = ρ1 /ρ2 and T = (Tx , Ty ) denotes the Coulomb friction term,
If |T | ≥ σc

⇒

T = −g(1 − r)h2

If |T | < σc

⇒

!u2 = 0.

!u2
µ.
|!u2 |

(3)

with σc = g(1 − r)h2 tan(δ0 ). The definition of the frictional term µ depends on
the model. The simplest definition corresponds to
µ = tan(δ0 ),

(4)

where δ0 is the frictional angle. Altough some other definitions have been
proposed in the bibliography (see [19], [25]). For example, in order to
incorporate turbulence effects McDougall and Hungr [20] proposed to add to
the definition of T a turbulent term proportional to |!u2 |2 . Other definition,
deduced from experimental data, has been proposed by Pouliquen (see [26]). It
depends on the Froude number, the thickness of the sediment layer, the mean
diameter of the sediment, the velocity of the moving layer, and two friction
angles.
4

Numerical scheme

The models that we have presented previously can be written under the
following structure,
∂t W + ∂x1 F1 (W ) + ∂x2 F2 (W ) = B1 (W )∂x1 W + B2 (W )∂x2 W.
These models verify the property of invariance under rotations. If η
is a unitary vector, we define

1
0
0 0
0


 0 η1 η2 0
1
0
0 0
0

 0 η1 η2 0 

0
 , or Tη =  0 −η2 η1 0
Tη = 
 0
 0 −η2 η1 0 
0
0 1
0

 0
0
0
0 1
0
0 0 η1
0
0
0 0 −η2

(5)

= (η1 , η2 )
0
0
0
0
η2
η1






,
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for the sediment transport model and the submarine avalanches model,
respectively.
We denote Fη = F1 η1 + F2 η2 and B(W ) = (B1 (W ), B2 (W )). Then, by the
invariance under rotations property we have,
Fη = Tη−1 F1 (Tη W ).

(6)

Tη (B(W ) · η) = B1 (Tη W ).

(7)

and
For example, for the sediment transport model, we can see that (6) is verified
by using the definition of the solid transport discharge (2) and the proof of
invariance under rotations for Shallow Water Equations (See for example [29]).
Moreover, it is easy to see that, for a given unitary vector η, system (5) can
be rewritten as follows,
∂t (W ) + ∂η Fη + ∂η⊥ Fη⊥ = (B(W ) · η)∂η W + (B(W ) · η ⊥ )∂η⊥ W.
By multiplying previous system by Tη and by using (6), (7) we obtain
∂t (Tη W ) + F1 (Tη W ) = B1 (Tη W )∂η W + Pη⊥ ,
where
Pη ⊥ = T η

.

(8)

/
− ∂η⊥ Fη⊥ (W ) + (B(W ) · η )∂η⊥ W .
⊥

The design of the numerical scheme is done by using (8) at each edge of a mesh,
being η the normal vector to the edge (see [1], [3] and [10]).

Kj

Ki
ηij
Eij

Figure 3: Notation, control volumes
We begin by considering a mesh of the domain Ω into control volumes. We
denote the volumes that define the mesh by Ki . By Ei j we denote the common
edge between the volumes Ki and Kj . And ηi j is the unitary normal vector
to Ei j outward to Ki (See Figure 3). The structure of the 2D finite volume
method is:
∆t 0
∆t 0
|Ei j |Φ(Win , Wjn , ηi j )+
|Ei j |Bηij (Wjn −Win ).
Win+1 = Win −
|Ki |
2|Ki |
j∈Ki

j∈Ki

(9)
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where Φ(Win , Wjn , ηi j ) is an approximation of the normal flux associated to the
edge Ei j . And Bηij is an approximation of B(W ) · ηi j .
By using (7) we can define
Bηij = Tη−1
B1 (Tηij W(i+j)/2 ).
ij
And, by using (6), we define
Φ(Wi , Wj , ηij ) = Tη−1
φ(Tηi j Wi , Tηi j Wj ),
ij
where φ(Wi , Wj ) is the numerical flux function of a 1D system, obtained from
the 2D system by a projection over ηi j . The 1D system is defined by (8) with
η = ηi j , after to neglect the term Pηi⊥j . We have the system,
∂t (Tηij W ) + ∂ηi j F1 (Tηij W ) = B1 (Tηij W )∂ηij W.

(10)

For the sediment transport model and the submarine avalanche model,
presented previously, we have




h1
 q1,η 

Tη W = 
 q1,η⊥  ,
zb






and Tη W = 




h1
q1,η
q1,η⊥
h2
q2,η
q2,η⊥






,




respectively. Then, for the sediment transport model, system (10) reduces to
the following one:

∂t h1 + ∂η (q1,η ) = 0,







2

q1,η
h21


+
g
∂
(q
)
+
∂
(
) = −gh1 ∂η (zb − H),

η
 t 1,η
h0
2


q1,η q1,η⊥


) = 0,
∂
(q
⊥ ) + ∂η (

t
1,η

h0






∂t (zb ) + ∂η (qb (h, #(q1,η , q1,η⊥ )#)) = 0.

(11)
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For the submarine avalanches model, system (10) corresponds to:

∂t h1 + ∂η (q1,η ) = 0,






2

q1,η

h21


∂
(q
)
+
∂
(
+
g
) = −gh1 ∂η zb − gh1 ∂η h2 ,

t
1,η
η

h1
2






q1,η q1,η⊥



) = 0,
∂t (q1,η⊥ ) + ∂η (


h1



∂t h2 + ∂η (q2,η ) = 0,







2

q2,η

h22


∂
(q
)
+
∂
(
+
g
) = −gh2 ∂η zb − rgch2 ∂η h1 ,
t 2,η
η


h
2

2






 ∂t (q2,η⊥ ) + ∂η ( q2,η q2,η⊥ ) = 0.
h1

(12)

System (11) has a linearly degenerated field. And system (12) has two
linearly degenerated fields. Moreover, they are associated to a passive escalar.
That is, the evolution of the unknown corresponding to the passive escalar
does not have influence over the other unknowns of the problem. For (11), the
passive scalar is qη⊥ . For (12), there are two passive scalars, corresponding to
the unkowns q1,η⊥ and q2,η⊥ .
Previously to define the numerical scheme we remark another property. The
components of the flux functions corresponding to the equations for the passive
scalars are related to the components of the flux corresponding to the mass
conservation equations (see equations (11) and (12)).
For the mass conservation law the component of the flux function is ql,η ,
l = 1, 2 (we denote q1,η = qη for the sediment transport model). And the
component
of/ the flux functions corresponding to passive scalar evolution ql,η⊥
.
ql,η⊥
is ql,η
, l = 1, 2.
hl
That is, the flux corresponding to the passive scalar is the product of the
component of the flux function for the mass conservation equation and the
concentration of the passive scalar: (ql,η⊥ /hl ), l = 1, 2.
Then, we can generalize the technique introduced in the definition of the
HLLC method for the Shallow Water equations, by using a similar relationship.
To define the numerical flux function, the component for the passive scalar
is defined in terms of the numerical flux function for the mass conservation
component and the concentration of the passive scalar.
In this way, the definition of φ(Tηi j Wi , Tηi j Wj ) is done by components. In a
first step we define the components of the numerical flux function corresponding
to non passive scalar unkowns. In a second step we define the components of
the numerical flux function associated to the passive scalars.
To define the numerical scheme we introduce the following notation. By N
we denote the set of index associated to the non passive scalar unknowns. We
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have N = {1, 2, 4} for the sediment transport model and N = {1, 2, 4, 5}, for
the submarine avalanches model. We also denote by [φ]N the vector defined by
the components of φ with index in N .
The definition of the numerical scheme is done in the following two steps.
• Step 1: Definition of [φ]N .
We consider a family of finite volume methods, that can be written under
the following notation (See [4]):
[ϕ(Vi , Vj )]N =

[F1 (Vj )]N + [F1 (Vi )]N
− D(Vi , Vj )([Vj − Vi ]N ).
2

By D we denote the numerical viscosity matrix of the numerical scheme ( see
[12]). For different definitions of the matrix D we obtain different methods such
as Roe, Lax-Wendroff, Rusanov or Lax-Friedrichs. For example, Roe method
corresponds to define
D(Vi , Vj ) = |Aij |,
the absolute value of Roe matrix. By Aij we denote the Roe matrix associated
to system (10) for the equations of the set N .
As in system (10) a nonconservative term appears, the definition of Roe
matrix depends on the choice of a family of paths (See [22], [5], [23]).
For a given family of paths, ϕ(s, [Vi ]N , [Vj ]N ) with s ∈ [0, 1], verifying
ϕ(0, [Vi ]N , [Vj ]N ) = [Vi ]N ,

ϕ(1, [Vi ]N , [Vj ]N ) = [Vj ]N ,

Roe matrix is defined as follows (see [22] for details),
Ai j ([Vj −Vi ]N ) = [F1 (Vj )−F1 (Vi )]N −

1

0

1

B1 (ϕ(s, [Vi ]N , [Vj ]N ))∂s ϕ(s, [Vi ]N , [Vj ]N )ds.

−1
We suppose that the Roe matrix Aij can be diagonalized, Ai j = Kij Lij Kij
,
where Kij is the matrix defined by their eigenvectors and Lij is the diagonal
matrix defined by the eigenvalues,

Lij = diag(λij,l , l = 1, ., N ),
with N = 3 for the sediment transport model and N = 4 for the submarine
avalanche one. Then, the absolute value of Roe matrix is defined as follows,
−1
|Aij | = Kij |Lij |Kij
, with |Lij | = diag(|λij,l |, l = 1, ., N ).

• Step 2: In this second step we define the components of the numerical flux
functions corresponding to the equations of the passive escalar. For the sediment
transport model we define [φ]3 and for the submarine avalanches model we define
[φ]3 and [φ6 ]. The third components are defined un terms of the first components
of the numerical flux functions, and the sixth component in terms of the fourth
component of the numerical flux functions.
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By following the idea of HLLC method we propose the following definitions:
/
.
/
.
∗
∗
[φ]3 = [φ]1 C1,η⊥ , [φ]6 = [φ]3 C2,η
⊥ .
ij

ij

∗
By Cl,η
⊥ , l = 1, 2 we denote an uncentered approximation of the concentration
ij

of pasive scalar, (ql,ηi⊥j /hl ), l = 1, 2, over the edge Eij . The definition is the
following one:
2
∗
ql i,ηij /hl if Sl,ij
< 0,
∗
Cl,η⊥ =
l = 1, 2
(13)
∗
ij
ql j,ηij /hl if Sl,ij > 0,
∗
The value Sl,ij
, l = 1, 2 is an approximation of the velocity (ql,ηij /hl ), l = 1, 2
∗
over the edge Eij . We can use for example Sl,ij
= ul,ij , the averaged Roe
velocity. Some other definitions are possible, as the one proposed in [10].

5
5.1

Numerical tests
Test 1: Bedload sediment transport: expansion angle

The objective of this test is to compare classical Grass model with the models
proposed in [31], described in Section 2. We have denoted these two models by
MS1 and MS2.
In order to understand the properties and differences between Grass, MS1
and MS2 models, we consider the test that we describe in what follows.
When the interaction between the fluid and the sediment is weak, the spread
angle of a sediment bump can be estimated analytically. DeVriend in [6, 7]
deduces the following formula for the spread angle, α:
√
3 Tu 3
tan α =
.
(14)
9 Tu − 8 Th
where Tu and Th is defined in function of the solid transport discharge expresed
as a function of the height of the fluid and the velocity modul: qs = qs (h, |u|).
Concretely,
Tu =

∂qs (h, |u|)
u
− 1,
Sb (h, u)
∂|u|

Th =

h
∂qs (h, |u|)
− 1.
qs (h, |u|)
∂h

For MS1 model we obtain,
qs (h, |u|) = A h |u|k+1 .
Then, by applying (14) we have,
√
3
tan α =
3
That is, the spread angle is independent of the parameter k. We obtaint that
the spread angle is α = 30o , for any value of k.
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For MS2 model we have
qs (h, |u|) = A h|u|(1 + log(1 + |u|2 )).
We also obtain that α = 30o for any value of k. Nevertheles, for Grass model,
defined by
qs (h, |u|) = Ag |u|k+1 .
we obtain that

√
3k 3
√
.
tan α =
9k 3+8

That is, the spread angle depends on the value of parameter k. Moreover, we
obtain that the limit of the angle is 30o . A typical value for parameter k is
k = 2. For this value we obtain α = 21.78o.
To study the spread angle we simulate numerically the evolution of a
sediment bump for these three models. The constant of interaction is set to
A = 0.01. The domain is [0, L] × [0, L] with L = 1000. The mesh of the domain
is composed by 7600 edge type control volumes. As boundary condition we
impose qy = 0 for y = 0 and y = L. At x = 0 we impose the discharge
!q = (10, 0). And at x = L we impose free boundary conditions. And as initial
conditions,
h(x, y, 0) = 10.1 − zb (x, y, 0), qx (x, y, 0) = 10, qy (x, y, 0) = 0;
with
zb (x, y, 0) =





0.1 + sin2
0.1

3

π(x−300)
200

4

sin2

3

π(y−400)
200

4

300 ≤ x ≤ 500,
400 ≤ y ≤ 600,
otherwise.
if

In Figure 4 we present the evolution of the sediment bump. We superpose
the level curves corresponding to the initial condition, an intermediate time, and
the final time of simulation. The final time simulation is t = 36000 s. for MS1
and Grass model. Nevertheless, for MS2 model the final time is t = 14000 s.
In these figures we also represent the lines corresponding to α = 21.78o and
α = 30o .
In Figure 4(a) we observe that, as predicted by the approximation of
DeVriend’s formula, the numerical results obtained with Grass model follows
an spread angle close to α = 21.78o. And in Figure 4(b) we observe that the
spread angle for model MS1 is closer to α = 30o .
In Figure 4(c) we compare the level curves for the final time for Grass and
MS1 models. We can observe that altough the spread angle for these models
are different, the evolution for the position of the bump is nearly analogous.
Nevertheless, as we can see in Figure 4(d), when we compare it to model MS2,
with spread angle α = 30o, the evolution time of the bump is very different.
The difference in the evolution of the sediment bump for Grass or MS1
model in comparison with MS2 is the logaritmic formulation. Usually, the
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(a) Grass model, t = 36000 s.

(b) MS1 model, t = 36000 s.

(c) t = 36000 s. MS1 model (black lines)
and Grass model (magenta lines).

(d) MS2 model, t = 14000 s.

Figure 4: Spread angles. Level curves of the sediment bump evolution
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laboratory experiments are done with small velocities of the fluid. Following
these results, the proposed models are written in terms of a power of the velocity.
When we use the model for higger velocities, as we are using a power of the
velocity, the values of the solid transport discharge are very high. Nevertheless,
the formulation in form of logaritmic allows to control the range of the solid
transport discharge with high velocities.
5.2

Test 2: submarine avalanche

In this test we present an application of the submarine avalanche model. We
consider that the fixed bottom is flat except by a bump in form of rectangle.
And we define the sediment layer as a cilinder next to the bump. We study the
influence of the bump, by comparing the amplitude and velocity of the front in
the water surface.
The domain is [0, 1] × [0, 1] that is discretized by a regular mesh of 150 × 150
volumes. The CFL condition is 0.8. We impose free boundary conditions over
all the edges of the domain. The fixed bottom function is
2
0.025 if x ∈ [0.6, 0.7],
zb (x, y) =
0
otherwise.
As initial conditions we impose fluid and sediment at rest, !
q 1 = 0, !
q 2 = 0,
constant free surface and a cilindrical profile for the sediment layer:
2
0.05 if (x − 0.5)2 + (y − 0.5)2 ≤ 0.01,
h2 (x, y) =
0
otherwise.
h1 (x, y) = 0.1 − h2 (x, y) − zb (x, y).

The final time is set to t = 0.36 s. and the frictional angle is δ0 = 7o . In
Figure 5 we can see the evolution of the sediment layer and the perturbation
of the water surface. The water surface is pictured with colors in function of
the module of the velocity. Red colors correspond to higger velocities. We
can observe that the amplitude of the waves to the left and to the right of the
rectangle are not exactly the same. Some differences on the velocity module
can be also appreciated.
In Figure 6 we present a cut of the profiles at y = 0.5. This figure has
two columns. At the left colum we present the evolution of the free surface
and the sediment layer. We can observe that the amplitude of the wave fronts
are different. At the right column of Figure 6 we present a comparison of the
velocities in the following form: we present the symmetric graph from x = 0.5,
in order to compare the velocity fronts. We can observe the influence of the
bottom on the velocity. The velocity of the front is smaller to the right of the
rectangle bump. And consequently the position of the wave front is delayed
with respect to the position of the front to the left of the rectangle bump.
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(a) t=0.02 s.

(c) t=0.24 s.

(b) t=0.16 s.

(d) t=0.36 s.

Figure 5: Submarine avalanche and generated tsunami
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Figure 6: Left: Cut over the central edge of the domain (Water surface:
continuous blue line. Sediment interface: dashed red line. Bottom: continuous
black line). Right: Velocity comparison for the cut, from the center of the
domain (Front to the right: continuous red line. Front to the left: dashed blue
line)
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